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Preface 



Spectral theory is an important part of functional analysis. It has numerous appli- 
cations in many parts of mathematics and physics including matrix theory, func- 
tion theory, complex analysis, differential and integral equations, control theory 
and quantum physics. 

In recent years, spectral theory has witnessed an explosive development. 
There are many types of spectra, both for one or several commuting operators, 
with important applications, for example the approximate point spectrum, Taylor 
spectrum, local spectrum, essential spectrum, etc. 

The present monograph is an attempt to organize the available material 
most of which exists only in the form of research papers scattered throughout the 
literature. The aim is to present a survey of results concerning various types of 
spectra in a unified, axiomatic way. 

The central unifying notion is that of a regularity, which in a Banach algebra 
is a subset of elements that are considered to be “nice” . A regularity in a Banach 
algebra A defines the corresponding spectrum a/^(a) = {A G C : a — A ^ i^} in 
the same way as the ordinary spectrum is defined by means of invertible elements, 
o-(a) = {A e C : a — X ^ Inv(^)}. 

Axioms of a regularity are chosen in such a way that there are many natural 
interesting classes satisfying them. At the same time they are strong enough for 
non- trivial consequences, for example the spectral mapping theorem. 

Spectra of n-tuples of commuting elements of a Banach algebra are described 
similarly by means of a notion of joint regularity. This notion is closely related to 
the axiomatic spectral theory of Zelazko and Slodkowski. 

The book is organized in five chapters. The first chapter contains spectral 
theory in Banach algebras which form a natural frame for spectral theory of op- 
erators. 

In the second chapter the spectral theory of Banach algebras is applied to 
operators. Of particular interest are regular functions - operator- valued functions 
whose ranges (kernels) behave continuously. Applied to the function z T — z 
where T is a fixed operator, this gives rise to the important class of Kato operators 
and the corresponding Kato spectrum (studied in the literature under many names, 
e.g., semi-regular operators, Apostol spectrum etc.). 
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The third chapter gives a survey of results concerning various types of essen- 
tial spectra, Fredholm and Browder operators etc. 

The next chapter concentrates on the Taylor spectrum, which is by many 
experts considered to be the proper generalization of the ordinary spectrum of 
single operators. The most important property of the Taylor spectrum is the exis- 
tence of the functional calculus for functions analytic on a neighbourhood of the 
Taylor spectrum. We present the Taylor functional calculus in an elementary way, 
without the use of sheaf theory or cohomological methods. 

Further we generalize the concept of regular functions. We introduce and 
study operator-valued functions that admit finite-dimensional discontinuities of 
the kernel and range. This is closely related with stability results for the index of 
complexes of Banach spaces. 

The last chapter is concentrated on the study of orbits of operators. By 
an orbit of an operator T we mean a sequence {T^x : n = 0, 1, . . .} where x 
is a fixed vector. Similarly, a weak orbit is a sequence of the form {(T^x,x*) : 
n = 0, 1, . . .} where x E X and x* E X* are fixed, and a polynomial orbit is 
a set {p{T)x : p polynomial}. These notions, which originated in the theory of 
dynamical systems, are closely related to the invariant subspace problem. We 
investigate these notions by means of the essential approximate point spectrum. 

All results are presented in an elementary way. We assume only a basic knowl- 
edge of functional analysis, topology and complex analysis. Moreover, basic notions 
and results from the theory of Banach spaces, analytic and smooth vector- valued 
functions and semi-continuous set-valued functions are given in the Appendix. 

The author would like to express his gratitude to many experts in the field 
who infiuenced him in various ways. In particular, he would like to thank V. 
Ptak for his earlier guidance and later interest in the subject, and A. Soltysiak 
and J. Zemanek who read parts of the manuscript and made various comments. 
The author is further indebted to V. Kordula, W. Zelazko, M. Mbekhta, F.-H. 
Vasilescu, C. Ambrozie, E. Albrecht, F. Leon and many others for cooperation and 
useful discussions over the years. Finally, the author would like to acknowledge that 
this book was written while he was partially supported by grant No. 201/00/0208 
of the Grant Agency of the Czech Republic. 
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Chapter I 

Banach Algebras 



In this chapter we study spectral theory in Banach algebras. Basic concepts and 
classical results are summarized in the first two sections. In the subsequent sections 
we study the approximate point spectrum, which is one of the most important 
examples of a spectrum in Banach algebras. The approximate point spectrum is 
closely related with the notions of removable and non-removable ideals. 

The axiomatic spectral theory is introduced in Sections 6 and 7 . This enables 
us to study various types of spectra, both of single elements and commuting n- 
tuples, in a unified way. 

All algebras considered here are complex and unital. The field of complex 
numbers will be denoted by C. 



1 Basic concepts 

This section contains basic definitions and results from the theory of Banach al- 
gebras. For more details see the monograph [BD] or some other textbook about 
Banach algebras (e.g., [Ric], [Zel6], [Pal]). 



Definition 1. An algebra ^ is a complex linear space A together with a multi- 
plication mapping (x,y) i-^ xy from A into A which satisfies the following 
conditions (for all x, y, 2: G a G C): 

(i) {xy)z ^x{yz)] 

(ii) x{y z) = xy + xz, {x -h y)z — xz yz; 

(hi) {ax)y = a{xy) = x{ay); 

(iv) there exists a unit element e e A such that e 7^ 0 and ex = xe = x for all 
X e A. 
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It is easy to show that the unit element is determined uniquely. Indeed, if 
e' is another unit element, then e = ee' = e\ The unit element of an algebra A 
will be denoted by 1^, (or simply 1 when no confusion can arise). Similarly, for a 
complex number a, the symbol a also denotes the algebra element a • 1^. 

Definition 2. Let A be an algebra. An algebra seminorm in ^ is a function || • || : 
A (0, (X)), X i-> ||a;|| satisfying (for all x^y G A,a E C): 

(i) ||aa;|| = |a| • ||rr||; 

(ii) llx + yll < ||a;|| + ||j/||; 

(iii) ||a;t/|| < |la;|| ■ \\y\\] 

(iv) lll^ll = 1. 

An algebra norm in A is an algebra seminorm such that 

(v) if Ifyll = 0 then x = 0. 

Definition 3. A normed algebra is a pair {A, || • ||), where A is an algebra and || • || is 
an algebra norm in A. A Banach algebra is a normed algebra that is complete in 
the topology defined by the norm (in other words, {A, || • ||) considered as a linear 
space is a Banach space). 

Examples 4. There are many examples of Banach algebras that appear naturally 
in functional analysis. 

(i) For the purpose of this monograph the most important example of a 
Banach algebra is the algebra B{X) of all (bounded linear) operators acting on a 
Banach space X, dim A > 1, with naturally defined algebraic operations and with 
the operator norm ||T|| = sup{||Tx|| : x G X, \\x\\ = 1}. The unit element in B{X) 
is the identity operator I defined \yy Ix — x [x G X). 

In particular, if dim A = n < oo, then B{X) can be identified with the 
algebra of all n x n complex matrices. 

(ii) Let A be a non-empty compact space. Then the algebra C{K) of all 
continuous complex- valued functions on K with the sup- norm 1|/|| = sup{|/( 2 :)| : 
z G K] \s a Banach algebra. 

(iii) Let A be a non-empty set. The set of all bounded complex- valued func- 
tions defined on E with pointwise algebraic operations and the sup-norm is a 
Banach algebra. 

Similarly, let be the set of all bounded measurable complex-valued func- 
tions defined on the real line (as usual, we identify two functions that differ only 
on a set of Lebesgue measure zero) . Then with pointwise algebraic operations 
and the usual norm ||/||oo = ess sup{|/(t)| : t G M} is a Banach algebra. 

(iv) Let D be the open unit disc in the complex plane. Denote by the 
algebra of all functions that are analytic and bounded on D. 
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The disc algebra A{D) is the algebra of all functions that are continuous 
on D and analytic on D. Both and A{D) with the sup-norm are important 
examples of Banach algebras. 

(v) Let 5 be a semigroup with unit and let i^{S) be the set of all functions 
/ : 5 ^ C satisfying ||/H = J2ses l/('^)l ^ Then i^{S) with the multiplication 
defined by {fg){s) = ^tit 2 =s fhi)9{h) is a Banach algebra. 

More generally, ii a : S (0, co) is a submultiplicative function and 
a{ls) = 1, then {/ : 5 C : Zll/(5)|a(s) < oo} is a Banach algebra with 
the norm ||/|| = Y, above defined multiplication. 

(vi) Let be the set of all integrable functions / : R ^ C. Define the 
multiplication and norm in by 

/ oo 

f{t)g{s - t)dt 

-OO 



and 



/ oo 

iimt. 

-oo 



Then satisfies all axioms of Banach algebras except of the existence of the unit 
element. The unitization (see C.1.1) L^(R)0C with the norm ||/0 A|1 = ||/|| 0 [A] 
and multiplication (/ 0 A) • (^ 0 /i) = / * ^ 0 A^ 0 /// 0 A/x is a Banach algebra. 



Remark 5. Sometimes slightly different definitions of Banach algebras are used. 
Frequently the existence of the unit element is not assumed or condition (iii) of 
Definition 2 is replaced by a weaker condition of continuity of the multiplication. 
However, it is possible to reduce these more general definitions of Banach algebras 
to the present definition, see C.1.1 and C.1.3. Many results get a more natural 
formulation in this way and the proofs are not obscured by technical difficulties. 



Definition 6. Let A,B be algebras. A linear mapping p : A ^ B is called a 
homomorphism if p{xy) = p{x)p{y) for all G w4 and p(l^) = I^b- 

Let A and B be normed algebras. A homomorphism p : A ^ B is continuous 
if IIpII = sup{||p(x)|| : x G A, ||x|| = 1} < oo. A continuous homomorphism p 
satisfying inf{||p(rr)|| : x G .4, ||x|| = 1} > 0 is called an isomorphism, A homo- 
morphism p is called isometrical if ||p(x)|| = ||xH for all x G v4. 

A subset M of an algebra A is called a subalgebra if it is closed under the 
algebraic operations (i.e., M is a linear subspace of .4, 1^ G M and x,y e M 
xy G M). 



If ^ is a closed subalgebra of a Banach algebra B, then A with the restricted 
norm is again a Banach algebra. 

Each normed algebra A has a completion - the uniquely determined (up to 
an isometrical isomorphism) Banach algebra B such that ^ is a dense subalgebra 
of B, 
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Remark 7. Let ^ be a Banach algebra. For a e A define the operator La ‘ A A 
by LaX = ax. It is easy to verify that the mapping a ^ La is an isometrical 
homomorphism A — > B{A). If we identify A with the image of this homomorphism, 
then we can consider ^ as a closed subalgebra of B{A). 

This simple but important construction enables us often to generalize results 
from operator theory to Banach algebras. 

Definition 8. Let ^ be a Banach algebra. A set J C v4 is called a left (right) ideal 
in ^ if J is a subspace of A and ax e J {xa G J) for all x G J, a G .4. J is a 
two-sided ideal in ^ if J is both a left and right ideal in A. An ideal J C A (left, 
right or two-sided) is called proper ii J ^ A. Equivalently, J is proper if and only 

if u i J- 

Let p \ A ^ B he a continuous homomorphism from a Banach algebra A to 
a Banach algebra B. It is easy to see that Ker p = {x G A : p{x) = 0} is a closed 
two-sided ideal in A. 

Conversely, if J C A is a closed proper two-sided ideal in A, then we can 
define a multiplication in the quotient space A/ J by (x + J){y + J) = xy -h J. The 
space A/ J then becomes a Banach algebra with the unit + J. For the canonical 
homomorphism tt : A A/ J defined by ttx = x + J (x G A) we have Ker tt = J. 

Definition 9. Let x,y be elements of an algebra A. Then y is called a left (right) 
inverse of x if px = 1 {xy — 1). If p is both a left and right inverse of x, then it is 

called an inverse of x. If x has a left inverse y and a right inverse 2 , then y = z. 

Indeed, we have y = y(xz) = {yx)z — 2 . In particular, an element has at most one 
inverse. 

An element of A for which there exists an inverse (left inverse, right inverse) 
will be called invertible (left invertible, right invertible) . The unique inverse of an 
invertible element x will be denoted by x“^. The set of all invertible elements in an 
algebra A will be denoted by Inv(A). Similarly, the set of all left (right) invertible 
elements in A will be denoted by Inv^ (A) and Inv^^ (A) , 

Inv/(A) = {x G A : there exists y G A such that yx = 1}, 

Invy^(A) = {x G A : there exists y G A such that xy = 1}. 

Obviously, Inv(A) = Inv/(A) fi Invr^(A). 

It is easy to see that an element a G A is left (right) invertible if and only if 
there is no proper left (right) ideal containing a. 

Remark 10. The left and right properties in Banach algebras are perfectly symmet- 
rical. The simplest way to give an exact meaning to this statement is to consider 
the following construction: for a Banach algebra A consider the reversed multipli- 
cation a © 6 = 6a for all a, 6 G A. In this way we obtain the Banach algebra rev A, 
and the left ideals, left inverses etc. in A correspond to the right objects in the 
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algebra rev A. Using this construction, each one-sided result implies immediately 
the corresponding symmetrical result. 



Theorem 11. Let A he a Banach algebra. Then: 

(i) if a e A, ||a|| < 1, then 1 — a G Inv(^); 

(ii) the sets Inv/(^), Inv^(^) and Inv(^) are open; 

(iii) the mapping x x~^ is continuous in Inv(^). 

Proof, (i) If II a II < 1, then ||a-^|| < ||a|p for all so the series convergent 

in A and 



(l-a) 



E- 

j=o 



(E“ 

J=0 



'■)(! 



a) = lim 

k-^oc 






j=0 



j=0 






= 1 . 



(ii) Let yx = 1 and let ||ii|| < \\y\\ Then y{x u) = 1 -h yu^ where 

Wv'^W E ||y|| • ll'^^ll < L By (i), y{x + u) is invertible and {y{x -f u)) y{x -\-u) = 1. 
Thus X -\-u G Inv/(^). Hence Inv/(^) is an open set. 

Similarly, Invy^(^) and Inv(v4) = Inv/(^) fl InvT^(^) are open subsets of A. 

(iii) Let a G Inv(^) and let ||x|| < ||a“^||“^. Then the series 
convergent in A and one can check directly that 

oo 

(a - x)~^ — a~^ y^(xa~^)L 
2 = 0 



Thus 



{a — x) ^ — a ^\\ = 






2=1 



< lla 



"ii-Ei 



ixiMia-iir 



l-||xM|a- 



2=1 



and so (a — x) ^ ^ a ^ for ||x|| — > 0. 



□ 



Lemma 12. Let x,Xn,yn {ti = 1,2, . . .) be elements of a Banach algebra A, Xn x 
and sup^{||yn||} < oo. If ynXn = 1 for all n, then x G Inv/(.4). 

If Xnyn = 1 for all n then x G InVriA). 

Proof Choose n such that ||x - Xn|| < (sup ||yn||)“^- Then ynX = ynXn + yn{x - 
Xn) = I P yn{x - Xn), where \\yn{x - Xn)\\ < 1, and so ynX G Inv(^). Thus 
{ynx)~'^ynX = 1 and x G Inv/(^). 

The second statement can be proved similarly. □ 
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Definition 13. An element a of a Banach algebra A is called a left (right) divisor 
of zero if ax = 0 (xa = 0) for some non-zero element x e A. 

An element a of a Banach algebra A is called a left topological divisor of zero 
if inf {II ax II : x G A, ||x|| = 1} = 0. Similarly, a is a right topological divisor of zero 
if inf{||xa|| : x G A, ||x|| = 1} = 0. 

Topological divisors of zero are closely related to non-invertible elements. 



Theorem 14. Let a be an element of a Banach algebra A. Then: 

(i) if a is left (right) invertible, then a is not a left (right) topological divisor of 
zero; 

(ii) if a is invertible, then a is neither a left nor a right topological divisor of zero; 

(iii) if a G dlnvi{A) (the topological boundary of lnvi{A)), then a is a right 
topological divisor of zero; 

(iv) if a G 5Inv(A), then a is both a left and right topological divisor of zero. 

Proof (i) Suppose that 6 is a left inverse of a, 6a = 1. For x G A, ||x|| = 1 we have 
1 = \\x\\ — ||6ax|| < ||6|| • ||ax||, so inf{||ax|| : x G A, ||x|| = l} > ||6||~^ > 0 and a 
is not a left topological divisor of zero. 

The right version can be proved similarly. 

This implies also (ii). 

(iii) Let a G <9Inv/(A). Then there exist a^, G A such that limn-^oo Un = a 
and bnan = 1 for all n. By Lemma 12, lim ||6n|| = oo. Set Then ||c„|| = 1 

for every n and 



||CnU|| 



bn 

PJ 



(un (a an^") 




+ ||a- a^ll, 



so limn->oo ||cn<^|| =0 and a is a right topological divisor of zero. 

(iv) Let a G 9Inv(A). Then there exist a^ G Inv(A) with On ^ a {n ^ oo). 
By Lemma 12, limn-^oo ll^^n^ll — Then ||cn|| = 1 and, as in 

W^n II 

(hi), one can get easily that ||cna|| ^ 0 and ||acn|| — > 0. Thus a is both a left and 
right topological divisor of zero. □ 



Definition 15. Let a be an element of a Banach algebra A. The spectrum of a in 
A is the set of all complex numbers A such that a — A is not invertible in A. The 
spectrum of a in A will be denoted by cr'^(a), or a{a) if the algebra is clear from 
the context. 



By Theorem 11, a{a) is a closed subset of C. The function A (a — A) ^ 
defined in the open set C\a(a) is called the resolvent of a. 
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Theorem 16. Let a be an element of a Banach algebra A. Then the resolvent 
A (a — A)“^ is analytic in C \ a{a). 



Proof. For A, ^ <j(a) we have 

(a — p)~^ — {a — X)~^ = (a — /a)~^ ((a — A) — (a - p)) (a — A)“^ 

= (m- A)( a-/i)“^(a-A)“^ 

and so 

|i„ (»->■)-■-(»- A)-- ^ , 

/i - A 

Thus the function A (a — A)~^ is analytic in C \ cr(a). 



□ 



The following theorem is one of the most important results in the theory of 
Banach algebras. 



Theorem 17. Let x be an element of a Banach algebra A. Then a{x) is a non-empty 
compact set. 

Proof. Let A G C, |A| > ||x||. Then the series is convergent in A and 



{x- 



OO 






—x^ 




Similarly w) (x — A) = 1, and so A ^ a{x). Thus a{x) is bounded and 

hence compact. 

Suppose on the contrary that a{x) — 0. Consider the function f : C ^ A 
defined by /(A) = {x — A)“^. By Theorem 16, / is an entire function. For |A| > 

||a:|| we have /(A) = E^o and so ||/(A)|| < E,°lo = IatVi- Thus 

/(A) 0 for A — > OO. By the Liouville theorem, /(A) = 0 for each A G C. This is 

a contradiction, since /(A) is invertible for each A. □ 



Remark 18. Let T be an operator on a finite-dimensional Banach space X (i.e., T 
is a square matrix). Then cr(T) is finite and consists of eigenvalues of T. 

Since the eigenvalues of a matrix are precisely the roots of its characteristic 
polynomial, the non-emptiness of o-(T) is equivalent to the “fundamental theorem 
of algebra” that each complex polynomial has a root. This illustrates how deep is 
the previous theorem, and also that operators on finite-dimensional spaces are far 
from being trivial. 



Corollary 19. (Gelfand, Mazur) Let A be a Banach algebra such that every non- 
zero element of A is invertible (i.e., A is a held). Then A consists of scalar multiples 
of the identity, .4 = {A • : A G C}. Thus A is isometrically isomorphic to the 

held of complex numbers C. 

Proof. For every x e A there exists A G a{x) such that x — A • ^ Inv(^). Thus 

^ = A • 1^. □ 
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Definition 20. The spectral radius r{x) of an element x e A is the number 

r(x) — max{|A| : A G cr(x)}. 

Lemma 21. Let 5i, 52, . . . be non-negative real numbers. Then: 

(i) if Sn-\-m ^ Sn ' Sm for all 771, 72 G N, then the limit limn-^oo exists and is 
equal to inf^ sl/^; 

(ii) if Sn > 0 and 5n+m ^ Sn ’ Sm for all 777, 77 G N, then the limit limn^oo ^1/^ 
exists and is equal to sup^ sl/^ . 

Proof, (i) Write t = inf^ and let ^ > 0. Fix k such that < t e. Any 
number n > k can be expressed in the form n — nik r, where 0 < r < k — 1 and 
77i > 1. Then 



Sn < Sr • 5^^ < max{l,Si,S2, . . • ,Sfc-l} * {t 

and 

< max{l, 5i, 52, • {t + -^tTe 

as 77 (X), since kn\jn 1. Thus lim sup^^^^ 5^^^ < t e and, since e was 

arbitrary, we have limn->oo sU^ = t = infn sl/^. 

(ii) The second statement can be reduced to (i) by considering the num- 
bers 5“^. □ 

Theorem 22. (spectral radius formula) Let a be an element of a Banach algebra A. 
Then 

r{a)= lim = inf 

n — >-cxD n 

Proof. Since < ||u’^|| • ||a^|| for all 777 , 77 , by the previous lemma the limit 

lim exists and is equal to the infimum. 

Let A be a complex number with |A| > lim ||a^||^/^. Then 
verges and it is easy to verify that {a — A)“^ = ^^=0 Consequently, r{a) < 
lim||a^y/^. 

It remains to show that lim < r{a). Consider the function /(A) = 

(1 — Aa)~^. It is easy to see that / is analytic at 0, and for A 7^ 0 we have 

y*(A) = A~yA“^ — a)~C So / is analytic in {A G C : |A| < r{a)~^} (if r(a) = 0, then 

/ is analytic in C). For |A| < ||a||~^ we can write /(A) = (1 - Aa)“^ = 

Therefore we have /(A) = for all A, [Aj < r(a)~C 

For the radius of convergence of the power series we have (see The- 

orem A. 2.1) 

liminfl|a"ir^/^>r(a)-\ 

and so 

r(a) > limsup ||a"||C- = lim \\a^\\^^". □ 
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Definition 23. Let M be a subset of a Banach algebra A. The commutant of M is 
defined by M' = {a E A : am = ma {m G M)}. We write M" instead of (M')' 
for the second commutant of M. li xy — yx for a\\ x,y G A, then A is called 
commutative. 

Lemma 24. Let M, N be subsets of a Banach algebra A. Then: 

(i) M' is a closed subalgebra of A; 

(ii) ifMcN then M' D N' and M" C N" ; 

(iii) M C M" and M' = M'"; 

(iv) if M consists of mutually commuting elements, then M c M" C M' and M" 
is a commutative Banach algebra. 

Proof. The first three statements are clear. 

To see (iv), note first that M C M' . Therefore M" C M' = M'", which 
means that M" is a commutative algebra. □ 

Lenuna 25. Let a E A and let X E C\a{a). Then (a — X)~^ E {a}" . In particular, 
a{a) is equal to the spectrum of a in the commutative Banach algebra {a}". 

Proof. Let b E A and ab = ba. Then (a — X)b = b{a — X) and, by multiplying 
this equality from both sides by (a — A)“^, we get 6(a — A)“^ {a — X)~^b. Thus 
(a-A)-i E{a}". □ 

Theorem 26. Let A, B be Banach algebras, p : A B a homomorphism and let 
X E A. Then a^{p{x)) C a'^{x). 

Proof. Let A G C \ and let y = (x — A)“^ G .4. Then {p{x) - A) • p{y) = 

p{x - A) • p{y) = p{1a) = Ib and similarly p{y) • {p{x) X) = 1b. □ 

Theorem 27. Let A be a subalgebra of a Banach algebra B and let x E A. Then: 

(i) if X is a left (right) topological divisor of zero in A, then x is a left (right) 
topological divisor of zero in B; 

(ii) da'^(x) C a^{x) C <j'^(x). 

Proof, (i) We have 

inf{l|x6|| :b E B, ||6H = l} < inf{||xa|| : a E A, |la|| = l} = 0. 

(ii) If A G da'^{x), then X — A is a left topological divisor of zero in A, and 
so, by (i), A e 

The inclusion a^(x) C cr-^(x) follows from the previous theorem. □ 



10 



Chapter I. Banach Algebras 



Consequently, a'^(x) is obtained by filling in some holes in 
In the algebra B(X) we have additional information. 



Theorem 28. Let X be a Banach space, dimX > 1 and let T G B{X). Then: 

(i) T is invertible if and only if T is one-to-one and onto; 

(ii) if A G da{T), then {T - \)X ^ X and inf{||(T - A)x|| : x G X, ||x||-l} = 0. 

Proof, (i) Follows from the open mapping theorem. 

(ii) By Theorem 14, there exist operators Sn G B{X) (n G N) such that 
\\Sn\\ — 1 and ||5n(T — A)|| 0. For each n there exists G X with ||xn|| = 1 and 

||5'nXn|| ^ 1/2. Suppose on the contrary that T — A is onto. By the open mapping 
theorem, there exists A: > 0 such that (T — X)Bx C kBx where Bx denotes the 
closed unit ball in X. Thus there exists yn ^ X such that (T — \)yn = Xn and 
WUnW ^ k ^ . Hence 



ll■5n(T-A)|| > 



Sn{T-X) 



Vn 



1 



II tS^T^Xn 




a contradiction with the assumption that ||S'n(^ ~ '^)ll ^ 0- 

Similarly, there exist operators Rn G B{X) (n G N) such that ||-Rn|| = 1 and 
||(T — A)i?n|| — ^ 0. There exist vectors x^ G X with ||xn|| = 1 and ||i?n^n|| > 1/2. 
Set yn = II . Then ||yn|| — 1 and 

||(T - A)y„|| = M I . < 2||(t - X)RJ ^ 0. 

ll-TtnXn II 



Hence inf{||(T — A)x|| : x G X, ||x|| — l} = 0. 



□ 



Theorem 29. Let a,b G A and let X be a non-zero complex number. Then ab — X 
is left (right) invertible if and only ifba — X is left (right) invertible. 

Proof. Let c e A, c{ab — A) = 1. Then 

(— A“^ + X~^bca){ba - A) = —X~^ba + 1 + X~^bcaba — bca 

= 1 — A“^6a + X~^bc{ab — X)a = 1. 

Similarly, if {ba — X)d — 1 for some d e A then 

{ab-X){-X-^ -bX-^adb) = 1. □ 



Corollary 30. Let x,y be elements of a Banach algebra A. Then 

a{xy) \ {0} = a{yx) \ {0}. 

In general, the spectrum and the spectral radius in a Banach algebra do not 
behave continuously, see C.1.15. However, they are always upper semicontinuous 
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(for definitions and basic properties of semicontinuous set-valued functions see 
Section A. 4). 

Theorem 31. (upper semicontinuity of the spectrum) Let A he a Banach algebra, 
X E A, let U he an open neighbourhood of a{x). Then there exists e > 0 such that 
a{y) C U for all y E A with \\y — x\\ < s. In particular, the function x i-^ r{x) is 
upper semicontinuous. 

Proof. Suppose on the contrary that for every n there exist Xn E A and G 
a{xn) \ U such that \\xn — x\\ < 1/n. Then |An| < ||xn|| < ||x|| + 1, and so there 
exists a subsequence of (A^) converging to some A G C\/7. Since — An ^ Inv(.4), 
we have x — X ^ Inv(^) by Theorem 11. Thus A G cr{x) and X ^ U, which is a 
contradiction with the assumption that U is a neighbourhood of a{x). □ 

Let p{z) = ^ polynomial with coefficients G C. For x E Awe 

write p{x) = If is clear that the mapping p p{x) is a homomorphism 

from the algebra of all polynomials to A. The spectra of x and p{x) are related in 
the following way: 

Theorem 32 (spectral mapping theorem). Let x be an element of a Banach algebra 
A and let p he a polynomial. Then cr{p{x)) = p{a{x)). 

Proof. The equality is clear if p is a constant polynomial. Suppose p is non- 
constant and let A G C. Then we can write p{z) — A = j3{z — ax) • — {z — an) for 
some f3, ax, . . . ,an E C, P ^ 0,n > 1. Clearly, p{x) — X = P{x — ax) • • • (x — an) 

and p{x) — A is non-invertible if and only if at least one of the factors x — a{ 

is non-invertible, i.e., if G a(x) for some i. Thus A G a{p{x)) if and only if 
p(z) — A = 0 for some ^ G <j{x). Hence cr{p[x)) — p{a{x)). □ 

In Banach algebras we can substitute an element a E A not only to polyno- 
mials but also to functions analytic on a neighbourhood of the spectrum a{a). 

If / is a function analytic on a disc {z : | 2 :| < R} where R > r{a) and 

f{z) = Taylor expansion of /, then the series converges 

in A to an element denoted by /(a). 

If f is a function analytic only on a neighbourhood U of cr(a), then we can 
define f{a) by means of a Cauchy integral. We define 



where F is a contour surrounding a{a) in U, see Appendix A.2. The integral is 
well defined since the mapping 2 : {z ~ a)~^ is continuous on F by Theorem 

11. By the Cauchy formula, the integral does not depend on the choice of F. The 
definition coincides with the previous definition for polynomials: 
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Lemma 33. Let a be an element of a Banach algebra A, let T be a contour sur- 
rounding a{a). Let p{z) = ^ polynomial with complex coefRcients 

aj. Then 

If _ " ■ 

— y^p(z)(z-a) ^Az = Y^ajaK 

Proof. It is sufficient to show that 

-J— [ z^{z — a)~^dz = 

2m 7r 

for all A: > 0. For R > r(a) we have 




by the residue theorem. 



□ 



Lemma 34. Let a ^ A, let T be a contour surrounding a (a) and let be a 
rational function such that no zero of q is surrounded by T. Then 

(note that q{a)~^ exists by Theorem 32). 

Proof. We first prove that for /c = 0, 1, . . . and for A G C not surrounded by F we 
have 

For A: = 0 this was proved in Lemma 33. Suppose that (1) is true for some A: > 0. 
We have 

{z — a)~^ — {X — a)~^ = {z — a)“^((A — a) — {z — a)) (A — a)~^ 

= (A — z){z — a)~^(A - a)~^. 

Thus {z - a)~^ = (A - a)~^ + (a - X)~^{z - \){z - a)~^ and 



1 

2m 



i 



(z 



1 

A)fc+r 



[z — a) ^dz 



= (a - 



2m 



I 



1 

{z - A)'' 






a) ^dz 



by the induction assumption (the first integral is equal to 0 since the function 
^ (^_A)fc+ r is analytic inside T). 
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Let now be an arbitrary rational function, let Ai , . . . , be the roots 
of q of multiplicities ki, . . . , kn- Then can be expressed as 



P(^) 

g(z) 



k, 



j=l s=l 



J,S 






for some polynomial pi and complex numbers Cj,s. It is easy to verify that 



n kj 

p{a)q{a)-^ = Pi(a) + XIH 

j = l s=l 



and, by (1), we have 

^ “ a)“M 2 = Pi (a) + - Aj)“* = p{a)q{a)-\ □ 

J = 1 S = 1 

For a non-empty compact set K C C denote by Hk the set of all functions 
analytic on a neighbourhood of K. We identify two such functions if they coincide 
on a neighbourhood of K. Thus, more precisely, Hk is the algebra of all germs of 
functions analytic on a neighbourhood of K. 

Theorem 35. (functional calculus). Let a be an element of a Banach algebra A. 
Then there exists a homomorphism f ^ f {a) from the algebra A with 

the following properties: 

(i) if f{z) = ^ polynomial with complex coefficients then f(a) = 

Er=o«i«%- 

(ii) /(a) G {a}" for each f; 

(hi) ifU is a neighbourhood ofcr(a), /, fy are analytic on U and fk~^f uniformly 
on U, then fk{a) f(a); 

(iv) <r(/(a)) = /(o-(o)). 

Properties (i) and (Hi) determine this homomorphism uniquely. 

Proof. Define 

/(a) = ^ - a)~^dz, 

where F is a contour surrounding a (a) in the domain of definition of /. The 
linearity of the mapping / /(a) is clear and (i) was proved in Lemma 33. 

(ii) follows directly from the definition since {a}" is a closed algebra contain- 
ing {z — a)~^ for every 2 : G F. 

To prove (iii), we can replace F by a contour F' surrounding a{a) in U. Then 
fk{^) f{z) uniformly on F' and (iii) is clear. 
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By Lemma 34, (/i/2)(a) = /i(a)/2(a) if /i,/2 are rational functions with 
poles outside cr{a). By the Runge theorem, any / G ^^(a) can be approximated 
uniformly on some neighbourhood of a(a) by rational functions, so we conclude 
that the mapping / /(a) is multiplicative. Since property (i) determines /(a) 

uniquely for rational functions /, we see that properties (i) and (iii) determine the 
functional calculus uniquely. 

It remains to prove (iv). If A ^ /(cj(a)), then g{z) = {f{z) — X)~^ is a function 
analytic on a neighbourhood of a{a). Thus (/(a) — A)^(a) = 1 and A ^ a{f{a)). 

Conversely, if A G /(cr(a)), then there exists zq G a{a) with f{zo) = A and 
f{z) — X— (z — zo)g{z) for some function g G Then /(a) — X = (a — zo)g{a) 

and, since a — zq ^ Inv(^), we have f{a) — A ^ Inv(^). Hence A G cr(/(a)). □ 

We mention at least one important corollary of the functional calculus for 
the algebra of operators: 

Corollary 36. Let T be an operator on a Banach space X, dimX > 1. Suppose 
that Ui,U2 are disjoint open subsets of C such that cr{T) C C/i U 1/2- Then there 
exist closed subspaces Xi,X2 C X such that X — Xi 0 X2, TXi C Xi and 
a{T\X,)cU^ (i = h 2 ). 

Proof. Let f : U\ U U2 C he defined by f\Ui = 1, f\U2 = 0. Since p = /, 
the operator P = f{T) is a projection. Set Xi = PX and X2 = {I — P)X. 
Clearly, Xi and X2 are invariant with respect to T and X = Xi 0 X2. Write 
Ti = T\Xi {i = 1,2). We show that cr{Ti) C Ui. Let X ^ Ui and define g : 
U f/2 c by g{z) = {z- X)~^ (z G Ci), g\U2 = 0. Then {z - X)gf = /, 
and so (T - X)g{T)P = P. We have g{T)Xi = g{T)PX = Pg{T)X c Xi, and so 
the restriction of the last equality to X\ gives (Ti — X)g{T)\Xi = where Ix^ 
denotes the identity operator on Xi. Thus A ^ cr{Ti) and <j(Ti) d Ui. Similarly, 
(t{T2) C U 2 . □ 

The spaces Xi,X2 given in the preceding corollary are called the spectral 
sub spaces of T corresponding to C/i and t/2? respectively. 

We finish this section with the basic properties of a radical. 

Definition 37. Let ^ be a Banach algebra, let J C .4 be a left ideal. We say that 
J is a maximal left ideal if J is proper and if the only proper left ideal containing 
J is J itself. 

Similarly we define maximal right ideals. 

Theorem 38. Let J he a left ideal in a Banach algebra A. Then: 

(i) the closure of a proper left ideal is a proper left ideal; 

(ii) every proper left ideal is contained in a maximal left ideal; 

(iii) every maximal left ideal is closed. 
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Proof, (i) If J C ^ is a proper left ideal, then Inv(^) fl J = 0. By Theorem 11, 
distjl^, J} > 1, and so 1^ ^ J. Hence J is proper. 

(ii) is an easy application of the Zorn lemma and (hi) follows from (i). □ 

Theorem 39. Let A be a Banach algebra. The following sets are identical: 

(i) the intersection of all maximal left ideals in A; 

(ii) the intersection of all maximal right ideals in A; 

(iii) the set of all x E A such that I — ax is invertible for every a G A; 

(iv) the set of all x E A such that 1 — xa is invertible for every a E A. 

Proof. By Theorem 29, the sets described in (iii) and (iv) are equal. It is sufficient 
to show the equivalence of (i) and (iii) since the equivalence of (ii) and (iv) can 
be proved similarly. 

Suppose that 1 — ax is invertible for all a € .4 and let J be a maximal left 
ideal such that x ^ J. Then J+Ax is a left ideal containing J, and so JpAx = A. 
Thus there exists a E A such that 1 — ax E J. Since 1 — ax E Inv(^), we conclude 
that 1 G J, a contradiction. 

In the opposite direction, let x be in the intersection of all maximal left ideals 
of A. Suppose that there exists a E A such that 1 — ax is not invertible. Thus 

a{ax) ^ {0} and let A G a{ax) satisfy |A| = r{ax) > 0. By Theorem 14, A — ax is 

a left topological divisor of zero, and so A - ax is not left invertible. Consequently, 
^(A — ax) is a proper left ideal, and so there exists a maximal left ideal J D 
^(A — ax). We have X — ax E J and x E J, and so 1 = A~^(A — ax) + A“^ax G J, 
a contradiction. □ 

Definition 40 . The set of all x with properties (i)-(iv) of the previous theorem is 
called the radical of A and denoted by rad A. Evidently, rad ^ is a closed two-sided 
ideal of A. 

An algebra A is called semisimple if rad^ = {0}. 

Theorem 41 . Let A be a Banach algebra. Then: 

(i) A/ rad A is semisimple; 

(ii) an element x E A is invertible in A if and only if x + rad^ is invertible in 
A/ rad^; 

(iii) if X E rad A then a(x) = {0}. 

Proof, (i) Denote by p : A ^ A/ rad^ the canonical projection. If x G v4, 
X ^ rad^, then there exists a maximal left ideal J with x ^ J. Since rad^ C J, 
it is easy to check that J + rad^ = p{J) is a maximal left ideal in A/ rad A and 
p{x) = X + rad *4 ^ p(J). Thus x + rad .4 ^ rad(^/rad^). 

Since x was an arbitrary element in ^ \ rad^, the algebra A/ rad A is semi- 
simple. 
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(ii) If X e Inv(.A), then p(x) G Inv(^/rad^) by Theorem 26. Conversely, 
if p(x) G Inv(^/ rad^), then there exists y G A such that xy G 1 rad^4, 
yx G l-\- rad^. By Theorem 39 (hi) and (iv), the elements 1 + l(xy — 1) = xy and 

1 + l(yx — 1) = yx are invertible. Hence x G Inv(^). 

(hi) Let X G rad^ and A 7^ 0. Then X — x — A(1 — A“^x), which is invertible 
by Theorem 39 (hi). □ 

Theorem 42. B(X) is semisimple for every Banach space X with dimX > 1. 

Proof. Let T G B{X), T 7^ 0. Then Tx 7^ 0 for some non-zero x G X. Choose 
g G X* such that g{Tx) = 1 and define S G B{X) by Sy = g{y) • x {y G X). 
Then STx — x, and so 1 G a{ST). By Theorem 39, T ^ rad(B(X)). Hence B{X) 
is semisimple. □ 

2 Commutative Banach algebras 

In this section we give a survey of basic results of the theory of commutative 
Banach algebras. 

The most important example of a commutative Banach algebra is the algebra 
C{K) of all complex- valued continuous functions defined on a non-empty compact 
space K with the sup- norm ||/H = sup{|/(z)l : 2; G K}. For further examples see 
1.4 (iii), (iv), (vi). 

In commutative algebras the notions of left, right and two-sided ideals coin- 
cide. In the same way, the notions of maximal left (right) ideals and left (right) 
topological divisors of zero coincide. We are going to speak only about ideals, 
maximal ideals and topological divisors of zero. 

Theorem 1. Every maximal ideal in a commutative Banach algebra is closed and 
of codimension 1. 

Proof. Let J be a maximal ideal in A. By Theorem 1.38, J is closed. Furthermore, 
A/ J is a commutative Banach algebra with no non-trivial ideals, and so every non- 
zero element of Aj J is invertible. By Corollary 1.19, dfimA/ J = 1. □ 

Definition 2. Let .4 be a commutative Banach algebra. A linear functional (p : A 
C is called multiplicative if (p[Ia) = 1 for x,y G A (in 

other words, (p is a homomorphism). 

Multiplicative functionals are in 1-1 correspondence with maximal ideals. 

Theorem 3. Let A be a commutative Banach algebra. Then: 

(i) if (p is a multiplicative functional on A, then Ker (p is a maximal ideal; 

(ii) if J C A is a maximal ideal in A, then A = {x-hA-l^ixG J, AgC} 
and the mapping cp : A ^ C defined by p){x -h A • 1^) = X is a multiplicative 
functional. Clearly, Kenp = J. 
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Proof. An easy verification. □ 

The set of all multiplicative functionals on a commutative Banach algebra A 
will be denoted by Ai(A). As the multiplicative functionals are in 1-1 correspon- 
dence with the maximal ideals, multiplicative functionals are frequently identified 
with the corresponding maximal ideals (we are not going to use this convention). 
For this reason Ai{A) is usually called the maximal ideal space. 

Theorem 4. Let x be an element of a commutative Banach algebra A. Then: 

(i) if (p e M(A), then p{x) e cr(x); 

(ii) if A G cr{x), then there exists p G M{A) such that p{x) = A; 

(iii) an element x E A is invertible if and only if p{x) ^ 0 for every p G Ai(A). 

Proof, (i) If (/? G A4{A) then x — p{x) • 1^ G Kerp. Since Kerp is a proper ideal, 
the element x — p{x) • 1^ is not invertible, and so p{x) G a{x). 

(ii) If A G a{x) then x — X is contained in a proper ideal, and so there exists 
a maximal ideal containing x — X. The corresponding multiplicative functional p 
then satisfies p{x — A) = 0, and so p{x) = X. 

(iii) Follows from (i) and (ii). □ 

Corollary 5. Let A be a commutative Banach algebra. Then M.{A) 0. 

Theorem 6. Let p be a multiplicative functional on a commutative Banach algebra 
A. Then p is continuous and ||(/?|| = 1. 

Proof. For x e Awe have p{x) G <j(x), and so \p{x)\ < r{x) < \\x\\. Thus \\p\\ < 1, 
and since ^(1^) = 1, we have ||(/?|| = 1. □ 

We consider the topology of pointwise convergence of multiplicative func- 
tionals on M{A). The base of open neighbourhoods of a multiplicative functional 
p G A4{A) is formed by the sets 

Uxu-,xr,,e = {V’ G M{A) : \ip{xi) - <^(xi)| <s,i = 1, . . . ,n}, 

where Xi , . . . , G > 0. 

Theorem 7. M{A) with the above defined topology is a non-empty compact Haus- 
dorff space. 

Proof. M{A) is non-empty by Corollary 5 and Hausdorff by definition. Since the 
closed unit ball Bj^* of is compact in the tt;*-topology and Ai(A) is a t(;*-closed 
subset of Bjx*, we conclude that M{A) is compact. □ 
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Consider the Banach algebra C{M.{A)) of all complex- valued continuous 
functions on the compact space M{A) with the sup- norm. 

Definition 8. The mapping G : A ^ C{M.{A)) defined by 

G{a){(p) — (p{a) [a e A,(p e M{A)) 

is called the Gelfand transform. 

The Gelfand transform has the following properties: 

Theorem 9. Let A be a commutative Banach algebra. Then: 

(i) G : A ^ G{A4(A)) is a continuous homomorphism, ||G|| == 1; 

(ii) ||G(a)||=r(a) (a e A); 

(hi) G(a)(M(A)) = cr(a) (a e A); 

(iv) G{a) = 0 4=^ a{a) = {0} 4=^ a G rad^. 

Proof, (hi) We have {G{a){(p) : (p G M{A)^ = {^(^) • ^ ^ M{A)^ — a{a). 

(ii) By (iii), ||G(a)|| = sup{|G(a)(<^)| : (p € M{A)] = sup{|A| : A € cr(a)} = 

r(a). 

(i) By (ii), HG|| < 1. Since |1G(1^)H = r(l^) = 1, we have ||G|| = 1. 

(iv) The first equivalence follows from (ii). An element a belongs to the 
radical if and only if it is contained in every maximal ideal, i.e., if p{a) = 0 for 
every (p G M{A). This means that a(a) = {0}. □ 

The spectrum in commutative Banach algebras has a number of nice prop- 
erties. The following result means the continuity of the spectrum. 

Theorem 10. Let A he a commutative Banach algebra, x,Xk E A {k ^ N), Xk x. 
Then A G (j{x) if and only if there exist points Xk E cr{xk) {k = 1,2, . . .) such 
that X = limfc_>oo Xk- 

Proof. If A G (j{x), then there exists p G M{A) with p{x) — X. Set Xk = p{xk)^ 
Then Xk E cr{xk) and Xk X. 

Conversely, let Xk E cr{xk) and Xk X. For each k there exists pk E M{A) 
with pk{xk) = A/c. Set pk = P^k{x) E a{x). Then 

\X-Pk\ < lA-AA;| + |A/e-/ifc| = \X-Xk\ + \pk{xk)-Pk{x)\ < \X-Xk\ + \\xk-x\\ 0. 

Thus /i/e ^ A and A G cr{x). □ 

Theorem 11. Let A be a Banach algebra, x,y e A, xy = yx. Then: 

(i) a{xy) C a{x) • (r{y) and a{x + //) C (t{x) -h (j{y); 

(ii) r{xy) < r{x) • r{y) and r{x + y) < r{x) 4- r{y). 

In particular, the spectral radius in a commutative Banach algebra is an 
algebra seminorm. 
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Proof. Clearly, (ii) is a consequence of (i). 

To prove (ii), suppose first that ^ is a commutative Banach algebra. Then 

cr{xy) = {(fi{xy) : £ M(A)) = {y>{x)(p{y) : ip £ A1(^)} 

C {p{x)'>p{y) £ M{A)] = a{x) ■ a{y). 

In the same way, <j(x P y) C. cr{x) + cr(y). 

In general, write vY' ' Lemma 1.24, is a commutative Banach 

algebra and it is easy to check that = cr'^{x), cr'^^iy) = cr'^^{xy) = 

(T'^{xy) and <7-^° [x-\-y) = (T'^{x-\-y). Thus the result follows from the corresponding 
inclusions for the commutative Banach algebra ^o- D 

The following result characterizes multiplicative functionals. 

Theorem 12 (Gleason-Kahane-Zelazko). Let A he a commutative Banach algebra 
and let (p : A C be a linear functional. Then (f is multiplicative if and only if 
(p(x) G cr(x) for every x E A. 

Proof. If (/? G M{A) then p){x) G (j{x) for every x ^ Ahy Theorem 4. 

Suppose that (f is a linear functional satisfying (p{x) G cr{x) for all x ^ A. 
Then ^(1^) = 1. First, we prove the implication ip{a) = 0 => = 0 for all 

CL G A. 

Let (p{a) = 0, n > 2 and denote by p the polynomial p{\) =(/;(( A — a)'^). Let 
Ai, . . . , An be the roots of p. Since 0 = p{K) = ~ we have (A^ — a)^ ^ 

Inv(^), and so A^ — a ^ Inv(^). Thus A^ G a{a) for z = 1, . . . , n. We can write 

n 

p{\) = (A-Ai)---(A-A„) = A"-A"-i;^Ai + A"-2^A,Aj + --- 

i=0 iyj 

= A" - A"-^ny(a) + A"~^ p{a^) + ■ ■ ■ ■ 

Thus we have ^ A^ = ri(p{a) = 0 and Yliyj ^ ^ ~ 

(E = E + 2 Ei^j - and so 

I , 2^1 ^ ^ Y.Vj < n{r{a)f ^ (r(a))^ 

n{n — 1) n{n — 1) ~ n{n — 1) n — 1 ’ 

Letting n — > oo yields (p{a‘^) = 0. 

Let a e A. Then cp(^a — (p{a) • 1^) = 0, and so — 2a(p{a) + {(p{a)Y) = 0, 
which implies = {(p{a)Y. 

Consequently, for x, y G Al we have 

{p{x)f + 2p{x)p{y) + {p{y)f = {p{x) + p{y)f = {p{x + y)f 
= ^{{x + yY) =p{x^) + 2p{xy)+p{y^), 

and so p){xy) = (p{x)p{y). □ 
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The Gelfand transform commutes with the functional calculus which was 
introduced in the previous section. 

Theorem 13. Let A be a commutative Banach algebra, x ^ A and let f be a 
function analytic on a neighbourhood of a(x). Then: 

(i) for all ip e M{A); 

(ii) G{f{x)) = f{G{x)). 

Proof, (i) We have f{x) = Jp f{z){z—x)~^dz, where F is a contour surrounding 
a{x). Since the integral is defined as a limit of Riemann sums and (p is continuous 
and multiplicative, we have 

The second statement follows from the definition of the Gelfand transform. □ 

In commutative Banach algebras it is possible to introduce the notion of 
spectrum for n- tuples of elements. 

Definition 14. Let ^ be a commutative Banach algebra, xi,...,Xn G A. The 
spectrum a{xi, . . . ,Xn) is the set 



a{xi,...,Xn) = {(ip{xi) . . . (p{xn)) : p 6 M{A)]. 



Theorem 15. Let xi,...,Xn be elements of a commutative Banach algebra A. 
Then: 

(i) The spectrum a{x \ , . . . , is a non-empty compact subset of C^; 

(ii) A G <j(xi, . . . , Xn) if and only if the ideal (xi - Ai)^ + • • • + (xn — A^)^ is 
proper, i.e., if ^ (xi - Ai)^ + • • • + {xn — Xn)A; 

(iii) if m < n, then a{xi , . . . ,x^) = Pa{xi ,. . . ,Xn), where P : C'^ is the 

natural projection onto the first m coordinates. 

Proof, (i) Since M{A) ^ 0, the spectrum a{xi, . . . ,Xn) is also non-empty. The 
mapping (p , . . . , p^{xn)) from M{A) onto g{x\ ,... , Xn) is continuous, and 

so (j{xi, . . . , Xn) is compact. 

(ii) If (Ai, . . . , An) G cf{xi, . . . , Xn), then there exists (p G M{A) such that 
p{xi) = Xi {i = 1, ... ,n). Then (xi - Ai)^ + • • • + (xn - Xn)A is contained in 
Kerp, and so it is a proper ideal. 

Conversely, if (xi - Ai)^H h (xn - Xn)A is a proper ideal, then it is con- 

tained in a maximal ideal. The corresponding multiplicative functional p satisfies 
p{xi) = Xi (i = 1, . . . ,n), and so (Ai, . . . , An) G cr(xi, . . . ,Xn). 

(iii) Clear. □ 
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Theorem 16. Let A be a commutative Banach algebra with a finite number of 
generators xi,, , . ,Xn (i.e., A is the smallest closed algebra containing the elements 
, . . . , Xn)’ Then M{A) is homeomorphic to a{xi , . . . , x^). 

Proof. Consider the mapping ^ : M{A) cf{xi , . . . , Xn) defined by 

Clearly, ^ is continuous and onto. It is sufficient to show that ^ is one-to-one. If 
^ M(A) with then ^pi{xi) = (p 2 {xi) for all z = 1, . . . , n. 

Since A is generated by xi , . . . , Xn, we have = ^ 2 - D 

Denote by V{n) the set of all complex polynomials in n variables. If p G V{n) 
and xi , . . . , Xn E A, then we define p(xi , . . . , Xn) in the natural way. 

Definition 17. Let K he a non-empty compact subset of The polynomially 
convex hull of K is the set 

K = jz G : \p{z)\ < max{|p(u;)| \ w E K] for every polynomial p G P(n)|. 

A set K is called polynomially convex UK = K. 

In the case n = 1 there is a simple characterization of polynomially convex 
sets: a non-empty compact subset iC C C is polynomially convex if and only if 
C \ X is a connected set. Thus the polynomially convex hull of a compact subset 
X of C is the union of K with the bounded components of C \ A. 

Theorem 18. Let A be a commutative Banach algebra with a finite number of 
generators xi , . . . , x„. Then cr(xi , . . . , x^i) is a polynomially convex subset of C'^. 

Proof. Fix A == (Ai , . . . , A^) in the polynomially convex hull of (t(xi , . . . , x,^). Then 

|p(A)| < sup{|p(zi,. . . ,Zn)| : Zi,...,Zn G o-(xi, . . . ,Xn)} 

= sup{lp((p(xi),...,p(xn))| : P G M{A)] 

= sup{|p(p(xi,...,Xn))| '.pEM{A)] = r(p(xi,. . . ,Xn)) 

< ||p(xi,...,Xn)|| 

for each polynomial p G V{n). Set = {p{x\, . . . ,Xn) : p G V{n)^ and let 
'ip : Ao C he defined by : p(xi,...,Xn) pW- Since \'ip{y)\ < \\y\\ for 
all y E Ao, the definition of 'ip is correct and ip can be uniquely extended to a 
multiplicative functional (denoted also by ^p) on Ao = A. Thus (Ai,...,An) = 
('0(xi), . . . ,'0(xn)) G <j(xi, . . . ,Xn), and so <j(xi, . . . ,Xn) is polynomially convex. 

□ 
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In particular, if A is generated by a single element x, then cr'^(x) has no holes 
(C \ a'^(x) is connected). 

Let ^ be a Banach algebra and xi , . . . , G vA. We denote by (xi , . . . , x^) the 
closed subalgebra generated by the elements xi , . . . , x^. By definition, (xi , . . . , x^) 
contains the unit of A. 

Examples 19. (i) Let be a non-empty compact Hausdorff space and C(K) the 
algebra of all continuous functions on K with the sup-norm. It is not difficult to 
show that the multiplicative functionals on C{K) are precisely the evaluations S\ 
(A G K) defined by S\{f) = /(A). Thus M{C{K)) is homeomorphic to K and the 
Gelfand transform is the identical mapping. 

For / G C{K), we have = f{K). 

(ii) If is a non-empty compact subset of and V{K) the uniform closure 
on K of all polynomials, then M{V{K)) can be identified with the polynomially 
convex hull K. 

This applies also to the disc algebra A{D), see Example 1.4 (iv), since A{D) = 
V(D). 

(iii) Consider the Banach algebra of all bounded analytic functions on 

the open unit disc. The maximal ideal space is quite large and compli- 

cated. The celebrated corona theorem of Carleson says: if /i, . . . , /^ G and 
inC^p J27=i \ fi(^)\ ^ then fi9i = 1 some gi G IT^. This can be reformu- 
lated as follows: the set of all evaluations E\ (A G D) is dense in A4{H^). 

Thus (/) = for f 

(iv) Let T = { 2 :GC:| 2 :| = l}be the unit torus and let A be the algebra 
of all continuous functions on T with absolutely convergent Fourier series (i.e., 
/(^) — YI^og where X] lo^^l < oo). It is easy to see that M{A) coincides with 
T. Thus the Gelfand theory gives a very simple proof of the following Wiener 
theorem: if / G .4 and f{z) ^ 0 (z G T) then 1/feA. 

(v) Multiplicative functionals on (see Example 1.4 (vi)) are of the form 

/ oo 

-OO 

where t G M. Thus M{L^ ®C) coincides with the one-point compactification of M. 
The Gelfand transform is closely connected with the Fourier transform. 

In commutative Banach algebras it is possible to extend the functional cal- 
culus to analytic functions of n- variables. Here we formulate the result without 
proof since it will be an easy consequence of the more general Taylor functional 
calculus that will be discussed later. 

Recall that for a non-empty compact subset of X C we denote by Hk 
the algebra of all functions analytic on a neighbourhood of K (more precisely, Hk 
is the algebra of all germs of functions analytic on a neighbourhood of K). 
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Theorem 20. Let A be a commutative Banach algebra. To each finite family a = 
(ai, . . . , a^) of elements of A and each function f G i^a(a) possible to assign 
an element /(ai, . . . , a^) ^ A such that the following conditions are satisfied: 

(i) if p{zi , . . . , Zn) = CaZ^^ * * * z^^ is a polynomial in n variables with 

complex coefficients c^, then p{a) = J2aei^ 

(ii) the mapping f ^ f{ai, ... ,an) is an algebra homomorphism from the algebra 
Ha{a) A; 

(iii) if (f e M{A) and f e Hcr(a) then 

ip{f(ai, an)) = f{ip{ai), y>(a„)) ; 

(iv) (r(/(ai,...,a„)) = /(<7(ai, . . . , a„)); 

(v) ifU is a neighbourhood of cr(ai, • • • , a^), /, /^ (A: G N) are functions analytic 
on U and fk converge to f uniformly on U then 

//c (^1 ? • • • 5 ^n) ^ f {^1 j - • • j ^n) • 

We finish this section with the basic properties of the Shilov boundary. 

Let be a compact Hausdorff space. For a non-empty subset M C K and a 
continuous function f : K ^ C write II/IIm = sup{|/( 2 :)| : 2 : 6 M}. 

Definition 21. Let Khe a non-empty compact Hausdorff space, let A C C{K) be an 
algebra of continuous functions containing the constant functions and separating 
the points of K. The Shilov boundary T{K,A) is the subset of all points x £ K 
with the following property: for every neighbourhood U of x there exists a function 
f eA such that \\ f\\u > ||/||x\t/- 

Theorem 22. Let K he a non-empty compact Hausdorff space, let A C C{K) be an 
algebra of continuous functions containing the constant functions and separating 
the points of K . Then: 

(i) T{K, A) is a closed subset of K; 

(ii) ll/llr(K,^) = ll/lk for every f G A; 

(iii) if F is a closed subset of K with the property that ||/||k = II/I|f for all 
f e A, then F D T{K, A). 

Proof, (i) follows directly from the definition. 

(iii) For f eA write S{f) = {x e K : \ f{x)\ = ||/||k}. Clearly, S{f) is a non- 
empty compact subset of K for every f e A. We say that a closed subset F C K 
is maximizing if ||/||f = ||/||i^ for every f e A. Obviously, F is maximizing if and 
only if 5'(/) n F ^ 0 for every f e A. 
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Let F be a maximizing set and x G T{K^A). For every neighbourhood U of 
X there exists f ^ A with S{f) C U, and so F HU 0. Since U was an arbitrary 
neighbourhood of x and F is closed, we conclude that x E F. This proves (iii). 

(ii) Denote by F the family of all maximizing sets ordered by inclusion. If 
{Foi}a is a totally ordered subset of F, then F = f]^Fa is also a maximizing 
set. Indeed, for every / G v4, S{f) C\ F^ is a totally ordered family of non-empty 
compact subsets of K, and so F fl S{f) = Dc^{S{f) n F^) 7 ^ 0. Thus F = F^ 
is maximizing. By the Zorn lemma there exists a minimal maximizing set Fq. 

By (iii), F{K,A) C Fq. Conversely, let x G Fq and let U be an open neigh- 
bourhood of X in K. For every y e K\U there exists fy^A with fy{x) = 0 and 
fy{y) = 1. Let Uy = {z e K : \fy{z)\ > 1/2}. Since the set K \ U is compact, we 
can find finitely many points 2/1 5 • • • ? 2 /n ^ K\U with (J Uy. D K\U, and functions 
/i = / 2 / 1 , • • • , /n = G ^ such that 

Uo = {zeK: \fi{z)\ < 1/2 {i=l,...,n)} CU. 

Since Fq is a minimal maximizing set, there exists f E A such that ||/||fo\c/o ^ 
II/IIfo = ll/lk (otherwise Fq \ Uq would be a maximizing set smaller than Fq). 
We may assume that \\f\\K = 1 and, by replacing / by a suitable power if 
necessary, ||/||^„\c/„ < 2 max{||/i||K,....ll/nlk} ' For i = 1, . . . , n we have 

WffiWK =max{||//i||jr(,\c/„,||//i||Fonc/o} < 1/2. 

Let y G Fq he a point with the property that \f{y)\ = WfWx = 1- Then \fi{y)\ = 
\{ffi){y)\ < 1/2 {i = l,...,n), and so y G ^o- Thus S{f) <Z Uq d U and 
xgT{K,A). 

Hence Fq = T{K,A) and T{K,A) is a maximizing set. □ 

Let ^ be a commutative Banach algebra. The Shilov boundary of A is the 
set F(^) = F(A4(^),G(^)). 

The Shilov boundary of a commutative Banach algebra A has the following 
properties: 

Corollary 23. Let A he a commutative Banach algebra. Then: 

(i) F(v4) is a non-empty closed subset of M{A); 

(ii) max{|(/?(a)| : cp G F(^)} = max{\(p{a)\ : (p G M{A)] = r{a) for every a G A; 

(iii) if F is a closed subset of M{A) satisfying max{l(y 9 (a)| : (p e F} = r(a) for 
every a G A, then F D F (A) ; 

(iv) if (p G A4{A), then Lp G F(^) if and only if for every neighbourhood U of p> 
there exists a G A such that 



sup{|'0(a)| : 'll; gU} > sup{|V^(a)| : if; G M{A) \ U}. 
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3 Approximate point spectrum in commutative 
BEmach algebras 

In this section we introduce and study the approximate point spectrum in com- 
mutative Banach algebras. This is, apart from the ordinary spectrum, the most 
important example of a spectrum. 

All algebras in this section will be commutative. 

Let xi, ... ,Xn be elements of a commutative Banach algebra A. We will write 
.,Xn)= inf< ^ \\xiz\\ : z £ A, || 2 :|| = 1 i. 

M=1 ^ 

If no confusion can arise we write simply d{xi , . . . , Xn) instead of . . . , Xn). 

Clearly, an element x\ G v4 is a topological divisor of zero in A if and only if 

Lemma 1. Let xi , . . . , , . . . , 2/n be elements of a commutative Banach algebra 

A. Then: 

(i) d{Xu---,Xn) < Er=l 

n 

(ii) \d{xi,...,Xn) - d{yi,...,yn)\ < E \\xi ~ Vih 

i=l 

(iii) the function d : (0, oo) is continuous, where A^ is considered with the 

product topology; 

(iv) d{xi)d{yi) < d{xiyi) < ||xi ||%i); 

(v) if xi is invertible, then d{xi) = ||x“^||~^. 

Proof, (i)-(iv) Clear. 

(v) For y e A we have ||t/|| = \\xf^xiy\\ < \\xf^\\ • ||xi^||, and so d{xi) > 
\\xf^ II On the other hand, we have ||xi ' x^^\\ = ||1^|| = 1, and so d{xi) < 
Iixr^ii-L □ 

Definition 2. Let M be a subset of a commutative Banach algebra A. We say that 
M consists of joint topological divisors of zero if d{xi , . . . , Xn) = 0 for every finite 
subset {x\, . . . ,Xn} C M. 

Theorem S. A set M C A consists of joint topological divisors of zero if and only 
if there exists a net (za) C A such that \\za\\ = 1 for all a and limc^ ZaX = 0 for 
each X G M. 

Proof. If there exists such a net, then clearly M consists of joint topological 
divisors of zero. 

Suppose on the contrary that M consists of joint topological divisors of zero. 
For each finite subset F C M and each k eN there exists an element zp,k ^ A such 
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that \\zF^k\\ = 1 and II^f,/c^|| ^ Consider the order {F,k) < {F',k') if 

and only if F C F' and k < k'. Then the net {zF,k)F,k satisfies the conditions of 
the theorem. □ 

Theorem 4. Let (za) be a net of elements of a commutative Banach algebra A 
such that \\za\\ = 1 for every a. Then the set M — {x e A : limaXZa = 0} is a 
closed ideal. 

Proof. It is clear that M is an ideal. Let x G M. For every e > 0 there exists 
y e M such that ||x — 2/|| < | and ao such that \\yZa\\ < § for all a> ao. Then 

ll^Z^^all < ||(^ - y)Za\\ + \\yZa\\ < £ 

for all o > ao- Hence x e M and M is closed. □ 

Corollary 5. Let M C A consist of joint topological divisors of zero. Then the 
smallest closed ideal containing M consists of joint topological divisors of zero. 



The following construction is very important in the study of topological di- 
visors of zero. 

Let ^ be a commutative Banach algebra. Denote by £^{A) the set of all 
bounded sequences of elements of A. If we consider the pointwise algebraic oper- 
ations and the norm \\{cLj)j^i\\ = sup^ ll^jIK then i^{A) becomes a commutative 
Banach algebra. Denote by cq{A) the set of all sequences (aj) with lim^^oo = 0 - 
Clearly, co(v4) is a closed ideal in £^{A). Denote by Q{A) the quotient algebra 
i^{A)/co{A). 

The elements of Q{A) can be considered as bounded sequences of elements 
of A where we identify two sequences {aj) and (a') whenever they satisfy 
limj^oo \\cij — CijW = 0. With this convention \\{aj)\\Q{A) = hmsup^-^^ ||aj|| and 
Q{A) contains J4 as a subalgebra of constant sequences. 

Let A, B be commutative Banach algebras and let (p \ A B he a contin- 
uous homomorphism. Define Q{p) : Q{A) — > Q{B) by Q{p){an) = {p{an))^ It is 
easy to see that Q{p) is a homomorphism. Moreover, Qip'if) = Q{p)Q{'ip) for all 
homomorphisms for which the composition p'lf makes sense. 

The most useful property of the algebra Q{A) is that topological divisors of 
zero in A become divisors of zero in Q{A). 



Theorem 6. Let A be a commutative Banach algebra and let a e A. Then: 

(i) d'^{a) = d9^'^\a) for all a G A; 

(ii) if ai, . . . , Un G .4 and d*^(ai, . . . , a^) = 0, then there exists b G Q{A) of norm 
1 such that b ‘ Oi = 0 for i = 1 , . . . ,n. 
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Proof, (i) Clearly, < d'^(a). Conversely, we have ||a6|| > d'^(a) • ||6|| for 

all b e A. Let b = (bj) G Q(A). Then 

l|a^ll<3(^) = limsup ||a6j|| > limsupd-^(a) ■ ||6j|| = d-^(a) ■ ||6||q(^). 

j—>’00 j^OO 

Thus > d'^(a). 

(ii) If d'^(ai , . . . , On) = 0 then there exists a sequence b = (bj) of elements 
of A with \\bj\\ — 1 (j = 1, 2, . . .) and lim^^oo W^^i^jW = 0 for i = 1, . . . , n. Then 
II^IIq(^) = 1 and = 0 (z = l,...,n). □ 

Theorem 7. Let xq,xi, . . . ,Xn be elements of a commutative Banach algebra A 

satisfying d{x \, . . . , =0. Then there exists A G C such that 

d{xo - X,Xi,...,Xn) = 0. 

Proof. Regard ^ as a subalgebra of the algebra Q{A) constructed above. Set 
J = {d = (oi) e Q{A) : Xrd = 0 (r = 1, . . . ,n)}. 

Then J is a closed ideal in Q{A) and, by the preceding lemma, J ^ {0}. Define 
the operator T : J — » J by T((ai)) = (xQUi). 

Let A G dcr^^'^\T). Then, by Theorem 1.28, there exist Uj e J {j e N) such 
that ||fij||Q(^) = 1 and lim^-^oo IK^ - - lim^_^oo ||(^o - A)fi^ ||Q(^) = 0. 

For every /c G N there exists j G N such that ||(xo — ^)'b'j\\Q{A) < 

As Uj G J, we can find an element Zk of the sequence uj such that ||xr>2:/c|| < 

k~^ (r = 1, . . . , n), IK^o — X)zk\\ < k~^ and 1 — k~^ < \\zk\\ < 1 + k~^. If we 

consider the sequence ? if is easy to see that d{xo — A, xi, . . . , Xn) =0. □ 

Let ^ be a commutative Banach algebra. Denote by l(^) the set of all ideals 
in A consisting of joint topological divisors of zero. 

Corollary 8. Let A be a commutative Banach algebra and let I G 1{A). Then there 
exists a maximal ideal J such that J G 1{A) and J D I. 

Proof. It follows easily from the Zorn lemma that there exists an ideal J in t(^) 
containing I that is maximal with respect to the inclusion. It is sufficient to show 
that codim J = 1. 

If codim J > 2 then there exists x ^ A such that x ^ J + C • 1^. 

For every finite subset F = {xi, . . . , x^} C J, set 

(7f = {A G C : d{x - A,xi, . . . ,Xn) = O}. 

By the previous theorem, we have Cf ^ 0- Moreover, Cp is compact and Cp H 
Cp> D CfuF' ^ 0 for all finite subsets F, F' C J. Hence the system {Cp} has the 
finite intersection property and there exists A G p|^ Cp. 

Let J' be the ideal generated by J and x - A. Then J C J', J ^ J' and, by 
Corollary 5, we have J' G l(v4), which is a contradiction. □ 
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The set of all multiplicative functionals (p G M{A) with Kerc^ G 1(.4) is 
called the cortex of A and denoted by cor A. 

Definition 9. Let xi, . . . , Xn be elements of a commutative Banach algebra A. The 
approximate point spectrum r(xi, . . .Xn) is defined by 

r{xi,. ..,Xn)= {(Al, . . . , An) G : d{xi - Ai, . . .,Xn - An) = o}. 

The approximate point spectrum has similar properties to the spectrum a 
defined in the previous section. 

Theorem 10. Let x = (xi, . . . ,Xn) be an n-tuple of elements of a commutative 
Banach algebra A. Then: 

(i) t(x) = {(v?(xi),. . .,ip(xn)) : ip e cor^}; 

(ii) d(j{xi) C r(xi) C cr(xi); 

(iii) cor^ is a non-empty compact subset of Ai{A) and r(x) is a non-empty 
compact subset of C^; 

(iv) if m < n and P : is the canonical projection onto the first m 

coordinates, then r(xi ,Xm) — Pr{xi , ,Xn); 

(v) if f — (/i, • • • , /m) Is an m-tuple of functions analytic in a neighbourhood of 
a(x), then T(f(x)) = f{r(x)); 

(vi) if B is a closed subalgebra of A and x\,. . . ,Xn G then 

T^{x) C T'^(x) C o-'^(x) C cr^(x); 

(vii) the polynomially convex hulls of r{x) and a(x) coincide, i.e., 

r{x) = ^{x) = a^^\x). 



Proof, (i) U (f e cor^, then Xi - (p{xi) G Keip {i = l,...,n), and so 
{(p{xi),...,(p{xn)) G r(xi,...,Xn). Conversely, if (Ai,...,An) G r(xi, . . . , Xn), 
then d{xi — Xi, ... ,Xn — An) = 0 and, by Corollary 8, there is a G cor ^ such 
that Xi - Xi e Kenp and (p{xi) = Xi {i = 1, . . . ,n). 

(ii) follows from Theorem 1.14. 

(iii) Since r(xi) D da{xi), the set r(xi) is non-empty. By (i), cor^ ^ 0 and 
also r(xi, . . . ,Xn) ^ 0- 

We show that cor^ is a closed subset of M{A). Let be a net of elements 
of cor^ and ^ p ^ M{A). Let yi, ... ,2/m ^ Kerp and £ > 0. Then \pa{yj)\ < 
e/2 for all j and all a sufficiently large. Further, pj - PaiUj) * ^ Ker(/?Q, and 

there is a u G v4 with ||i^|| = 1 and \\{yj — pa{yj))u\\ < s/2 {j = 1, . . . ,m). Then 
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\\yju\\ < e (j = 1, . . . , m) and, consequently, d{yi ^ . . . , ym) = 0. Hence (p G cor .4 
and cor^ is compact. 

Consider the mapping p (p{xi ), . . . , p{xn)) from cor ^ onto r(xi, . . . , 

The mapping is continuous and therefore r{xi, . . . ,Xn) is compact. 

(iv) follows from (i). 

(v) We have 

f{T{x)) = {fiipix)) : (p e cor^} = {ip{f{x)) : p € cor^} = T{f{x)). 

(vi) The first inclusion follows from the inequality 

d'^{xi - Ai, . . . ,Xn - An) < d^{xi - Ai, . . . ,Xn - Xji) 
for all (Ai, . . . , An) G C^. 

The second inclusion is clear. To show the third inclusion, let (Ai, . . . , An) G 
. . . , Xn)- Then there exists a multiplicative functional p G A4{A) such that 
p{xi) Xi (i = 1, . . . , n). The restriction 'ip = p\B £ Ai(B) has the same property, 
and so (Ai,...,An) G a^(xi, . . . , Xn). 

(vii) For each polynomial p we have 

max{|p(A)| : A G cr{x)} = max{|//| : p G <j(p(x))} 

= max{|/i| : p G r{p{x))} = max{|p(A)| : A G r{x)]. 

Hence r(x) = a{x). 

By Theorem 2.18, (x) is polynomially convex. By (vi), we have (x) C 

T'^(x) C (T'^{x) C <j^^^(x) and r^^\x) = a^^\x). Hence a'^{x) = cr^^^(x). □ 



If we replace the norm by the spectral radius in the definition of ideals con- 
sisting of joint topological divisors of zero, then we get similar results. 

Let v4 be a commutative Banach algebra. Denote by 7(^4) the set of all ideals 
J in A such that 



inf 




: y G Ar{y) 



= 0 



for every finite subset {xi, . . . , Xn} C J. 

This notion is closely related to the Shilov boundary T(^) of the algebra A. 



Theorem 11. Let pbea multiplicative functional on a commutative Banach algebra 
A. Then p G F(7l) if and only ifKevp G 7(v4). 

Proof. Let p G F(^), xi , . . . , Xn G Ker p and e > 0. 

Consider the neighbourhood 

U ^ {ip e M{A) : \'ip{xi)\ < e (i = 1, . . . ,n)} 
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of (f in A4{A). By Corollary 2.23, there exists y E: A such that r{y) = 1 and 
sup{|t/j(y)| : 'll; e M{A) \U} <1. 

For a suitable power z = y^ we have r{z) = 1 and 

sup{|^( 2 ;)| : 'll; G M{A) \ U} < e. 



Then 



r{xiz) = max { sup{|'0(xiz)| : 'll; G U},s\ip{\'ip{xiz)\ : 'll; G M{A) \ U}} 
< £-max{l,||a;i||,...,||a;„||}. 



Hence < ns • max{l, ||a;i||, . . . , ||a:„||} and, consequently, Kery? G 

7(-4). 

In the opposite direction, let Ker(/? G 7(^4). Let xi, . . . G A^ e > 0 and 
let 

U = {-tp e M(A) : \ip{xi) - <p{xi)\ <e (i = 1, . . . ,n)}. 

Then yi = Xi — (p{xi) ■ € Ker {i = 1, . . . , n), and so there exists z €. A with 

r{z) = 1 and r{zyi) < e/2. 

If tp £ A4(A) \ U, then there exists i € {1, . . . , n} with \ipixi) — '.p{xi)\ > e. 
Then \'>p{yi)\ = \ip{xi) - y:>{xi)\ > e, and so 



\'ip{z)\ 



W{zyj)\ ^ r{zyi) 1 

\tp{yi)\ ~ e 2 ' 



Hence 

1 = r{z) = sup{|V’( 2 :)| : t/’ e 17} > i > sup{|V>( 2 )| : ip G M{A) \U}, 



and so (f e F(^). 



□ 



Lemma 12. Let J be an ideal in a commutative Banach algebra A. Then J G 7(^4) 
if and only if there exists a net (za)a of elements of A such that r{za) — 1 for all 
a and limQ, r{xZa) = 0 for all x G J. 

Proof. Let J G 7(^4). For every finite set F C J and every n G N, find zp^n ^ -4 
with r(zF,n) = 1 and r(zF,n^) < 1/'^ ^ F). As in Theorem 3 we can show 

that {zF^n)F,n is the required net. 

The opposite implication is clear. □ 



Theorem 13. Let I be an ideal in a commutative Banach algebra A. Then I G 7(^4) 
if and only if there exists a multiplicative functional (p G F(.4) such that I C Ker (f. 

Proof. If (f G r(v4) and I C Ker^ then Kenp G 7(^4) by Theorem 11. Conse- 
quently, I G 7 (.4). 

For the converse, let I G 7(^4). By Theorem 2.11, the spectral radius is an 
algebra norm in the algebra A/ rad .4. Let B be the completion of the algebra 
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(^A/radA,r{')) and let p = p 2 pi : A ^ B where pi : A .4/rad^ is the 
canonical projection and p 2 : A/ rad^ B the natural embedding. Clearly, p is a 
continuous homomorphism with dense range and we have ||p(x)||^ = r{x) for each 
X ^ A. Using the spectral radius formula we see that the norm coincides with the 
spectral radius in B. In particular ^{B) — \{B). 

Using Lemma 12 we obtain that p{I) is contained in an ideal in 7 (B) = 1(jB). 
By Corollary 8, there exists a maximal ideal J\ G \{B) such that Ji D p{I)- Set 
J — p~^{Ji). Then I C J, and J is a maximal ideal in A since it is of codimension 
1. Furthermore, Ji G 7(B), and so there exists a net (za) C B with r{za) = 1 and 
r{zau) 0 for all u e J\. Since p{A) is dense in B, we can choose (za) C p{A). 
Since p preserves the spectral radius, we can see that J = p~^{Ji) G 7(^4). By 
Theorem 11, J = Ker(p for some p G F(^), and so / C Ker^p. □ 



Lemma 14. Let x\^ . . . .x^y be elements of a commutative Banach algebra A. 
Then 

n 

> d{xi,...,Xn) -r{y). 

i=l 



Proof. The inequality is clear if d(xi, . . . , Xn) = 0. 

Suppose that c = d(xi, . . . ,Xn) > 0. Let B be the set of all formal power 
series in variables ti,. . . An of the form satisfying ^ 

where a = {a\ , . . . , a^), C q, G A and — (a G Together with the 

naturally defined algebraic operations and the norm 









6 is a commutative Banach algebra containing ^4 as a subalgebra of constants. Set 
u — Xiti. Then \\uy\\ > c- ||y|| for all y E A. We can show easily by induction 

that 



E 

\a\=k 



k\ 



ai \ • • - a„! 



\x°"y\\ > c^lbll, 



and so 



i»‘»ii = 



\a\=k 



k\ 



ai\ ■■ -aj 



x°‘t°‘y 



= E 

a6Z: 



k\ 



ai\---an\ 



!k“?/|| > c'^llyll 



|a|=/c 



for all 7/ G A; G N. Thus > c^||y^|| and r{uy) > c r{y) for all y E A. 

Hence 

n n 

c-r{y) < r{uy) < '^r{xitiy) < '^r{xiy) 

i=l i=l 

for every y E A, since r{ti) = 1 (i = 1, . . . ,n) and the spectral radius in B is 
subadditive and submult iplicative. □ 
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Corollary 15. Let A be a commutative Banach algebra. Then 7(v4) C 1{A) and 
r(^) C cor A. 

Let ^ be a commutative Banach algebra. We have already studied the spec- 
trum 

.,Xn) = {(y?(a;i),. . .,(p{xn)) : ip € A<(.4)} 
and the approximate point spectrum 

T{xi,...,Xn) = {{<fi{xi),...,p{xn)) : <p £ cor.4}. 

Another important closed subset of M{A) is the Shilov boundary r(^). We 
define the Shilov spectrum <Jr for (xi, . . . , Xn) G A^ by 

CTr(xi, ...,Xn) = {(v>(a;i), . • .,p{Xn)) ■■ P e r(^)}. 

It is easy to see that dr has similar properties as the spectrum a and the ap- 
proximate point spectrum r. Later we formulate a result of this kind for general 
spectral systems. 



Theorem 16 . Let x = (xi, . . . ,Xn) be an n-tuple of elements of a commutative 
Banach algebra A. Then: 

(i) ar{x) is a non-empty compact subset of and <Jr(x) C r(x) C <j(x); 

(ii) if / = (/i, . . . , fm) is an m-tuple of functions analytic in a neighbourhood of 
o-(x), then 

= f{crr{x)); 

(iii) max{|A| : A G crr(xi)} = r(xi) for all xi G A; 

(iv) the polynomially convex hulls of crr{x) and a(x) coincide, i.e., 

ar{x) = 5(x) = cr^^^(x). 

In particular, dcr{xi) C <Jr(xi) C cr(xi). 



4 Permanently singular elements and removability 
of spectrum 

Let A, B be Banach algebras. We say that B is an extension of A if there exists 
an isometrical homomorphism p : ^ ^ If we identify A with the image p{A) 
we can consider ^ as a closed subalgebra of B and write simply A C B. 

By Theorem 1.27 (ii), a topological divisor of zero is singular {= non- 
invertible) in any extension B D A. For commutative Banach algebras the op- 
posite statement is also true. 
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Definition 1. An element x in a commutative Banach algebra A is called perma- 
nently singular if it is singular in each commutative Banach algebra B D A. 



Theorem 2. Let x be an element of a commutative Banach algebra A. Then x is 
permanently singular if and only if it is a topological divisor of zero. 

Proof. Let x G .4 be a topological divisor of zero and let S be a commutative 
extension of A. Then there exists a sequence C A, \\uk\\ = I (A: = 1, 2, . . .) 

such that lim/e^oo UkX = 0. Suppose on the contrary that x is invertible in B, so 
there exists y G S such that xy = 1. Then 1 = ||i//e|| = ||i^/c^y|| < • ||y|| ^ 0, 

a contradiction. 

In the opposite direction, suppose that x ^ A is not a topological divisor of 
zero. Let q = (d*^(x))“\ so ||a|| < q\\ax\\ for all a e A. Consider the algebra C of 
all power series with coefficients ai ^ Ain one variable b such that 



='^\\ai\\q^ < 



i=0 



i=0 



With the multiplication given by 



E = E'>‘ E 



aia^ 



\i=0 



U=0 



k=0 \i-\-jz=k 



C is a commutative Banach algebra containing A as subalgebra of constants. Let J 
be the closed ideal generated by the element 1 — xb and set B = C/ J. Let p : A B 
be the composition of the embedding A ^ C and the canonical homomorphism 
C-^B = C/J. Then 

p(x) • (6 + T) == (x + J){b J) = -\- J — 1^, 



and so it is sufficient to show that p is an isometry, i.e., that for each a G .4 we 
have ||a|U = l|p(a)l|B- 

Obviously, ||p(a)||e = infcec ||a + (1 - xb)c\\ < ||a|U- 
Conversely, let c = ^ So 



\\a + (1 - xb)c\\ = (a + ao) + - Ui^ix) 

2=1 

oo oo 

= ||a + ao|| + -di-ixW > l|a|l - l|ao|| + 

2=1 2=1 

OO 

> Ikll - llaoll + = lim (ll«ll - - ||a||. 



2=1 



Hence p is an isometry and B is the required extension of A. 



□ 
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Corollary 3. Let x be an element of a commutative Banach algebra A. Then 

= n 

bda 

(the intersection of all subsets of C that are of the form a^{x) for some commu- 
tative extension B D A). 

In fact, a stronger result is true - there is a single extension B D A such that 
r'^(a) = (j^{x). To show this we need several lemmas. 

Lemma 4. Let A be a commutative Banach algebra, x G A, let G be an open 
connected subset of C\ r{x), let U be a non-empty open subset of G. Suppose 
that f : G ^ A and g : U A are analytic functions satisfying 

f{z) = {x-z)g{z) (zeU). (1) 

Then it is possible to extend g to an analytic function on G (it is clear that the 
extension, denoted also by g, satisfies (1) for all z G G). 

Proof. Denote by Go the set of all 2 : G G such that there exists an analytic solution 
of (1) in a neighbourhood of z. Since for 2 G G the value of g{z) is determined by 
(1) uniquely, it is sufficient to show that Go = G. 

Let A G G and let : (0, 1) — ^ G be a continuous function with (^(0) G C/ C 
Go and Lp{l) = A. Let Z = : t G (0,1)} and let r be a positive constant 

satisfying distjZ, C\ [/} > r and inf^^^o,!) d{x — (f{t)) > r. Let M = max{ ||/( 2 :)|| : 
distjz, Z} < r}. Let p. e Go C\ Z. Then there exist a neighbourhood Ui of p and 
analytic functions f,g:Ui^A such that Ui C G, f{z) = {x — z)g{z) (z G l/i), 
and f{z) = Z^^o ^ ^ ^ 1 ) for some coefficients 

fi,9i e A {i = 0, l,...). By the Cauchy formulas, ||/i|| < ^ (f = 0, 1...)- 
Furthermore, 

oo oo 

^ fi{z - nY = f{z) = {x- z)g{z) = ((x - g)-{z- g)) Y^gi{z- gf 
2=0 2=0 

OO 

= {x- m ) 5 o + ~ -9i-i) 

2=1 

for all 2 G Ui. Thus /o = {x-p)go and {x-p)gi = gt-i+fi {i > 1). Hence ||^o|| < 
d{x - p)~^\\fo\\ < r~^M and ||^i|| < d{x - || + ||/i||) < + 

Mr It is easy to show by induction that II 1 1 < + (i = l,2,...). 

Thus the series ~ h'T converges for \z — p\ < r, and so {z : \z — p\ < 

r} C Go. 

Let to = sup{^ G (0, 1) : (f{s) G Go for every s, 0 < s < ^}. It is easy to check 
that ^0 = 1, and so A G G. Hence Go = G. □ 
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Lemma 5. Let a, x be elements of a commutative Banach algebra A, let U be an 
open neighbourhood of r{x) and let g : U A be an analytic function satisfying 
a = (x — z)g{z) {z G U). Then a = 0. 

Proof. Let G be a component of C \ r{x). Obviously, Pi G ^ 0. By Lemma 4, 
there is an analytic function go • G ^ A satisfying a = (x — z)gG{z) {z G G). 
Since the function go is uniquely determined on G, it coincides with g on G nU. 
Hence the function g can be extended to an entire function (denoted also by g) 
satisfying a = (x — z)g{z) (z G C). For |2:| > ||x|| we have = (x — z)~^a. Thus 
g(z) — > 0 as z — > oo. By the Liouville theorem, g = 0, and so a = (x — z)g(z) = 0. 

□ 

Let ^ be a commutative Banach algebra and let U be an open subset of the 
complex plane. Denote by H^(U, A) the algebra of all bounded analytic functions 
f : U A with the norm \\f\\u = sup{||/( 2 ;)|| : z E U]. Clearly, H^ifJ^A) is a 
commutative Banach algebra. 

Lemma 6. Let A be a commutative Banach algebra, x E A, let U be an open 
neighbourhood ofr(x), Then there exists a constant k > 0 such that ||a|| < A:-||^||[/ 
whenever a E A, f, g E H^(U,A) and a = g{z) + (x — z)f{z) {z E U). 

Proof. Without loss of generality we can assume that U is bounded. Suppose on 
the contrary that there exist E A, fn, 9n ^ H^(U, A) {n = 1,2, . . .) such that 

dn = 9n{z) + (x - z)fn{z) {z E U ,U = 1,2, . . .), 

||an|| = 1, and \\9n\\u ^0 (n ^ oo). 

Consider the algebra Q{A) = f^{A)/co{A) defined in Section 3. The 
elements of Q{A) are bounded sequences of elements of A with the norm 
ll(^n)||Q(.A) = liinsup^^^ ||iXn||; we identify sequences {un) and {vn) in Q{A) 
if limi^oo II -Vi\\ = 0. 

Write a = (an) ^ Q{A). Then ||n||Q(^) = limsup^_^QQ ||ai|| — 1. Define 
g : U Q{A) by g{z) = {gn{z))n- Since \\gn\\u ^ 0 we have ^ = 0. Let Z = 
{z E U \ dist{ 2 , r(x)} > 1/2 dist{r(x), C \U}. The continuity of the function 
z 1 -^ d{x — z) implies that d{x — z) > r {z E Z) for some positive r. Thus, using 
the maximum modulus principle, 

sup||/„(z)||[/ = sup||/„( 2 )||z < r“^sup||(a: - ^)/„( 2 :)||z 

n n n 

= r“^sup||a„ -g„(z)||z < 00 . 

n 

Define f : U ^ <3(.4) by f{z) = {fn{z)). Let X £ U, 0 < s < dist{A,C \ U}, 
M = sup„ WfnWu and let 

OO 

fn{z) = - xf (\z - X\ < dist{A,C \ 17}). 

2=0 
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Then ||/n, 2 || < , and so fi = {fn,i)n ^ Q{A) for all i > 0. Furthermore, f{z) = 

(k — A| < s). Thus f : U ^ Q{^) is a bounded analytic 
function. Further, a = {x — z)f{z) (z e U) and U D r'^(x) = By the 

previous lemma, we have a = 0, which is a contradiction. □ 

Proposition 7. Let A be a commutative Banach algebra, x e A, let U be an open 
neighbourhood of r{x). Then there exists a commutative Banach algebra B and 
an isomorphism p : A— ^ B such that a^{p{x)) C U. 

Proof. Consider the Banach algebra H^{U,A) of all bounded analytic functions 
f : U A. Let J C H^{U,A) be the closed ideal generated by the function 
z ^ X — z and let B = IT^{U,A)/J. Let p \ A^ Bhe the composition of the 
natural embedding A H^(U,A) and the canonical projection H^{U,A) B. 
Clearly, ||/9(a)||g < {a ^ A). On the other hand, 

\\p{a)\\B= inf ||a-(a;- 2 ;)/|| >fc-i||a|| {aeA), 

where k is the constant from the previous lemma. Thus p is an isomorphism. 

Let \^U. Then z ^ {z - X)~Aa e H^{U,A) and 

{z - A)“^(x - A) == (z - A)“^(( 2 : - A) + (x - z)) = 1 + (x - z){z - A)~^ G + J, 

and so p(x) — A is invertible in B. Thus cr^{p{x)) CU. □ 

Remark 8. By C.4.1, it is possible to obtain an isometrical extension B ^ A such 
that cr^(x) C U. 

Theorem 9. Let A be a commutative Banach algebra. Then there exists a com- 
mutative extension B D A such that: 

(i) dA{x) = dP{x) for every x G A; 

(ii) Q{B) is isometrically isomorphic to B. 

Proof. Let cui be the first uncountable ordinal. By transfinite induction we con- 
struct commutative Banach algebras A^ and isometrical isomorphisms • 

Aa Ap {(^ < f3 < LUi) such that J^^pJp^a = J-f,a for all Q! < /3 < 7 < o;i. 

Set ^0 = A, Ai = Q{A) and let Ji^o : Ao ^ Ai be the natural embedding 
of A into Q{A) (in this proof we do not use the convention that A is contained in 
Q{A) since this could lead to confusion). 

Let /3 < uji and suppose that Aa and isomorphisms Ja,a' have already been 
constructed for all a' < a < f3. 

(a) If /? is a limit ordinal, then let Ap be the inductive limit of the algebras 
Aa {c^ < P). More precisely, let A^ be the set of all chains {xa)ao<a <(3 such that 
ao < P, Xa ^ Aa and Xa' = Ja'.a^a for all ao < q; < o;' < /?; we identify chains 
{xa)ao<a<f 3 and {ya)ai<a<p if = Va for all a > max{ao,o;i}. It is easy to see 
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that Ap with the naturally defined algebraic operations is a normed algebra. Let 
Ajs be its completion. 

For a < P define Jf 3 ^a • Aa A(3 by Jf3^aX = It is easy to 

see that Jp^a'Ja^a — J(3,a for all a < a' < p. 

(b) For non-limit ordinals define Afs^i = Q{Ap) and 
see the definition in Section 3 . If a is a limit ordinal, define J/3+i,o;(^7)7o<7<a = 
It is a matter of routine to show that Jry^^Jp^a = J^,a for all 

a < P < y < Ldi. 

Set B = Auji- Thus B is an extension of A. Let B^ = Juji.aAa (o; < coi). 
So Be C Bp C B for all o < /3 < cji. Moreover, B = Ua<u;i show this, it 

is sufficient to prove that \Je<uji closed. Let (xn) C \Je<uji ^ Cauchy 

sequence. Then (x^) C Bp for some p < loi and so {xn) is convergent in Bp C B. 
Hence B = \Joc<^, 

Using the same argument we get £"^{B) — Ua<o; = 

For each a < cui let la ' Q{Ba) Ba+i be the isomorphism defined by 
Icb = J^,,^+iQ{jyjb {bGQ{B^)) 

where J~^a considered as an isomorphism from Ba onto Aa- Furthermore, la = 
Ip\Q{Ba) {a < p < uji). Indeed, let a < P < cji. For each x e Ba C Bp we have 
^ ~ ,oc<^u;i,a ~ 'Aui ,/3 Qi^P,Oi)Q{JuJi,a) ~ 

Q{J^^p)- Hence, for u G Q{Ba) C Q{Bp) we have 

IpU = (3,cy)Q^Juj-^^a)'^ 

Thus the isomorphisms la (<^ < ^i) define an isometrical isomorphism from 
Q(^) = Uc.<c. Qi^c) onto B = Ua<u7 

It remains to show that d'^{x) = d^{Jcvi,ox) for all x e A. Fix X e A. We show 
by transfinite induction that d'^{x) = d'^^(Jayx) for all a < lui. Equivalently, 
d^°{y) = d^°‘{y) for y = e Bq C B^. 

Evidently, a d^“ (y) = (Jafix) is a non-increasing function. If a is 

a limit ordinal, then dP°{y) = info,'<ad®°'(y) since Ba = (^Ua'<a'^«') • 

Let a < u)\ and d G . 4 a+i = Q{Aa)- Then d = (o„) where an £ Aa and 
lld|U,»+i = limsup„ |ia„|U^ < oo. Let x = Ji^x = {x,x,.. .) G Ai. Then 

||aJa+i,oa:|U„+i = \\dJa+i,ix\\A^^, = ||dQ(da,o)i|Uc+i 

= limsup||a„(J„,oa;)|Uc > limsup ||a„|U^d-^“(J„,oa;) = \\d\\A^+id-^“{Ja,ox). 

n n 

Hence d'^^+^{Ja-\-iyx) = d'^°^{Jayx). 

Thus d'^^{Ja,ox) = d'^{x) for all a, which finishes the proof. □ 
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Lemma 10. Let A be a commutative Banach algebra, x e A, let Ui,U 2 , •• • be open 
subsets of C such that Ui D U 2 D ' ' ' D Then there exist numbers I < ki < 
k 2 < ' " with the following property: if n e N, a e A, a ^ 0, f e ET^{Un,A), 
Qi e H^{Ui,A) (i ^ 1, . . . ,n) and 

n 

a = y^ 9 i{z) {x - z)f{z) {zeUn), 

i=l 

then l|a|| < Yh=\ h\\gi\\ui- 

Proof. In view of the previous theorem we may assume that Q{A) is isometrically 
isomorphic to A. We find the numbers k{ inductively. The existence of ki was 
proved in Lemma 6. 

Suppose that the statement of Lemma 10 is true for n, so there are positive 
constants ki, ... ,kn such that 



ll^ll (2) 

i=l 

whenever a = {x — z)f{z) ^ for some non-zero a e A and 

bounded analytic functions f : Un A and gi \ Ui A {i = 1, ... ,n). We 
prove (2) for n + 1. Suppose on the contrary that there is no constant /cn+i for 
which (2) were true. Then there exist elements G .4 of norm 1 and analytic 
functions ^ A, : Ui ^ A (i = 1, . . . , n 4- 1, r G N) such that 



qM = {x- z)f^''\z) + '^g\’'\z) {z e Un+l) 

i=l 

and 

+ r ■ \\gnh\\u„+^ < 1- 

In particular, ||ffi+illt/n+i ^ and ||p-'’^||c/, < {i = 1, . . . ,n,r € N). 

Passing to a subsequence if necessary, we can assume that the sequences 

are convergent. Let a = Then a can be 

considered as an element of Q{A) with ||a|| = limsup^^Q^ = 1* the same 

way we define functions / : Un+i Q{A) and gt : Ui ^ Q{A) (i = 1, . . . , n + 1) 
by f{z) = (/b)(2;))“ 1 and gi(z) = (gf j. We have 

WhWui = sup limsup |b-'’^( 2 )|| < A:“^ (i = 1, . . . ,n) 

zeUi r— >oo 



and 

|| 5 n+i||( 7 „+i = sup limsup 114+1(2:) II < limsupr"^ = 0, 

zeUn+1 r^oo r-^oo 
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so ^n+i = 0. As in the proof of Lemma 6 we can show that functions are 
uniformly bounded on f/n+i, and so / are bounded analytic functions. 

We have d = ^^=igi{z) + (x — z)f{z) (z G Un+i)- By Lemma 4, / can be 
extended to Un- Since Q(A) is isometrically isomorphic to A, by the induction 
assumption we have 

n n 

1 = l|a|| < = y'^i sup lim sup 115^(2)11 

i=l i=l r^oo 

n n 

< y'fcilimsuplls'yilu, = lim ki\\g^'"'’ \\ui < 1, 

. r— J’OO r— >oo 

1=1 1=1 

a contradiction. □ 

Theorem 11. Let x be an element of a commutative Banach algebra A. Then there 
exists a commutative extension B D A such that = cr^(x). 

Proof. For z = 1, 2 . . . set /7i = { 2 : G C : distjz, r'^(x)} < 1/z}. Then Ui are open 
subsets o^ C, Ui D U 2 D ' " and ~ Let /ci, /c 2 , . . . be the positive 

numbers constructed in the previous lemma. Let C be the algebra of all ^-valued 
functions analytic on a neighbourhood of t'^(x) (more precisely, the algebra of all 
germs of analytic functions). For h G C define p{h) by 

n 

p{h) =inf|||c|U + y]A:i||5i||[/J, 

i=l 

where the infimum is taken over all n G N, c G w4 and over all bounded analytic 
functions gi \ Ui A (i = 1, . . . , n) such that, for some / G H^{Un, A), 

n 

h{z) = c + 'y^gi{z) + {x - z)f{z) (zeUn). 

i=l 

We identify elements of A with the corresponding constant functions; so ^ C C. 

(a) Let a G A. We have p{a) < \\a\\^ and, by the preceding lemma, 

n n 

p{a) = mi^\\c\\A + '^ki\\gi\\ur-a = c + J29ii^) + i^- 

i=l i=l 

> inf{||c|U+ ||o-c|U} > llalU- 
ceA 

Thus p{a) — II a m for all a G A. 

It is clear that p{h + h') < p{h) +p(h') and p{ah) = \a\p{h) for all d, h' G C, 
a G C. By definition of p, p{ah) < ||a|U • p{h) for all a G ^ and h G C. 

(b) Let II • lie be the operator seminorm on C defined by 

\\h\\c = sup{p(%) : g G C,p{g) < l}. 
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First, we show that ||h|lc is finite for every h e C. Let h be an ^-valued function 
analytic on a neighbourhood of Then there is an n G N such that h is 

analytic and bounded on Un^ Suppose that g e C. If 

m 

g{z) = c+'Y^gi{z) + {x - z)f{z) {z&Um) 
i=l 

for some m G N, c G 5^2 G H^{Ui,A) (i = and / G 

then 

m 

(hg){z) = c ■ h{z) + ^ h{z)gi{z) + (a; - z)h{z)f{z), 



p{hg) < fc„||/i||c/„||c|| +y]]||/i||[/„ 11^2 II f/i ^max{i,n} ^ ^n||^||t/ri (wi+E ki\\9i\\uiy 

i=l i=l 

Passing to the infimum on the right-hand side, we get p{hg) < f^n\\h\\u„p{9)- Thus 

||h||c < 

Obviously, || • ||c is an algebra seminorm on C, \\h\\c > p{h) {h e C), and for 
a ^ A we have 



||a|U = P(«) < ll«llc = sup{p(a5) : p{9) < 1} < ||a|U. 

Let J = {h ^ C : \\h\\c — 0}. It is clear that J is an ideal in C. Denote by B 
the completion of C/J. Then B is an extension of A. Furthermore, {x — z)f G J 
for f E C, since p{{x — z)fg) — 0 for all g e C. Let A G C \ r'^(x). Then 

{z - X)~^{x - X) = {z - X)~^[{x - z) {z - X)) = 1 + (x - z){z - X)~^ G 1 + J, 

and so X — A is invertible in B. Hence a^{x) C t'^(x) and the opposite inclusion 
is clear. □ 

If v4 is a separable commutative Banach algebra and x G v4, then the exten- 
sion B D A with (j^(x) = T'^(x) that was constructed in the preceding theorem 
is quite large. Nevertheless, it is possible to find a separable extension with the 
same property. Indeed, choose one point A* in each component of C \ t'^(x). It is 
easy to show that the closed subalgebra Bq C B generated by A and the inverses 
(x — A^)-^ e B is the required extension. 

The following theorem is an analogue of the spectral radius formula. 

Theorem 12 . Let x be an element of a commutative Banach algebra A. Then the 
limit lim/c^oo exists and 

lim = supd(x^)^/^ = min{|A| : A G r(x)}. 

k-^oo /eGN 



( 3 ) 
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Proof. If 0 G t(x), then 0 G r{x^) for all k by the spectral mapping theorem, and 
both sides of (3) are equal to 0. 

Suppose that 0 ^ t(x). By Lemma 3.1, > d{x^) •d(x^) for all /c, / G N. 

By Lemma 1.21, the limit lim^^oo d{x^Y^^ exists and is equal to the supremum. 

Let A G C, |A| < d{x). Then d{x - A) > d{x) — |A| > 0, and so A ^ r(a;). Thus 
d{x) < min{|A| : A G r{x)}. Similarly, 

d{x^) < min{|/i| : /i G r{x^)] = min{|A| : A G r{x)}^ 
for each A: G N. Hence 



lim d{x^y^^ < min{|A| : A G r(x)}. 

k^oo 

To prove the opposite inequality, let B D ^ be a commutative extension of 
the algebra A satisfying a^{x) = r'^(x). Then x is invertible in and so 

min{|A| : A G r'^{x)} = min{|A| : A G <j^(x)} == r{x~^)~^ 

= lim = lim < lim d'^{x^y^^. □ 

k — ^■cx:) k—^oo k—^oo 

5 Non-removable ideals 

The notion of permanently singular elements can be generalized to ideals. 

Definition 1. An ideal 7 in a commutative Banach algebra A is called non- 
removable if in every commutative Banach algebra B D A there exists a proper 
ideal J D I. 

Non-removable ideals are closely related to permanently singular elements. 
Clearly, x G v4. is permanently singular if and only if the ideal xA is non- removable. 

It is easy to see that an ideal consisting of joint topological divisors of zero 
is non- removable. 

Our goal will be to show that the opposite statement is also true, so there is 
an analogy with the characterization of permanently singular elements. 

Theorem 2. Let ui, . . . ^Un be elements of a commutative Banach algebra A such 
that d{ui , . . . ,'Un) > 0. Then there exist a commutative Banach algebra B D A 
and elements 7i, . . . , 7^ G B such that uibi = 1. 

Proof. For n = 1, the result was proved in Theorem 4.2. Assume that n > 2. The 
extension B D A will be constructed in a similar way. 

We may assume that |liii|| = • • • = \\un\\ = L Let q = {d{ui ^ . . . , so 

ikii < 11^^* II every x e A. In particular, for x = we get qn > 1. 

Set R — 8{n — Let C be the 7^-algebra over A and adjoined 

elements 6i, . . . , 6^ such that ||6i|| = • • • = ||6n|| = R- More precisely, the elements 
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of C are power series J2aez^ ^ ^ variables bi, . . . ,bn with coefficients 

aa E A (a E Z^) such that 



aez^ 



\\aa\\R^^^ < oo. 



The multiplication in C is defined by 




where b^ stands for b^^ • • • 6^^. 

It is clear that C is a commutative Banach algebra containing ^ as a subal- 
gebra of constants. 

Let z = 1 — uibi Unbn and let J be the closed ideal in C generated by 



Set B — Cj J . Let p \ A^ Bhe the composition of the embedding A-^ C and 

the canonical homomorphism C B. Then p{ui) • (6i + J) H h p{un) * {bn + J) = 

1^, so it is sufficient to show that p is an isometry. 

Obviously, ||p(a)||^ < ||a||^ for all a E A. Suppose on the contrary that there 
exists a E A such that 



IklU > lb(a)llB = inf ||a + cz\\c- 

cClC 

Thus there exists c = ^ocb"^ such that 



l|a|| > 



a-E z 



E 






c 



Since the polynomials are dense in C, we can assume that only finitely many 
coefficients are non-zero and 



a-E z a^b^ 


= 


a + (1 — U\bi + • • • Unbn) CLab^ 






aez^ 


a -E ao -E /, 


,6“ 


= ||a + ao||H- y^ 


aCiZ^ 




aez^ 



\a\>l |dl>l 

> |la||-llaol|+ E 

aezi 

\a\>l 

where 

fa ~ ^a ^ ^ — ^ 1^1 — !)• ( 1 ) 

l<t<n 
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Thus 



llaoll > E 




Without loss of generality we can assume that ||ao|| = 1. For k eN write 



so Sk < 1- We will show that this is impossible. 

The idea of the proof is to express in terms of fj^s (which are small in the 
norm) and a^’s with I 7 I > \a\ (which are equal to zero for I 7 I large enough since 
only finitely many of the elements are non-zero). 

First, we need some technical lemmas. 

We will use the standard multi-index notation, see Appendix A. 2 . For j, n > 1 
and o G write 



Sk= Y1 





Note that rrii^a = and so mj^a = 



Lemma 3. If o G and \a\ > 1, then 




(3<a 

l/5| = l«|- 



Proof. We have 




n 



^at(|a| - 1)! = |o|!, 



which implies the statement of Lemma 3. 



□ 



Lemma 4. For all a G and s > 0 we have 
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Proof. The proof follows from the identity 



(a;i H ha;„)^= • • • x" 

aez^ 

|a|=s 



by substituting = = □ 

Note that for n = 2, the statement of Lemma 4 reduces to the well-known 
identity (1) = 2". 

Lemma 5. For j > 1 and a we have 

~ ^ ^ — l,a— /3* 

(3<ol 

Proof. The number mi^a is the number of ways to order n elements xi, ... ^Xn 
into a sequence of length [a] in which every element xt occurs exactly at times 
(permutations with repetition). The number rrij^a is the number of ways to divide 
these sequences into j (possibly empty) subsequences (combinations with repeti- 
tion), i.e., in how many ways it is possible to form j sequences si,. . . ,Sj from the 
elements xi, . . . such that Xt occurs in them altogether at times (sequences 
Si,S2 and S2,5i are counted twice). 

The right-hand side is the same number obtained in another way: for (3 < a, 
is the number of ways to form these subsequences in such a way 
that Xt occurs in the first subsequence exactly ^^-times (t = 1, . . . , n). □ 

For a = (ofi, . . . , an) G we write a' = (ai, . . . , Of^-i). Similarly, we write 
u' = {ui,. . . ,Un-i) and u'"^' = • 

Lemma 6. Let k, j > 1, a e Z^, |<a| = k. Then 

P<a' 

+ EE 

p=l /3<a' 



Proof. Note that all terms a.yU^ and /-yW** which appear in the statement of 
Lemma 6 satisfy 'y + 5 — {a', a„ + fc + j). In order to simplify the notation, for 
7 = (t'> 7n) € with 7 < (o', o;„ + fc + j) write 



(2) 
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Using this notation, the statement of Lemma 6 can be rewritten as 

j 

da — ^ ^ /9,an + |/3|+j ^ ^ ^p,/?5'a'— /5,an + |/5|+p* 



P<a' 



p=l (3<Oi' 



( 3 ) 



We prove (3) by induction on j. 

For j = 1, (3) becomes 

da — ^ ^ ( 1) (^a'— /3,o;n + |/5| + l 9a' — j3 ^OLn + \(3\-\-l) ' (‘^) 

(5<a' 

By (1) and (2) we have 

9s = ds - ^ 



7<(5 

|t|=|5|-1 



for every S. Thus (4) can be rewritten as 



7<(a'-/3,an + |/3| + l) 

|7| = I«I 

The condition 7n < + \P\ + 1 means |7| — |7'| < |a| — |a'| + |/^| + 1, and so 

\l3\ > \a' — Y\ — 1. Thus (5) becomes 

(ia= X X {-'^y^^rniA. (6) 

|7| = |q:| V I3<a'—j' / 

'y' <a' ~l' \~^ 

By Lemma 3, the expression in the parenthesis is equal to 0 whenever 7' ^ a' . 
This proves (6), and also (3) for j = 1. 

Suppose that (3) holds for some j > 1. We prove it for j + 1. Substituting 
(4) into the induction assumption (3) yields 

(3<a' j<a'—l3 

(^a'-/3-7,an + |^|+i+|7l + l ~ 5'a'-/3-7,an + |^|+j + |7| + l) 

j 

p=l (3<a' 

Using Lemma 5, the first sum can be rewritten as 

(3<a' 7 <a'— /3 

{da'-0 — )',a:„ + |/3| + |7|+j+l “ S'a'-/3-7,a„ + |/3| + |7|+j + l) 

= X( X ](“l)'‘’'(^a'-5,a„ + |<5|+J + l ~5a'-6,a„ + |<5|+j+l) 

8<a' ^/?+7=5 '' 
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6<a' 

Thus (replacing S by P) we have 

^Q; ~ ^ ^ + (^o;'-/3,Q!n + |/9|+j' + l ~ 9a' -j3,an-\-\/3\-\-j-^l) 

(3<a' 

3 

^ V ^ V ^p,/3^a'— /3,an + |/3|+P’ 

p=l (3<a' 

which is (3) for j ’ + 1. This finishes the proof of Lemma 6. □ 

For k,j G N set 

Sk j = max max ||arvU^||. 
ae'L'l (3ezx 

\a\=k \P\=j 

Corollary 7. If k,j > 1, a ,7 G Z!J: and \a\ = k, then 

k-^j 

||aa<+^w'^|| < 2'=+^(n - l)"sfc+,-,|-y|+fc + 2\n - ^ 5p. 

p=k-}-l 

Proof. By the previous lemma, we have 

f3<a' 

3 

+ EE“p. ll/a'— ;0,Q!n + |/3|+pll • 

pzzzl (3<a' 

We have 

^mi,/3 < 2l^l+P-i • (n - 1)1^1 < 2'=+P-i • (n - 1)'= 

and 

Yi - XI + < 2''+'^(n - I)*". 

(3<a' /3<Q:' 

Thus 

||a„u^^u^|| < 2*=+^(n - + 2'=(n ~ l)'^ E E 2"-^||/„^-/5,.„+|/,|+p||. 

p=l /5<a' 



^p ,/3 — 



|/ 3 | + p- 1 

p -1 
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Furthermore, 

p=l f 3 <a' 



^Ef^E 

p=l (3<Oi' 

1 ^ 1 

^ E - dFk E “^P’ 



- iZ*+i ^ i?p- 

p=l 



p=k-{-l 



which gives the statement of Corollary 7. 
For /c G N set Vk = Sk^nk^ 

Corollary S. If k e N, then 



□ 



2 k 



Vk < R\r2k + E ^P’ 

1 p=/c+l 



where Ri = 4(n — l)(ng)^+^. 
Proof. For each x e A we have 



Ikll <9'E \\xut\\ < qnmax{\\xut\\ ’ I <t < n}. 

t=i 

It is easy to show by induction on j that 

||x|| < {qny max{||xi 4 "*'|| : 7 G jyj = j}. 

Let a,/? G \a\ = k, \(5\ = nk. Then 

< {qnY^ max{||aa2/^^'^|| : 7 G Iff, I7I = nk]. 

Since |/3 + 7 I = 2nk, there exists an index t, 1 < t < n such that (/3 + 7 )^ > 2k. 
Since the situation is symmetrical in indices, we can apply Corollary 7. Thus, for 
j = k, 

2 k 



( ZK 

22''(n-l)'=S2fe,2«fc-fc+2'=(n-l)''i?-'=-i E 

p=/e+l 

/ 2 k 



p=/c+l 



2 k 



= + 5S{ E 

J- p=/c4-l 



□ 



48 



Chapter I. Banach Algebras 



Continuation of the proof of Theorem 2. We prove by induction on j that 

1 

R\ri < r23 ^ 



(7) 



p=2 



For j — 1 this follows from Corollary 8. If the statement is true for some j > 1, 
then, by the induction assumption and Corollary 8, 



\ 2^ 

Riri < RI ( RI r2j+i + ^ ‘S'p j + — 



RRf ^ ^ 

1 p=2J + l 






= + 4 “^P’ 



p=2 



which gives (7) for j + 1. 

Since r/c = 0 for k sufficiently large, we have 



1 oo ^ 1 

and n < —. 

p=2 

Furthermore, we have 

n 

Ikoll < g^llaowtll 

n 

^ ^^(11^0,.. .,0,1,0, ...,o|| + \\a^ut — ao^^,i,o,...,o| 

n 

< qnsifl + q EllA M,« oil 



t=l 



n+l 



<(d»rv. + f<(?^ + ^<i, 



which is a contradiction. 



□ 



Theorem 9. An ideal in a commutative Banach algebra is non-removable if and 
only if it consists of joint topological divisors of zero. 

Proof Let I be an ideal in a Banach algebra A consisting of joint topological 
divisors of zero. Then there exists a net {za} C vA of elements of norm 1 such 
that ZaX — > 0 for every x e I. Let B D ^ be a commutative extension and let 
J = [xihi H f Xnhn : n G N,Xi,...,Xn G /,6i,...,6n e B} he the smallest 
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ideal in JB containing I. Suppose on the contrary that J is not proper, and so 
— xi 6i Xnhn for some xi , . . . , G /, , . . . , G B. Then 



1 = 



2=1 



^E 

2=1 



\\ZaXi\\ ■ ll^ill ^ 0, 



which is a contradiction. Hence I is non-removable. 

Conversely, let I ^ l(v4). It means that there are elements ui, . , . , G / such 
that d{ui , . . . , Un) > 0. 

Let B D Abe the extension constructed in Theorem 2. Clearly, I is contained 
in no proper ideal in B, and so / is a removable ideal. □ 



Corollary 10. Let (p be a multiplicative functional on a commutative Banach alge- 
bra A. The following statements are equivalent: 

(i) (f G cor A; 

(ii) for every commutative Banach algebra B D A there exists a multiplicative 
functional -0 G M(B) such that (f = 'iplA; 

(iii) for every commutative Banach algebra B D A there exists a multiplicative 
functional 0 G corB such that cp = 'ipl A. 

Proof, (i)^(iii): Let p? G cor^ and B z:) A. Since Kenp G 1{A), there exists a 
net {za)a of elements of A of norm 1 such that xz^ 0 for every x G Kenp. Let 
I = {y e B : yza O}. Then I D Kevp and I G 1(S), so there exists a maximal 
ideal J G 1(S) containing I. The corresponding multiplicative functional 0 G cor B 
satisfies 'il)\A — p. 

(iii)=^(ii): Clear. 

(ii)=4>(i): If D v4 and 0 G M{B) extends then Kerp c Ker0. Hence 
Ker(^ is a non-removable ideal, and p G cor^T. □ 

Corollary 11. Let A be a commutative Banach algebra, p G T{A) and let B be a 
commutative extension of A. Then there exists 0 G r(jB) such that p = A. 

Proof. By Theorem 3.11, Ker{p) G 'y(A). By Theorem 3.12, there exists a net 
C a such that r{zc) = 1 for every a and lim^ r(xzc) = 0 for all x G Kerp. 
Let I = {b e B : lima '^{bza) = 0}. Then I G 'y(B) and there exists a multiplicative 
functional 0 G L{B) such that Kerp c / C Ker 0. Thus 0 is the required extension 
o^p. □ 



The following result is an easy consequence of Theorem 2. 

Theorem 12. Let xi, . . . ,Xn be elements of a commutative Banach algebra A. Then 

= Pi cr®(xi,...,x„), 
bda 

(the intersection of all subsets of that are of the form cr^{xi , . . . , Xn) for some 
commutative extension B D A). 
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6 Axiomatic spectral theory 

In Section 1 we studied the basic properties of the set-valued function a i-^ a{a) 
defined on a Banach algebra A. Since there are many naturally defined set-valued 
functions with similar properties, in this section we introduce an axiomatic spectral 
theory. 

The ordinary spectrum of an element a e Ais defined by means of invertible 
elements, a{a) = {X : a — X ^ Inv(^)}. In the same way we define a generalized 
spectrum by means of “regular elements” . 

Definition 1. Let .4 be a Banach algebra. A non-empty subset of ^ is called a 
regularity if it satisfies the following conditions: 

(i) if a G vA and n G N, then a G ^ G .4; 

(ii) if a,b,c,d are mutually commuting elements of A and ac bd — then 



Proposition 2. Let R be a regularity in a Banach algebra A. Then: 

(i) G R; 

(ii) Inv(^) C R; 

(iii) If a,b e A, ab = ba and a G Inv(^), then ab e R b G R. 

In particular, if a G R and A G C, A 0 then, Xa G R. 

Proof, (i) Choose b G R. We have + 6 • 0 = and • 6 G -R. Thus G R. 

(ii) Let c G Inv(^). Then c • c~^ + c~^ *0=1^ and c • c~^ G R by (i). Thus 
cGR. 

(iii) We have a-a“^ +6-0 = 1^, so we can apply property (ii) of Definition 1. 



This mapping will be called the spectrum corresponding to the regularity R. 

In general, (jR{a) is neither compact nor non-empty. However, we always have 
C a (a) for every regularity R and a G A. 

Note that a — A G R if and only if A - a G R by Proposition 2 (iii). 

Theorem 3. Let (Ra)a be a family of regularities in a Banach algebra A. Then: 
(i) R = riaRa is a regularity. The corresponding spectrum satisfies 



ab G R^ a G R and b G R. 



□ 



A regularity R C A assigns to each a G A a subset of C defined by 
^^i^(^) = {AGC:a — A^ R}. 
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(ii) if (Re) is a directed system (i.e., for all a^j 3 there exists 7 such that D 
Roc U Rp), then R' = [j^ Roc is a regularity. The corresponding spectrum 
satisfies 

q: 



Proof. Clear. □ 

In many cases it is possible to verify the axioms of a regularity using the 
following criterion: 

Theorem 4. Let R be a non-empty subset of a Banach algebra A satisfying 
ab G R 4=^ n G -R and b ^ R 

for all commuting elements a,b G A. Then R is a regularity. 

Proof. Clear. □ 

Examples 5. Let ^ be a Banach algebra. The following sets are regularities since 
they satisfy (PI). 

(i) Ri — A; the corresponding spectrum is empty for every a e A. 

(ii) R2 = Inv(^); this gives the ordinary spectrum (jR{a). 

(iii) The sets R^ = lnvi{A) and R4 = Inv^.(v4) of all left (right) invertible elements 
of A. 

(iv) The sets R^ and Rq of all elements of A which are not left (right) topological 
divisors of zero. 

(v) The sets Rj and Rg of all elements of A that are not left (right) divisors of 
zero. 

Definition 6. The spectra corresponding to the regularities Rg Rg are: 
the left spectrum 

(Ti{a) — [\gC\ a - \A Inv/(^)} = {A G C : ^ A{a - A)}; 

the right spectrum 

ar{a) = {XeC:a-\^ Inv^M)} - {A e C : U ^ (a - A).4}; 

the left approximate point spectrum 

T/(a) = {A G C : a — A is a left topological divisor of zero}; 

the right approximate point spectrum 

Tr{a) = {A G C : a — A is a right topological divisor of zero}; 

the left point spectrum 7Ti{a) = {X e C : a - X is a left divisor of zero} and 
the right point spectrum 7T7.(a) = {A G C : a — A is a right divisor of zero}. 
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Obviously, 7Ti(a) C ri(a) C cri(a), 7Tr(a) C Tr(a) C (Jr (a) and da(a) C ri(a) PI 
Tr(a). Theorems 1.14 and 1.17 imply that cri,ar,Ti and Tr are always closed and 
non-empty. The point spectra tti and TTr can be both empty and non-closed. 
Further examples of regularities will be given later. 

Every spectrum defined by a regularity satisfies the spectral mapping theorem: 

Theorem 7 (spectral mapping theorem). Let R be a regularity in a Banach algebra 
A and let cfr be the corresponding spectrum. Then 

for every a e A and every function f analytic on a neighbourhood of a {a) which 
is non-constant on each component of its domain of definition. 

Proof. Let p G C. It is sufficient to show that 

M i M ^ ficrnia))- (1) 

Since f — p has only a finite number of zeros Ai, . . . , in cr(a), it can be written 
as f{z) — p = (z — Xi)^^ ••• {z — ■ g{z)^ where ^ is a function analytic on 

a neighbourhood of a{a) and g{z) ^ 0 for 2 : G a{a). Then /(a) — p = (a — 
Ai)^^ • • • (a — An)^^ • g{a) and g{a) is invertible by the spectral mapping theorem 
for the ordinary spectrum. 

Thus (1) is equivalent to 

f{a)—peR^a — XieR (z = l,...,n). (2) 

Since g{a) is invertible, by Proposition 2 (iii) and Definition 1 (ii), this is equivalent 
to 

{a-\iy ■■■{a-Xny eR^{a-Xy gR (i = l,...,n). (3) 

Since for all relatively prime polynomials p, q there exist polynomials pi , qi such 
that ppi + qqi = 1, we have p(a)pi(a) + q{a)qi{a) and it is possible to apply 
property (ii) of Definition 1 inductively to get (3). This completes the proof. □ 

We will see later that the assumption that / is non-constant on each compo- 
nent is really necessary. However, in many cases this condition can be left out. The 
question whether the spectral mapping theorem is true for all analytic functions is 
closely related to the non-emptiness of the spectrum (clearly the spectral mapping 
theorem for constant functions cannot be true if ctr{x) = 0 for some x ^ A and 
0 ^ R. We give a simple criterion (in the most interesting case of the algebra 
B{X)) which is usually easy to verify. 

Let be a regularity in B{X) and let X = ATi 0 X 2 . Let us write i7i = {Ti G 
B{Xi) : Ti 0 / G and R 2 = {T 2 G B{X 2 ) : / 0 T 2 G R}. If X^ A { 0 }, then R^ is 
a regularity in B{Xi) (i — 1, 2). Indeed, to see condition (ii) of Definition 1 (e.g.. 
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for Ri), note that if AiCi BiDi = Ixi for some commuting A\, Bi,Ci, Di, e 
B{Xi) then 

(^1 0 1 ){Ci 0 /) + {Bi 0 I){Di 0 0 ) = /x. 

If Ti G B{Xi) and T2 G then 

T\ 0 T2 G R 4 =^ T\ G R\ and T2 G R2- 
Indeed, this follows from the observation that 

(Ti 0 /)(0 0 /) + (/ 0 T2){I 0 0) = /x. 

Note that in all examples given above the regularities R\ , R2 are defined in a canon- 
ical way: for example, if = {T G B{X) : T is left invertible} then we have R\ = 
[Ti G B{Xi) : Ti is left invertible} and R2 = {T2 G B{X2) : T2 is left invertible}. 

Theorem 8 . Let X he a Banach space, let R be a regularity in B{X) and let 
(Jr be the corresponding spectrum. Suppose that for all pairs of complementary 
subspaces Xi,X2, X = Xi 0 X2 such that Ri = G B(Xi) : 0 / G jR} / 

B{Xi) the corresponding spectrum aR^(Ti) — {X : Ti — A ^ Ri} is non-empty 
for every T\ G B{Xi). Then GR{f{T)) — f{(jR{T)) for every T G B{X) and every 
function f analytic on a neighbourhood of (Jr(T). 

Proof. Let // G C. It is sufficient to show that 

M i cTR{f{T)) fj, ^ f{(Tfi{T)). 

Let Ui,U2 be open subsets of the domain of definition of / such that UiU U2 0 
cr(T), f\Ui is identically equal to /x and (/ — p.)\U 2 can be written as {f — p)\U2 = 
p{z)g{z) where p is a non-zero polynomial and g is analytic and has no zeros in 
U2 ncr(T). Let Xi,X2 be the spectral subspaces corresponding to Ui and t/25 he., 
X = Xi 0 X2, T = Ti 0 T2 where Ti = T\Xi and (j{Ti) C Ui (i = 1 , 2 ), see 
Corollary 1 . 36 . 

Let Ri C B{Xi) and R2 C B{X2) be the regularities defined above and let 
(^Ri , CFR2 be the corresponding spectra. It is clear that (Tr{T) = aR^ (Ti)UaR^ (T2). 

The following statements are equivalent: 

1^ i anifiT))- 

f(T) - /X e i?; 

0 e i?i and /(T2) — /tx/xj £ R2', 
andp(T2) £ R 2 ; 

<^Ri{Ti) = 0 and 0 ^ p(aR^{T2))-, 
fJ' i f{(^Ri{Ti) U aR^{T 2 )); 

/X ^ f{aR(T)). □ 
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We are now going to study the continuity properties of spectra. 

For basic definitions and properties of semicontinuous set-valued mappings 
we refer to Appendix A. 4. 

Let Rbe a regularity in a Banach algebra A and let aj^ be the corresponding 
spectrum. We consider the following properties of R (or aji): 

(P2) “Upper semicontinuity of cr/?” : 

if an, a e A, an a^ Xn ^ crR{cin) and ^ A, then A G (TR{a). 

(P3) “Upper semicontinuity on commuting elements”: 

if an, a e A, an u, ana = aan for every n, A^ G (TR{an) and A^ ^ A, 
then A G (TR{a). 

(P4) “Continuity on commuting elements” : 

if an, a e A, an ^ a and = aan for every n, then A G (TR{a) if and 
only if there exists a sequence A^ G (JR{an) such that A^ ^ A. 

Evidently, either (P2) or (P4) implies (P3). If cfr satisfies (P3), then, by consid- 
ering a constant sequence an = a^ the spectrum crR{a) is closed for every a G v4. 

Proposition 9. Let R be a regularity in a Banach algebra A, let cjr be the corre- 
sponding spectrum. The following conditions are equivalent: 

(i) (P2); 

(ii) is closed for every a e A and the mapping a i-^ crR{a) is upper semi- 
continuous; 

(hi) R is an open subset of A. 

Proof, (iii)^ (i): Let On,a e A, an a, A^ G (TR{an) and A^ ^ A. Then 
dn — Xn ^ R‘ Since A\R is closed, we conclude that a — X ^ R. Hence A G (jR{a). 

(i)^ (hi): We prove that ^ \ is closed. Let an E A \ R, an a. Then 
0 G (TR{an) for each n. From (i) we conclude that 0 G crR{a). Hence a e A \ R. 

(i)<^=^(ii) follows from Theorem A. 4. 3. □ 

Proposition 10. Let R be a regularity in a Banach algebra A and let cfr be the 
corresponding spectrum. The following conditions are equivalent: 

(i) (P3); 

(ii) cTR(a) is closed for every a e A, and for each neighbourhood U of aR{a) there 
exists £ > 0 such that (jR{a -\-u) C U whenever u e A, au = ua and || 2 /|| < e; 

(iii) If a e R, then there exists £ > 0 such that u e A, ua = au and l|u|| < s 
implies a + u G R. 



Proof. Analogous to Proposition 9. 



□ 
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Recall that for two sets M C C we write A{L^M) = supi^j^dist{l^ M}. 
The Hausdorff distance is defined by A(L, M) = max{ A(L, M), A(M, L)}. 

Proposition 11. Let R be a regularity in a Banach algebra A, let an be the corre- 
sponding spectrum. 

(i) Suppose that, for every a e A, 

inf{| 2 | : z e C,a — z ^ R} = inf{||ii|| : u e A,ub = bu,a — u ^ R}. 

Then A{aR{a),crji{b)) < \\a — b\\ for all commuting a,b e A. 

(ii) If (jR{a) is closed for every a e A and A{aR{a),aR{b)) < \\a — b\\ for all 
commuting a,b ^ A, then ctr satisfies (P4). 

Proof, (i) Let a,b e A, ab = ba and let A G o-R{a). We prove dist{A, <7/^(6)} < 
II a — 5||. This is clear if A G crR{b). If A ^ then 

h-b\\ = ||(a- A) - (f»- A)|| 

> inf{||u|| : u G A, u{b — A) = (6 — X)u, {b — X) + u ^ R} 

= inf{| 2 ;| : 2 ; € cTR{b - A)} = dist{0, <7^(6 - A)} = dist{A, ctr(&)}. 

Thus 

A(<Tii(a),fTfl(6)) = sup dist{A,CTfi(6)} < ||a - b|| 

XecrR{a) 

and, by symmetry, A{(j r{o) , a R{b)) < ||a - 6||. 

(ii) Let and = aa^, Un d, Xn G crR{dn) and A^ — > A. Then, for each n, there 
exists pn G (JR{d) with \pn ~ ^n\ ^ ||o^n — c^ll- Clearly, A, and so A G (JR{d) 

since (jR{d) is closed. This proves the upper semicontinuity. 

If we restrict aR to the set {a, ai, 02 , . . .} then the lower semicontinuity follows 
from Theorem A. 4. 4. □ 

In general, the left and right point spectra are not closed, and so they do 
not satisfy (P3) (and therefore neither (P2) nor (P4)). On the other hand <j/, R 
and Tr are defined by open regularities, so these spectra satisfy (P2). They satisfy 
also (P4) (we prove a more general result in the next section). 

The upper semicontinuity on commuting elements enables us to weaken the 
axioms of regularity. 

Theorem 12. Let R be a non-empty subset of a Banach algebra A satisfying (P3) 
and 

(i) if d E R and n G N, then d^ G R, 

(ii) if a,b,c,d, are mutually commuting elements of A and dc T bd = 1^, then 
db e R^ d e R and b e R. 

Then R is a regularity. 
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Proof. It is sufficient to show the implication ^ R ^ a ^ R {n > 2). By (P3), 
— pa = — p) e R for some non- zero complex number p. Since 

(a”“^ - n) ■ = 1^, 

we have a e Rhy (ii). □ 

Let R he a regularity in a Banach algebra A and an the corresponding 
spectrum. We say that aR is spectral-radius-preserving if (jR{a) is closed and 
max{|A| : A G (JR{a)] = r{a) for each a G A 

Theorem 13. Let R be a regularity in a Banach algebra A such that the corre- 
sponding spectrum cfr is spectral-radius-preserving. Then da (a) C aR{a) for all 
a e A. 

Proof. Suppose on the contrary that Aq G da {a) and there exists 5 > 0 such that 
{z : I2: — Ao| < s}r\aR{a) = 0. Choose Ai G C\cr(a) with |Ao — Ai| < e/2. Consider 
the function f{z) = {z — Xi)~^ . Then 

dist{Ai,aH(a)}“^ = sup{|/( 2 :)| ; 2 : e (Ti{(o)} = sup{|z| : ^ G «Tij(/(a))} 

= r{f{a))=max{\f{z)\: 

Thus there exists A 2 G aR{a) with IA 2 — Ai| < e/2, and so IA 2 — Aq| < e, a 
contradiction. □ 

Upper semicontinuous spectra have always many continuity points. 

Theorem 14. Let R be a regularity in a Banach algebra A satisfying property (P2) 
(upper semicontinuity). Then the set of all discontinuity points of the set-valued 
function a 1 -^ aR(a) is of the first category. 

Proof. For every complex number Wet f\ : A (0, 00 ) be the function defined by 
/a ( a) = dist{\, a r{o)} (if aR{a) = 0, then we set f\{a) = 00 ). The result follows 
from the following three statements: 

(a) /a is lower semicontinuous for every A. 

(b) The mapping a aR{a) is continuous at x if and only if f\ is continuous 
at X for every A from a dense subset of C. 

(c) The set of all discontinuity points of a lower semicontinuous function 
f : A ^ {0, 00 ) is of the first category. 

(a) Let a G .4, A G C. We must show that /a (a) < liminfa^-^a / a(^)- This 
is clear if f\{a) = 0. Suppose that fx{a) > 0 and choose r, 0 < r < fx{a) = 
dist{A, aR{a)}. Then aR{a) C C \ {2 : I 2 : - A| < r}, so there exists 5 > 0 such that 
C C \ {z : 1^; — A| < r} for every x e A with \\x — a\\ < 6. For x in this 
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neighbourhood we have fx{x) > r and liminf^-^a / a(^) ^ Since r < f\{a) was 
arbitrary, we have liminf^-^a fx{x) > fx(o.) and fx is lower semicontinuous. 

(b) Suppose that x i-^ ctr{x) is continuous at a G v4. Let A G C. We show that 
fx is continuous at a. By (a), it is sufficient to show that /a ( a) > limsup 2 ,_,^ fx{x). 
This is clear if /a(«) = oo, i.e., if crR{a) = 0. Suppose that aR{a) ^ 0. Let e > 0. By 
lower semicontinuity of gr, there exists (5 > 0 such that dist{A, gr{x)} < fx{a)-^£ 
whenever ||x— a|| < d. Thus limsup^,^^ /a(^) < fx{a)+^ and, since e was arbitrary, 
we have limsup^_^^ /a(^) ^ /a(<^)- Hence fx is continuous at a. 

Conversely, let x i-^ gr{x) be discontinuous at a. Since gr is upper semi- 
continuous, there exist an open set U C C and points xi,X 2 G A such that 

U n GR{a) ^ 0, Xn ^ a and U fl GR{xn) — 0 for every n. Choose Aq G fl GR{a) 
and let r be a positive number with {^ : ||^ — Ao|| < r} C U. Choose A in the 
dense subset of C with |A — Ao| < r/3. Then /a ( a) = dist{A, CTi^(a)} < r/3 and 
fx{xn) > 2r/3 for every n. Hence fx is not continuous at a. 

(c) Let / : ^ > (0, oo) be a lower semicontinuous function. Suppose / is 

not continuous at a point a ^ A. Then /(a) < limsup^^^ /(x). Find a rational 
number r such that /(a) < r < limsup^,^^ /(x). Then /“^((0,r)) is a closed 
subset of A and a G 5/~^((0,r)). Hence the set of all discontinuity points of / is 
contained in lj{9/~^((0,r)) : r rational}, which is of the first category. □ 



7 Spectral systems 

In Section 3 we studied the spectrum, approximate point spectrum and the Shilov 
spectrum defined for n-tuples of elements of a commutative Banach algebra. In this 
section we introduce and study general spectra defined for commuting n-tuples in 
a (in general non-commutative) Banach algebra. 

Let ^ be a Banach algebra. Denote by Cn{A) the set of all n-tuples of mu- 
tually commuting elements of A and set c(A) — U^i ^n(A). 

Definition 1. Let Rhe a subset of c{A), R = U^i where Rn C Cn{A). The set 
R is called a joint regularity if it satisfies the following conditions (for all n > 1): 

n 

(i) if (xi, . . . ,Xn,yi, c{A) and ^ xiyi = 1^, then (xi, . . . ,Xn) G Rn\ 

i=l 

(ii) if (xi,...,Xn) G Rn and x^+i commutes with Xi (1 < i < n), then 
(xi , . . . , Xn ) ^n+1 ) ^ Rn-\- \ •> 

(hi) if (xo,xi, . . . ,Xn) G c{A) and (xq — A,xi, . . . ,x^) G i?n+i for every A G C, 
then (xi, . . . ,Xn) G Rn^ 

Proposition 2. Let R = IJ^i be a joint regularity in a Banach algebra A and 
let (xi, . . . , Xn) G Rn’ Then (x-^(^i ^ , . . . , XTi-(n)) ^ Bn for every permutation n of the 
set {1, . . . , n}. 
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Proof. By (ii), we have (xi, . . . , x^(i), . . . , x^(n)) ^ ^2n- Let A € C, A 0 . 
Then xi appears in the n-tuple X7r(i), . . . , X7r(n) and — A“^(xi — A) + 0x2 + • • • + 
Oxn + A“^xi = 1 ^. Thus, by Definition 1 (i), 

(xi A, X2 5 • • • 5 5 ^ 7 t( 1 ) ? • • • 5 ^Tr{n ) ) ^ -^2n • 

By (iii), we conclude that (x2, . . • , x^, X t^(i), . . . , X7r(n)) ^ ^2n-i* By repeat- 
ing this argument we get (xa, . . . , x^, x^(i), . . . , x^(^)) G i^2n-2, and finally, 

(^ 7 t( 1 ) ? • * * 5 ^Tr(n) ) ^ -^n • L] 

Corollary 3 . Let R be a joint regularity in a Banach algebra A, let n > 2 and 
1 < k < n. Then: 

(i) if (xi,...,Xn) G Cn{A) and (xi, . . . , x^-i, x^+i, . . . , x^) G Rn-i, then 
(xi,...,Xn) G Rni 

(ii) if (xi , . . . , Xfc_i , Xk — A, x/e+i . . . , Xn) G Rn for all X e C then 

(xi 5 . . . , Xfc_l , X/j;_(_l , . . . , Xtt.) G . 



Definition 4 . Let ^ be a Banach algebra. A spectral system is a mapping which 
assigns to every finite family xi , . . . , x^ of mutually commuting elements of ^ a 
subset d(xi, . . . , Xn) C that satisfies the following conditions: 

(i) if X = (xi, . . . , Xn) G Cn{A) and (x) is the algebra generated by Xi, . . . , Xn , 
then d{x) C (J^'^^(x); 

(ii) (projection property) ifl<m<n, l<ii < %2 < - im ^ and 
(xi, . . . ,Xn) G Cn{A), then d{xi ^,. . . ,x^^) = Qd-{xi , . . . ,Xn) where Q : C" -> 

is the projection defined by Q(Ai, . . . , An) = (A^^ , . . . , A^^). 



Spectral systems are in one-to-one correspondence with the joint regularities. 

Theorem 5. Let A be a Banach algebra. Then: 

(i) if R C c{A) is a joint regularity then ctr defined by 

5 • • • 7 ^n) — {(-^1 7 • • • 5 ^n) GC -(xi Ai,..., Xji — An) ^ Rn} 
is a spectral system; 

(ii) if d is a spectral system, then R — U^i defined by 

Rn — {^(^ 1 7 • • • 7 ^n) G Cn(w 4 .) . ( 0 , • • • , 0 ) ^ ( t { x \ , . . . , Xn)} 



is a joint regularity. 
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Proof, (i) If {xi,...,Xn) e c„{A) and A = (Ai, . . . , A„) ^ a^^'>{x), then ~ 

\i)yi — for some yi, . . . , ?/n ^ (^)- Then, by Definition 1 (i), (xi — Ai, . . . , Xn — 
An) ^ Rn, and so (Ai,...,An) ^ , x„). 

Let 1 < k < n and let P : ^ be the projection defined by 

P(Ai,...,An) = (Ai,...,Afc-i,Afc+i,...,An). By Corollary 3, we get 

5 • • • 7 ^k—1 5 ^/c+1 5 • • • 5 ^n) — R^r{^1 7 • • • 7 ^n)* 

The projection property can be obtained by a repeated use of this observation. 

(ii) Conversely, let d be a spectral system and let R be defined by P = 
= {(xi,...,Xn) e Cn{A) \ (0, . . . , 0) ^ (7(2ri , . . . , x„) } . Then i? 
is a joint regularity. Indeed, axioms (ii) and (iii) of Definition 1 follow immediately 
from the projection property. Let (xi, . . . ,x„,yi, . . . ,?/„) e C 2 n(A), ^iVi = 

1^. Then 

( p, • y ,0 ) i ’^’•>(xi,...,x„), 

n 

and so, by the projection property of the spectrum in the commutative Banach 
algebra (xi, . . . ,x„,yi, . . . , 

(0, . . . , 0, Ai, . . . , A„) ^ (xi,...,Xn,y\,---,yn) 

for all (Ai,...,A„) € C". Thus (0, . . . ,0, Ai, . . . , A„) ^ ct(xi, . . . , x„,yi, . . . ,y„) 
and, by the projection property, (0, . . . , 0) ^ d(xi, . . . , Xn). Hence (xi, . . . , x^) G 
Rri‘ n 

Proposition 6. Let R C c{A) be a joint regularity and the corresponding 
spectral system. The following conditions are equivalent: 

(i) {0} ^ Pi; 

(ii) cTi?(xi , . . . , Xn) is non-empty for all (xi , . . . , Xn) G c{A); 

(iii) there exist (xi, . . . , Xn) G c{A) such that cr/^(xi, . . . , Xn) 7^ 0; 

(iv) R^c(A). 

Proof. (i)=^(ii): Let x — (xi, . . . ,Xn) G c{A). We have 0 G ai?(0) and so, by the 
projection property, there exists A G such that (0, A) G (Ji?(0,x). Again by the 
projection property, A G (Tr{x). 

The implications (ii)=>(iii) and (iii)=4>(iv) are trivial. 

(iv)=^(i): Let (xi, . . . ,Xn) G c{A) and suppose that 0 G Pi. Then A • G 
Pi for every A G C, and so (A, xi, . . . , Xn) G P for all A G C. Consequently, 
(Xi, . . . ,Xn) G P. □ 
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An arbitrary spectral system possesses the spectral mapping property. 

Theorem 7. Let A he a Banach algebra, a a spectral system in A and suppose 
that X = {xi, . . . ,Xn) € c{A). Let f = (/i, . . . , fm) be an m-tuple of functions 
analytic in a neighbourhood of a^^^x). Then 

where 

fix) = iflix),...,frn{x)). 

Proof. We have 

a{x,f{x)) C {x, f{x)) = {x, f{x)) 

= {{(fix), (f{ fix))) : G A1((a;))} = {izj{z)) : z G 

The following statements are equivalent: 
w G fia{x)y, 

there exists 2 : G d{x) such that w = f{z); 
there exists 2 : G d-{x) such that (z,w) G d{x, /(x)); 

w G d-{f{x)). □ 

Theorem 8. Let R he a joint regularity in a Banach algebra A. Then Ri = {x\ G 
A : {xi} G R} is a regularity satisfying property (PI ). 

Proof. Let a,b e A, ab — ba. If a, 6 G R\ then 

aR{ab) = {A/i : {X,p) G aR{a,b)} C {Xp : A G crR{a),p G crR^b)} 

C {Xp: X,pA0} CC\{0}, 

and so ab e R\. 

Conversely, if a ^ Ri, then 0 G o-R{a) and there exists A G C such that 
(0,A) G (7R{a,b). By Theorem 7, 0 = 0 • A G (JR{ab) and ab ^ Ry. Similarly, 
b ^ Ri ab ^ R\. 

This proves (PI) and also that Ri is a regularity. □ 

Remark 9. Condition (PI) provides a criterion whether a spectrum given for single 
elements can be extended to commuting n-tuples, cf. C.7.5. Questions of this type 
appear frequently in spectral theory. 

Theorem 10 , Let a he a spectral system in a Banach algebra A. Then {xi,...,Xn)^ 
d(xi,...,Xn) is also a spectral system. 

Proof. Obviously, d{x) C cr^^^(x) for every x G c{A). 

Let 1 < i\ < ' ' • < im ^ and let Q ^ be the projection defined by 
Q( Ai,...,An) = (Aj , ,...,A^^). Sin ce d{xi^, . . . ,xi^) = Qd(xi, . . . , x^), we have 

Q(d(xi,...,Xn)) C d{xi^,...,Xi^). 

The equality follows from the fact that Q(d(xi, . . . , x„)) is compact and 
contains d{xi ^ , . . . , Xi^). □ 
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A spectral system a will be called compact-valued if d(xi , . . . , is a compact 
subset of for all (xi,...,Xn) G c{A). The most important spectral systems 
satisfy this property. 

Theorem 11. Let {Ra)a be a family of joint regularities in a Banach algebra A. 
Then: 

(i) R — HaRa is a joint regularity The corresponding spectral system satisfies 

= IJ (a) (a € c(.^)); 

Q; 

(ii) if that {Ra) is a directed system (i.e., for all a ,/3 there exists 7 such that 
Rj D Ra ^ Rfs) such that the corresponding spectral systems are compact- 
valued, then R' — |J^ Ra is a joint regularity The corresponding spectral 
system satisfies 

(aec(.4)). 



Proof, (i) Clear. 

(ii) The first two axioms of Definition 1 are clear. To prove the third axiom, 
let (xo,xi , . . . ,Xn) G c{A) and suppose that for each A G C there exists a such 
that {xq — X,xi, . . . ,Xn) G Ra- Thus {x — p,xi, . . . ,Xn) G Ra for all p in a 
certain neighbourhood of A. From the compactness of (j{^o,xi,...,xn) 
fact that (Ra) is a directed system we conclude that there is a /? such that {xq — 
/i, xi, . . . , Xn) G Rf3 for all /x G C. Hence (xi, . . . , Xn) ^ Rfs C R. □ 

In the commutative case it is possible to describe all compact- valued spectral 
systems easily. They are in 1-1 correspondence with compact subsets of M{A). 
For X = (xi, . . . ,Xn) G Cn{A) and (f G M{A) write (f{x) = ((p{xi), . . . (p{xn))- 

Theorem 12. Let A be a commutative Banach algebra. Then: 

(i) if K is a compact subset of Ai{A), then the mapping 

X G c{A) t— > d(x) = {(/?(x) : (p G K} 
is a compact-valued spectral system; 

(ii) if K\,K2 are compact subsets of Ai(A) and K\ ^ K2, then there exists a 
hnite family x G c{A) such that 

{if{x) : ip e Ki} ^ {ip{x) : ip e X2}; 

(iii) if G is a compact-valued spectral system, then 

— {t ^ M{A) : (p{x) G g{x) for all x G c{A)} 
is a compact subset of M{A); 

(iv) if a is a compact-valued spectral system, x = (xi,...,Xn) G Cn{A) and 
A = (Ai, . . . , Xn) G g{x), then there exists <p G K(g) such that (p{x) = A. 
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Proof. The proof of (i) is clear. 

(ii) For X G c{A) write 

^i{x) = W(x) : cp e Ki} and a2{x) = {p>{x) : Lp G ^'2}- 

Suppose on the contrary that ai{x) = d-2{x) for every x G c{A). 

Let (p E K\. For x G c{A) set = {'ip ^ K2 : 'ip{x) = p^{x)^. By assumption, 
p^{x) G di(x) = d2(x), and so Mx is a non-empty compact subset of M.{A). Since 
Mx n My = M{x,y) for all x,y e c{A), the system {Mx}xec{A) intersection 

property and we have ria:Gc(>^) ^ Let xp G ri2:Gc(^) "Lhen xp e K2 and 
xp{xi) = p^{xi) for every x\ G A. Thus xp = ip^ (p ^ K2 and Ki C K2. 

By symmetry, we get K\ = K2, which is a contradiction. 

(hi) Clearly, G M{A) : (p{x) G d(x)} is a compact set for every x G c{A), 
and so 

K{^)= Pi y e M{A) ■. (f{x) & a{x)) 

xEc{A) 

is a compact subset of M{A). 

(iv) Let X G c{A) and A G a{x). For every y G c{A) set My = ^ip ^ A 4 {A) : 
(p{x) = \<p{y) G d(t/)}. By the projection property, there exists p such that 
(A,//) G d-{x,y) C a{x,y). Hence My ^ 0 and it is clearly a compact set. Further- 
more, 

MyDM^D 7^ 0 (y, 2: e c(.4)) , 

SO the system {My}y^c{A) Las the intersection property and rit/Gc(^) ^ Let 
^ ^ r\yec{A) "Lhen (p{x) ^ A and (p{y) G a{y) for every y G c{A). □ 

Corollary 13. Let A be a commutative Banach algebra. Then the mapping 

a K{a) = G M{A) : (p{x) G a{x) for every x G c(^)} 

is a one-to-one correspondence between the compact-valued spectral systems and 
compact subsets of M(A). 

For all (xi,...,x„) e c{A), a(xi, . . . ,x„) = {(v?(xi), . . . , <y?(x„)) : G 

K{a)]. 

Any spectral system behaves continuously (even uniformly continuously) on 
commuting elements. For the Hausdorff distance A see Definition A. 4. 2. 

Theorem 14. Let d be a spectral system in a Banach algebra A and let Ri = {xi G 
A :0 ^ d{xi)}. Then: 

(i) if a,u E A, au = ua, a E Ri and 

inf{|z| : 2; G d{a)} > sup{|2:| : 2; G d{u)} 



then a T u E Ri; 
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(ii) if a E A, then 

dist{0, d(a)} = inf{||ii|| : u E A,ua = au, a u ^ i^i}; 

(iii) if a,b E A are commuting elements, then 

A{a{a),a{b)) < ||a-6||. 

Proof, (i) Denote by Ao the commutative Banach algebra generated by a and u. 
By Theorem 12, there exists a compact subset K C M.{Ao) such that a{y) = 
{(p{y) : (p E K} ^or all y E Aq. In particular, a{a u) = {(p{a u) : (p E K}. For 
p E K we have 

\p{a + u)! > \p{a)\ - \p{u)\ > inf{|'0(a)| : E K] - sup{|'0(?i)| : if E K} > 0. 

Thus 0 ^ a{a + u) and a-\- u E R\. 

(ii) Clearly, dist{0, d(a)} > inf{||u|| :u E A, ua = au,a-\-u ^ Ri}. 

To prove the opposite inequality, let u E A, ua = au and \\u\\ < dist{0, a (a)}. 

Then 



sup{|z| : z E d(u)} < \\u\\ < dist{0, d(a)} = inf{|z| : z E d(a)}, 
and so a u E Ri by (i) . 

The third statement follows from Proposition 6.11. □ 

Corollary 15. Let a be a compact-valued spectral system in a Banach algebra A. 
Then Ri = {x E A : 0 ^ ^(^)} ^ regularity satisfying property (P4) (continuity 

on commuting elements). 

Theorem 16. Let a be a spectral system in a Banach algebra A and let Ri = {a E 
A : 0 ^ d(a)}. Let a E R\ and let u be a quasinilpotent (i.e., r{u) = 0) commuting 
with a. Then a + u E R\. 

Proof. Since d(a,u) C d{a) x d{u) = d{a) x {0}, the projection property of d 
gives that d{a, u) = d{a) x {0}. 

By the spectral mapping property (Theorem 7), we have d{a u) = {X p : 
{X, p) E d{a,u)) = d{a). □ 

Definition 17. We say that a spectral system d in a Banach algebra A is upper 
semicontinuous, if d{a) is closed for all a E c{A) and the mapping (ai, . . . , a^) E 
Cn(A) ^ d{ai, . . . , On) is upper semicontinuous for all n eN. 

Theorem 18. Let R = IJ^i? C Cn{A) be a joint regularity in a Banach algebra 
A. The following conditions are equivalent: 

(i) Rn is open in A^ for all n eN, 

(ii) the corresponding spectral system is upper semicontinuous. 

Proof. Straightforward (cf. Appendix A.4). □ 
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Theorem 19. Let A be a Banach algebra and let , ct2 be compact-valued spectral 
systems in A satisfying ai (x) C (J2 fy) ^nd 

max{|A| : A G cfi{x)} — max{|A| : A G (J2fy)} 

for all X e A. Then r(cT2(ai, . . . , a^), 'P(n)) C cri(ai, . . . , a^) for all commuting 
n-tuples ai, . . . ,an G A. 

In particular, the polynomially convex hulls of the sets ai(ai, . . . , a^) and 
a2{ai, ... ,an) coincide. 

Similarly the closed convex hulls of ai{ai, ... ,an) and cr2(ai, . . . , a„) coin- 
cide. 

Proof. Let A G r(<j2(ai, . . . , a^), 7^(n)) and let U he a neighbourhood of A in C^. 
By the definition of the Shilov boundary, there exists a polynomial p G V{n) such 
that 

sup{|p(z)| : z eun (J2(ai,. . . ,a„)} > sup{|p(2:)| : z G <T2(ai, . . . ,a„) \ C/}. 



Write y = p{a \, . . . , a^). Then 

max{|p(2:)| : 2: G (Ti(ai, . . . , a„)} = max{|p| : p G ai{y)} 

= max{|p| : p G <72(2/)} 

= max{|p(2)| : 2 G 0-2(01, a„)}. 

Thus U n , an) / 0. Since U was an arbitrary neighbourhood of A 

and , Un) is closed, A G . . . , Un). Consequently, 5i(ai, . . . , Un) = 

a 2 {ai, . . . ,an). 

By considering the linear polynomials, we obtain in the same way that the 
closed convex hulls of cri(ai, . . . , On) and cr2(ai, . . . , On) coincide. □ 



We say that a spectral system d in a Banach algebra A is spectral-radius- 
preserving if d(a) is closed for all a G c{A) and max{|A| : A G d(ai)} = r(a) for 
each ai e A. 

In Section 3 we studied already three spectral-radius-preserving spectral sys- 
tems in commutative Banach algebras: the spectrum a, the approximate point 
spectrum r and the Shilov spectrum ar- 

From the properties of the Shilov boundary it follows easily that ar is the 
smallest spectral system with this property: 



Theorem 20. Let d he a spectral-radius-preserving spectral system in a commu- 
tative Banach algebra A. Then ar(ai,. . . , an) C d(ai, . . . , Un) for all commuting 
n-tuples ai , . . . , ttn G . 4 . 
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8 Basic spectral systems in Banach algebras 

We now introduce the basic spectral systems in non-commutative Banach algebras. 

Definition 1. Let ^ be a Banach algebra, x = {xi, . . . ,Xn) E c{A). We define the 
left spectrum ai{x) as the set of all A = (Ai, • • • , A^) G such that 

A (^X\ * * * 4 “ A {xji A72) ^ A‘ 



Equivalently, 



A G (Ji{x) 4=^ ^ A {x\ — Ai) + • • • + ^ {xn — An). 

The right spectrum ar(x) is defined analogously: 

A G (7r(x) {x\ — Ai)v4. + • • • + (Xn — \n)A ^ A 

^ {x\ — Xl)A + • • • + {Xn — An)wA. 



The Harte spectrum cr{x) is defined as the union of the left and right spectra, 
— (7l{x) U (Tr{x) (x G c{A)). 

For single elements the Harte spectrum coincides with the ordinary spectrum 
and Definition 1 coincides with Definition 6.6. If A is a commutative Banach 
algebra, then ai{xi,. ..^Xn) = CTr{xi,. . . ,Xn) = cr(xi, . . . ,Xn). 

Proposition 2. Let A he a Banach algebra, {xq,xi, . . . ,Xn) G c{A) and let 
(0, ...,0, ) G ai(xi, . . . ,Xn)- Then there exists A G C such that (A, 0, ...,0) G 

(^0 7 7 • • • 7 ^n) • 

Proof Let J = Ax\ + • • • + Axn- Clearly, J is a proper left ideal. Consider the 
Banach space X — A/ J and the operator T : X X defined by T(a + J) = axo + 
J (a + J G X). The definition is correct since Jxq C J. Choose A G dcr^^^\T). 
By Theorem 1.28, (T — A)X 7^ X. Thus J + A{xq — A) 7^ .4, which finishes the 
proof. □ 

Theorem 3. Let A he a Banach algebra. Then ai , ar and an are upper semicon- 
tinuous spectral systems. 

Proof For n > 1 let Rn = {{xi,...,Xn) G Cn{A) : 1a G xiA yXnA). 

Clearly, R = U^i is a joint regularity (the only non-trivial part was proved in 
Proposition 2) and cr/ is the corresponding spectral system. Further, Rn is open 
in Cn{A), and so ai is upper semicontinuous. 

For the right spectrum the result follows by symmetry and for the Harte 
spectrum a/f = cr/ U dr by Theorem 7.11 (i). □ 
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Definition 4. For x = (xi, . . . , G c(A) let 



di(x) = inf <1 ' u ^ A, ||i/|| = 1 



and 



dr{x) = inf I ^ ■ u e A, ||u|| “ ^ j ' 

The left and right approximate spectra are defined by 

ri{x) = {XeC^:di{x-X) = 0} 



and 

Tr{x) = {A G : dr{x — A) = o}. 

It is easy to see that ri{x) C cti{x) and Tr{x) C (Jr{x). For single elements 
Ti(xi) = {Ai e C : xi — Ai is a left topological divisor of O} and Tr{xi) = {Ai G 
C : xi — Ai is a right topological divisor of O}. For commutative Banach algebras 

Ti{xi,...,Xn) = Tr{xi,. . . ,Xn) = t(xi , . . . , X„) . 



The next lemma enables us to reduce problems for non-commutative Banach 
algebras to the commutative case. 

Lemma 5. Let A be a closed commutative subalgebra of a Banach algebra B. Then 
there exists a commutative Banach algebra C containing A as subalgebra such that 
df(xi, . . . ,Xn) = d^{xi,...,Xn) for every (xi,...,Xn) eA^. 

Proof. Let C = A x B = {{a,b) : a ^ A^b E B^ Define in C algebraic operations 
(for all a, a' e A,b,b' e B,a e C) by 

(a, b) + {a\ b') — (n + b + 6^), 

a (a, 6) = (aa,ab)^ 

(a, 6) • (a', 6') = {aa' , ab' a' b) 

and the norm ||(a, 6)|| = ||a|| + ||6||. It is easy to show that C is a commutative 
Banach algebra with the unit element (1^, 0). If we identify a e A with (a, 0) G C, 
then ^ is a subalgebra of C. Let (xi, . . . , x^) G A^. Then 
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Corollary 6. Let A be a Banach algebra, {xq,xi, . . . ,Xn) € c{A), and let 
di (xi ,Xn) =0. Then there exists A G C such that di (xq — A, xi , . . . , Xn) = 0. 

Proof. The statement follows from the previous lemma and the corresponding 
result Theorem 3.7 for commutative Banach algebras (in fact, the proof of Theorem 
3.7 works without any change in the non-commutative case, too). □ 

Corollary 7. The left and right approximate point spectra are upper semicontinu- 
ous spectral systems. 

Proof. Let Rn = {xi, . . , ,x^) G Cn{A) : di{x\, . . . ,Xn) > 0}. Using Corollary 6 we 
can see that R — U^i is a joint regularity. Furthermore, Rn is an open subset 
of Cn{A), and so r/ is an upper semicontinuous spectral system. 

The statement for follows by symmetry. □ 

Thus all results for a general spectral system apply for cpcrr^crH.n and r^. 
In particular we have: 

Theorem 8. Let A be a Banach algebra. Let a stand for any of ai,ar,crH ,Ti,Tr. 
Then, for all x = (xi, ..., Xn) G Cn{A) we have: 

(i) d{x) is a non-empty compact subset of C'^, r/(x) C cri{x), Tr{x) C <Jr(x), 
anix) = ai{x)Uar{x); 

(ii) if(xo,xi,...,Xn) G Cn+i{A), then d(xi, . . . ,Xn) = Fd(xo, xi, . . . , Xn) where 

P : is the projection onto the last n coordinates; 

(iii) if f = (/i, • • • , /m) Is an m-tuple of functions analytic in a neighbourhood of 
<j^^^(xi, . . . ,Xn) then 

/(d(x) = d(/(x)); 

(iv) d(j{xi) C T^(xi) n Tr{xi) for all x\ G A; 

(v) r(c7^^>(x),F(n)) C Ti{x)nTr{x); 

(vi) the polynomially convex hull of d(x) is equal to (x). 

Theorem 9. Let x be an element of a Banach algebra B. Then 

lim di{x^y^^ — sup di{x^y^^ = min{|A| : A G ri{x)}. 

k-^oo 

Similarly 

lim dr(x^)^^^ = sup dr(x^y^^ = min{|A| : A G Tr(x)}. 

k-^oo 

Proof. Let A = (x) and let C be the commutative Banach algebra constructed in 
Lemma 5. 

Since df{y) = d^[{y,0)) and rP(y) = r^{y,0) for every y G (x), the proof of 
the first statement follows from Theorem 4.12 for the algebra C. 

The second statement follows by symmetry. □ 
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Comments on Chapter I 

By C.i.j we denote the j-th. comment on Section i. 

C.1.1. Let A be an algebra without unit, i.e., A satisfies only axioms (i)-(iii) of 
Definition 1.1. Then it is possible to define the unitization of ^ by = {a a : 
a e C, a e A}, with the algebraic operations 

(ct + a) + (/? + 6) = (ct + /3) + (a + 6), 

(q; u) • (/3 T — ct/3 T (ct6 -h (3a -1- 
a - {(3 -\-h) — a(3 -\- ab 

for all a,h ^ A,a,(3 eC. Then A\ is an algebra with the unit element 1 + 0^. 

If II • II is an algebra norm on A then ||o; + a|| = |a| + ||a|| defines an algebra 

norm on A\ , and A\ contains an isometrical copy of A. In this way it is possible 

to define the spectrum of elements of an algebra without unit as the spectrum in 
its unitization. 

An alternative approach uses the concept of quasi-inverses, see [BD]. 

C.1.2. Let ^ be a real algebra, i.e., suppose that A satisfies all axioms of Definition 
1.1 with the complex field replaced by the field of real numbers. Then it is possible 
to define the complexification Ac = {a-\-ib : a, b e A} with the algebraic operations 
defined by 



(a -h ib) + (c + id) = (a + c) -h i{b -h d), 

(a + i6) • (c + id) = {ac — bd) i{ad be), 

{a + i(3) • (a + ib) = {aa — (3b) -t- i{ab + (3a) 

for all a,b,c,d E A, a, (3 e R. Then Ac is a (complex) algebra with the unit 
element 1^ + i • 0^. 

If II • II is a (real) algebra norm in A, then it is possible to extend it to Ac by 

^ n n 

\\a + ibW^c — l^jl ' • n eN,Xj E C, aj E A and Xjaj = a ib 

In this way it is possible to define the spectrum of an element a of a real algebra A 
as the spectrum of a + i • 0 in v4c- Note that the spectrum is still complex in this 
case. 

C.1.3. Let A be an algebra (in the sense of Definition 1.1) and let || • || be a norm 
on A which makes of ^ a Banach space such that the multiplication is (jointly) 
continuous (a^ a,bn ^ b implies anbn db). Thus || • || satisfies conditions (i), 
(ii) and (v) of Definition 1.2 and condition (iii) is replaced by a weaker condition 

(iii'): there exists A: > 0 such that \\xy\\ < fclkll • Ibll (x,yeA). 
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Define a new norm ||| • ||| on ^ by |||< 2 ||| = sup{||ax|| : x e A, \\x\\ < l}. It is 
easy to check that ||| - 1 || is equivalent to the original norm || • ||, and ||| • ||| satisfies 
all conditions of Definition 1.2. 

Thus the definition which uses the continuity of the multiplication (this defi- 
nition is natural in the context of topological algebras) is essentially equivalent to 
Definition 1.2. Also, the axiom ||1^|| = 1 is not essential. 

The condition (iii') of joint continuity of multiplication can be replaced by a 
seemingly weaker assumption that the multiplication is only separately continuous, 
i.e., that the operators La,Ra 'A^A defined by LaX = ax, RaX = xa are 
continuous for every a e A. Indeed, an easy application of the Banach-Steinhaus 
theorem gives the joint continuity of the multiplication. 

C.1.4. The most important generalizations of Banach algebras are locally convex 
algebras and m-convex algebras, see [Mi], [Zell], [Zel4]. A locally convex algebra 
^ is a locally convex space A together with a jointly continuous multiplication 
which makes of A an algebra. Equivalently, the topology of A can be given by a 
system of seminorms {|| • ||a : G A} satisfying: 

(i) the system {|| • ||a : a G A} is directed, i.e., for all a, /3 G A there exists 7 G A 
such that 

max{||x|la, \\x\\p} < \\x\\^ (x G A), (1) 

(ii) for every a G A there exists /3 G A such that 

IkylU < lkll/3 • ||y||/3 (x,yeA). 



If ^ is a metrizable locally convex algebra, then its topology can be given by means 
of a sequence {|| * ||n • ^ G N} of seminorms satisfying (for all n G N, x^y G A) 

ll^lln ^ ||^||n+l 



and 



\\xy\\u < Ik||n +1 • ||2/||n+l- 



Complete metrizable locally convex algebras are sometimes called Bq- algebras. 



C.1.5. A locally convex algebra A is called m-convex (multiplicatively convex) if 
its topology can be given by means of a system of seminorms {H-Hc^taGA} 
satisfying (1) and 



\\xy\\a < IklU • ||y|U (ce g A,x,y g A). 

Then, for each a G A, = {x G A : ||x|fy = 0} is a closed two-sided ideal and 
{A/Ja,\\ • lU) is a normed algebra. In this way it is easy to show that complete 
m-convex algebras are projective limits of Banach algebras. This enables us to 
generalize many properties of Banach algebras to complete m-convex algebras. 
Complete metrizable m-convex algebras are called Frechet algebras. 
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C.1.6. The openness of the set of all invertible elements in a topological algebra is 
sometimes called property Q. Obviously, property Q implies the compactness of 
the spectrum. 

An example of a Prechet algebra where the invertible elements are not open 
is the algebra of all entire functions with the topology given by a sequence of 
seminorms ||/||n = max|^|<^ \f{z)\ (n = 1, 2, . . .). 

C.1.7. The mapping x x~^ is continuous for every m-convex algebra. For 
locally convex (even ^o) algebras this is not true. An example is the algebra 
= rip>i 1) with the topology given by seminorms (n = 1, 2, . . .), see 
[Arl], [Zell]. 

For Bo-algebras the continuity of the mapping x x~^ is equivalent to the 
condition that the set Inv(^) is G< 5 , see [Zell]. 

C.1.8. Let ^ be a Banach algebra and let a G 9Inv(^). By Theorem 1.14, there 
is a sequence (xn) of norm 1 elements of A such that ^ 0 and axn 0. 

On the other hand, it is possible (example of P. G. Dixon, see [BD, p. 13]) 
that an element b ^ A is both a left and right topological divisor of zero and yet 
there is no sequence (un) of norm 1 elements of A with both Unb ^ 0 and bun — > 0. 

C.1.9. By Theorem 1.14, dcri{a) C r^(a). On the other hand, the inclusion dai{a) C 
T/(a) is not true in general, see [Pil, pp. 367-368], [Bui, Example 1.11] or [Mii20]. 

C.1.10. The basic properties of the spectrum including the spectral radius for- 
mula were proved by Gelfand [Ge]. The Gelfand-Mazur theorem (Gorollary 1.19) 
appeared in [Ma] and [Ge] (Mazur’s proof was not published for technical reasons). 

C.1.11. Let a be an element of a Banach algebra {A, || • ||). By [BD, p. 18], r(a) = 
inf{|||a|||}, where the infimum is taken over all algebra norms equivalent to the 
original one. 

C.1.12. The spectrum of an element a in an algebra A can be defined in the same 
way as in Banach algebras by a{a) = {AGC:a — Ais not invertible}. 

Let ^ be a normed algebra. Considering its completion gives easily that 
the spectrum in normed algebras is always non-empty. In general, however, it is 
neither bounded nor closed (consider for example the algebra of all polynomials 
p{z) = Yli norm ||p|| Yhi \^i\ algebra of all “trigonometrical 

polynomials” same norm; all sums are finite). 

Similarly, it is easy to see that the spectrum in m-convex algebras is always 
non-empty. 

The spectrum in locally convex algebras (even in Bg-algebras) can be empty. 
However, if we define the set E(a) = a{a) U a' (a) U a"^{a) C C U {oo}, where 
cr'(a) = {A : 2 ; I— > (a - z)~^ is discontinuous at A} and 

oo/ \ / 0 z (1 — za)~^ is continuous at 0, 

^ ^ \ {oo} otherwise. 



Comments on Chapter I 



71 



then S(a) ^0 for all elements a in a locally convex algebra, see [Zel4]. For similar 
concepts of the spectrum in locally convex algebras see [Wa], [Alll] and [Neul], 
[Neu2]. 

C.1.13. By the Gelfand-Mazur theorem, the complex numbers are the only Banach 
algebra where all non-zero elements are invertible. For real Banach algebras the 
situation is more complicated. There are three such examples: the real numbers, 
complex numbers and the field of quaternions, see [Ric, p. 40] or [BD, p. 73]. 

C.1.14. By the Gelfand-Mazur theorem and Theorem 1.14, a Banach algebra ei- 
ther possesses non- zero one-sided topological divisors of zero or it is isometrically 
isomorphic to the complex field. An analogous statement fails even for Frechet 
algebras. 

However, each m-convex algebra different from the complex field possesses 
generalized topological divisors of zero, i.e., there is a neighbourhood (7 of zero 
such that 0 G (w4 \ f/)^. On the other hand, this is no longer true for locally convex 
algebras [AZ]. 

C.1.15. The first example of discontinuity of a spectrum was given by Kakutani, 
see [Ric, pp. 282-283]. An example of a Banach algebra with continuous spectral 
radius but discontinuous spectrum was given by Apostol [Ap4]. In [Mul] there was 
given an example that the spectrum (and the spectral radius) in a Banach algebra 
can be discontinuous even on straight lines. For details and further examples see 
[Aul], 

C.1.16. The upper semicontinuity of the spectrum in Banach algebrais was proved 
in [New]. Although the spectral radius and the spectrum are in general discon- 
tinuous, there are plenty of continuity points. By Theorem 6.14, the set of all 
continuity points is dense and residual. 

Let a be an element of a Banach algebra and let Ui^U 2 be disjoint open 
subsets such that a{a) C U /72 and a{a) n / 0. Then Ui H a{b) ^ 0 for all h 
sufficiently close to a [New]. Indeed, let / = 1 on Ui and / = 0 on U 2 - Then f{h) is 
defined for all 6 in a neighbourhood of a, /(6)^ = f{h) and lim^^a f{b) = /(a) / 0. 
Consequently, cj[h) nU\ 0. 

In particular, the spectrum is continuous at a if the spectrum of a is totally 
disconnected, [New]. 

For a survey of results concerning the continuity of a spectrum and the spec- 
tral radius see [Bu2]. 

C.1.17. Let G be an open subset of the complex plane and let / : G — ^ ^ be an 
analytic function. Although the function z e G r(f{z)) can be discontinuous, 
by [Vel] it is always subharmonic (a function / : G ^ M is subharmonic if it is 
upper semicontinuous and f(z) < ~ + re*^)dt whenever G contains the 
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ball {w : \z — w\ < r}). Moreover, the function 2 : log r(/( 2 :)) is also subharmonic 

[Ve2]. 

The subharmonicity of these functions has many interesting consequences, 
see [Aul]. For example, it implies the maximum principle for the spectral radius. 
Furthermore, r{f{z)) = limsup^^^ r(/(ic)) for all z eG. 

C.1.18. The functional calculus for one operator was first used by Riesz [Ril] 
for construction of the spectral projections of a compact operator. The general 
spectral mapping theorem was proved by Dunford [Dul] . 

C.1.19. Various types of radical were studied intensely in the ring theory; the 
radical defined in Definition 1.40 is due to Jacobson [Ja]. For detailed information 
about the history of radical see [Pal]. 

C.2.1. The basic results concerning commutative Banach algebras are due to 
Gelfand [Gej. 

It is possible to formulate the Gelfand theory for algebras without unit. The 
maximal ideal space for a non-unital Banach algebra A is only locally compact; 
the maximal ideal space of the corresponding unitization Ai (see C.1.1) is the 
one-point compactification of M{A). 

C.2.2. Let ^ be a commutative Banach algebra. It is easy to see that the Gelfand 
transform is an isometry if and only if r(a) == ||a|| for all a e A. Equivalently, 
||a^|| = ||a|p (a G .4). Algebras with this property are called function algebras. 

Another possible definition is that function algebras are closed subalgebras 
of C{X) that contain the constant functions and separate the points of X, where 
X is a compact Hausdorff space. 

C.2.3. It is easy to see that every m-convex algebra has at least one continuous 
multiplicative functional. This is not true if the algebra is not m-convex. The 
algebra defined in C.1.7 is an example of a Bo-algebra without multiplicative 
functionals, see [Zell]. 

C.2.4. It is a longstanding open problem (see Michael [Mi]) whether each multi- 
plicative functional on a commutative Frechet algebra is automatically continuous. 
This is true for finitely generated Frechet algebras [Ar3]. 

The Michael problem is not true if we drop the assumption of metrizability. 
An example of a complete commutative m-convex algebra with a discontinuous 
multiplicative functional is the algebra C{T^^) of all continuous functions with the 
compact open topology on the compact space , where ui is the first uncountable 
ordinal, and = {a : a < cJi} with the order topology. 

C.2.5. Denote by Q the set of all quasinilpotent elements of a Banach algebra A, 
Q = {x e A : r{x) — 0}. By Theorem 2.9, Q = rad^ for commutative Banach 
algebras. 
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For non-commutative Banach algebras this is no longer true. An extreme 
example was given by [Di]: there exists an infinite-dimensional semisimple Banach 
algebra such that the closure of the nilpotent elements is an ideal of codimension 1 . 

Theorem 2.9 implies that a subalgebra of a semisimple commutative Banach 
algebra is also semisimple. For non-commutative Banach algebras this is not true: 
consider the semisimple algebra of all n x n matrices and its subalgebra of upper 
triangular matrices. 

The radical of a non-commutative Banach algebra can be characterized as 
follows [Zel], [Ze3], [Ze4]: 

Theorem, a G rad^ if and only if a Q C Q. 

C.2.6. It is easy to see that the spectral radius and the spectrum are continuous 
in Banach algebras that are commutative modulo the radical. An example of 
a semisimple non-commutative Banach algebra with continuous spectrum is the 
algebra of all n x n matrices. 

In [Au2], see also [PZ], [Ze2], the following result was proved: 

Theorem. Let A be a Banach algebra. The following properties are equivalent: 

(i) the spectral radius is uniformly continuous on A; 

(ii) r{x + y) < r{x) + r{y) (x, y € .4); 

(iii) r{xy) < r{x) ■ r{y) (x, y £ A); 

(iv) the algebra A/ rad^ is commutative. 

C.2.7. The Gleason-Kahane-Zelazko theorem was proved in [Gle] and [KZ]. The 
same statement is true also for non-commutative Banach algebras, see [Zel2]. 

The following stronger version of the Gleason-Kahane-Zelazko theorem was 
proved in [KS]: 

Theorem. Let A be a commutative Banach algebra and let (p : A C be an 

arbitrary function. Suppose that cp{0) = 0 and p{x) — p{y) G cr{x — y) for all 

x,y G A. Then p is a multiplicative functional. 

C.2.8. The Gelfand theory can be generalized to Banach algebras satisfying a 
polynomial identity (PI- algebras). An important role for Pl-algebras is played by 
the standard identities en{xi^. . . , Xn) = 0 for all xi, . . . in the algebra, where 

^n(^l 5 • • • 5 ^n) ^ f ) ^ ^7 t( 1) ■ ■ ' ^7r(n) 

7T 

and the sum is taken over all permutations n of the set {1, . . . ,n}. If an algebra 
satisfies any polynomial identity then it satisfies some standard identity. 

Note that e 2 (xi,X 2 ) = ^ 1 X 2 — X 2 X 1 , and so commutative Banach algebras 
are PI. By [AL], the algebra of all n x n matrices satisfies the standard identity 



74 



Chapter I. Banach Algebras 



^ 2 n{Ai, . . . , A 2 n) = 0 foi all matrices Ai, , A 2 n- Thus the Pl-algebras include 
also the matrix algebras. 

For Pl-algebras it is possible to develop the Gelfand theory (with multiplica- 
tive functionals replaced by finite-dimensional representations), see [Kr]. 

C.2.9. The multivariable functional calculus in commutative Banach algebras was 
constructed by Arens, Calderon [AC], Waelbroeck [Wa] and Shilov [Sh2j. For sim- 
pler proofs see [BD] or [Caj. 

The calculus is uniquely determined by properties (i), (ii), (iii) and (v) of 
Theorem 2.20, see [Zam]. In Section 27 we show a weaker unicity property. 

C.2.10. The concept of the Shilov boundary is due to Shilov [Shlj. 

It is easy to see that the Shilov boundary of the algebra C{K) is equal to its 
maximal ideal space, T{C{K)) = M(C{K)) ~ K. 

The maximal ideal space of the disc algebra A{D) can be identified with D\ 
the Shilov boundary then coincides with the topological boundary of D. 

C.3.1. The construction of the algebra Q{A) is attributed in [Ha6] to Berberian 
[Ber] and Quigley, see [Ric], page 25. It was simplified by Wolff, see [ChDj. 

C.3.2. Theorem 3.7 and its consequences (Corollary 3.8 and the projection property 
for the approximate point spectrum) were proved in [Sll] and [ChDj. 

C.3.3. The cortex cor^ was defined by Arens [Ar4] as the set of all elements of 
A4 {A) that admit an extension to a multiplicative functional on any commutative 
extension B D A. The present definition is equivalent, see Section 5. 

C.3.4. The inclusion F(^) C cor^ was proved in [Zel5], cf. also [Shlj. 

The class 7(^4) and the characterization of the Shilov boundary given in 
Theorem 3.11 are new, but the ideas are present already in [Zel5]. The definition 
of the spectrum ar is also new. 

C.3.5. The analogue of the Cleason-Kahane-Zelazko theorem for the cortex is not 
true as the following example of Zelazko shows. Let A be the Banach algebra of 
all functions analytic on the unit ball B = {(A, //) G : |Ap -f |/ip < 1} and 
continuous in B. For p) e B let he the evaluation functional on A defined 

by ^a,m(/) = /(A,/i). Then T(.4) = : (A,/x) € dB} and 

fo,o(/) = /(0,0) e {/(A,m) : (A,m) € dB} = {^(/) : € r{A)} C r(/) 

for all f E A. On the other hand, it is easy to see that £q,o ^ cor^ since zi, 22 G 
Ker £^0 0 and (^ 1 , 22 ) are not joint topological divisors of zero since ||zi/|| + ||z 2 /|| > 
ll/ll for all / G A 
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C.4.1. Let {A, II • \\a) and {6, || • \\n) be Banach algebras, A: > 0 and let p : A ^ B 
be a homomorphism satisfying /c”^||am < ||p(a)||^ < A:||am for every a e A. 
Then it is possible to define a new algebra norm 1 1 1 • 1 1 1 on which is equivalent 
to II • \\b and satisfies |||p(a)||| — ||am {a G .4). 

Thus the concept of isometrical subalgebras of Banach algebras considered 
in this chapter is essentially equivalent to the seemingly more general concept of 
topological subalgebras (in the sense which was suggested above). 

For commutative Banach algebras this equivalence was proved in [Li] and for 
general Banach algebras in [FM]. 

C.4.2. The characterization of permanently singular elements (Theorem 4.2) is due 
to Arens [Ar2j. 

C.4.3. If F is a finite subset of a commutative Banach algebra A such that no 
/ € F is a topological divisor of zero, then their product is not a topological 
divisor of zero either. Using Theorem 4.2 for this product, we see that there exists 
a commutative extension B D A such that all / G F are invertible in B. 

This result was generalized by Bollobas [Bol] for countable sets, i.e., it is 
always possible to adjoin inverses to countably many elements of a commutative 
Banach algebra that are not permanently singular. 

In general, this is not possible for uncountable sets, see [Bol] or [Mu5]. 

C.4.4. The statement analogous to Theorem 4.2 is not true in non-commutative 
Banach algebras. By [MiilO], there exists a non-commutative Banach algebra A 
and an element a e A such that ||ax|| > \\x\\ {x G A) (i.e., a is not a left 
topological divisor of zero) but a is left invertible in no Banach algebra B D A. 

C.4.5. By [Mils], there exists a (non-commutative) Banach algebra A^ an element 
a e A and two extensions Bi D A and B 2 D A such that a is left invertible in 
Bi, right invertible in B 2 but a is invertible (both left and right) in no extension 
Bd A. 

C.4.6. Theorem 4.11 was proved by Read [Re2] who gave a positive answer to a 
problem posed by Bollobas [Bo3]. 

C.4.7. If x,y are elements of a commutative Banach algebra A, then in general 
there is no extension B D A such that both a^{x) = r'^(x) and (J^{y) = 
see [Mii5], [Re5]. 

Consequently, by the spectral mapping theorem for both a and r, there is no 
extension B D A where a^{x,y) = T'^{x,y). On the other hand, we always have 
T-^{x,y) = Theorem 5.12. 

C.4.8. The “inverse” spectral radius formula (Theorem 4.12) was proved in [MZ] 
(using the sheaf theory) and in [Mu4] (by combinatorial methods). The present 
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proof is based on the above mentioned result of Read (Theorem 4.11). Note that 
for the proof of Theorem 4.12 it is sufficient to use only the simpler result of 
Proposition 4.7. 

C.5.1. Removable and non-removable ideals were introduced and studied by Arens, 
[Ar2], [Ar4], [Ar5] and further by Zelazko [Zel3], [Zel5]. The problem whether an 
ideal in a commutative Banach algebra is non-removable if and only if it consists 
of joint topological divisors of zero was raised in [Ar4]. A positive answer was 
given in [Mii2]. The present proof follows the line of [Mii2] but the estimates are 
essentially improved here. 

C.5.2. Let ui, ... ,Un be elements of a commutative Banach algebra A and c a 
positive constant such that ^ c • ||x|| {x ^ A). An interesting open 

problem is what are the smallest norms of elements b{ in a commutative extension 
S D w4 for which Yl7=i ~ 

By Theorem 4.2, if n = 1 then it is possible to take ||6i|| == c~^ (which is also 
the smallest possible norm). For n > 2 the situation is much more complicated. In 
the simplest non-trivial case of n = 2,c = 1 the present proof gives the existence 
of elements 6i, 62 ^ B D A with biUi -h b2U2 = 1 and ||6i|| < 2^ (the original proof 
only gave ||6i|| = 2^'^). 

On the other hand, rather surprisingly, in general it is not possible to find 
an extension B and 61,62 G B with ||6{|| < 1 (z = 1,2), see [Bo2]. Thus there is 
still an enormous gap between the upper and lower estimates. 

C.5.3. Let 7 i,/ 2, • • • be a countable family of removable ideals in a commutative 
Banach algebra A. Then there exists a commutative extension B D Ain which all 
ideals 7i , /2 , . . . are removed (= neither of them is contained in a proper ideal in the 
extension), see [Mii6]. This generalizes the corresponding result of Bollobas [Bol] 
for non- permanently singular elements, cf. C.4.3. 

C.5.4. A stronger version of Theorem 4.2 (with essentially the same proof) says: if 
u, V are elements of a commutative Banach algebra A and c is a positive constant 
such that ||ux|| > c • ||t;x|| {x e A), then there exists a commutative extension 
B D A and b E B such that ub = v. The analogous result is not true for n-tuples 
[Mii3]: it is possible to have v,ui,U 2 E A with ||uix|| -h ||^23:|| > \\vx\\ (x E A) 
and yet there is no extension B D A and 61, 62 G S such that Ui6i -h ^^262 = v- 

C.6.1. The notion of regularity and the corresponding axiomatic spectral theory 
was presented in [KM2]. 

For other related approaches see [GL] and [Rn]. 

C.6.2. Theorem 6.14 for the ordinary spectrum in the algebra of operators on a 
Hilbert space was noted in [CM]. In general form it was proved in [Rn], Proposi- 
tion 3, see also [LvS]. The argument is based on a classical result of Kuratowski, 
cf. [Au4], p. 50. 
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C.6.3. Axioms of regularities can be divided into two halves, each of them implying 
a one-way spectral mapping property. Thus we can define semiregularities in a 
Banach algebra A, see [Mu21]: 

Definition A. A non-empty subset R C A is a lower semiregularity if it satisfies: 

(i) if a G A, n G N and a'^ G R, then a e R', 

(ii) if a, 6, c, d are mutually commuting elements of A satisfying ac-\-bd — 1 and 
ab G R, then a^b e R. 

Definition B. A subset R C A containing a neighbourhood of the unit element is 
an upper semiregularity if it satisfies: 

(i) if a G and n G N, then G R\ 

(ii) if a, 6, c, d are mutually commuting elements of A satisfying acdbd = 1 and 
a,b e R^ then ab G R. 

In both cases we define aR{a) = {X e C : a — X ^ R}. 

If i? is a lower semiregularity, then Inv(^) C R (so the definitions A and B are 
only seemingly asymmetrical) and crR{a) C a{a). Further, /(cr/^(a)) C cr/^(/(a)) 
for all locally non-constant functions / analytic on a neighbourhood of a{a). 

If R is an upper semiregularity, then crR{a) C 5(a), and (jR{a) \ a (a) is the 
union of some bounded components of C\a(a). Furthermore, p{aR{a)) D GR{p(a)) 
for all polynomials p. If R also satisfies the condition 6 G Pi Inv(^) => 6”^ G i^, 
then f{(jR{a)) D cfR{f{o)) for all locally non-constant functions / analytic on a 
neighbourhood of gr{o) U a{a). 

An important example of an upper semiregularity is the component of con- 
nectivity of Inv(A) containing the unit element; this gives rise to the exponential 
spectrum of Harte [Ha5] . 

An example of spectrum defined by a lower semiregularity is the Weyl spec- 
trum, see C.19.6. For further examples see C.19.7. 

C.7.1. The definition of spectral systems for n-tuples of commuting elements (Def- 
inition 7.4) is a slightly modified concept of Stodkowski and Zelazko [SZl] and 
Zelazko [Zel7], see also Curto [Cu4]. 

C.7.2. By [SZl], it is possible to replace condition (i) of Definition 7.4 {aR{x) C 
(j{x) n-tuples X of commuting elements) by the same condition only for 

commuting triples of elements. 

Using the Kowalski-Slodkowski theorem (see C.2.7) it is even sufficient to 
require this only for commuting pairs. On the other hand, it is not sufficient to 
require in Definition 7.4 the condition d{x) C a{x) for single elements x only; an 
example is the product 5(xi, . . . , Xn) = fli 
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C.7.3. Let a be a compact-valued spectral system in a Banach algebra A. It is 
possible to extend a to infinite commuting subsets of A. Indeed, let ^{{xot)aeA) 
be the set of all (Ao,)c^eA such that , . . . , Xa^) G ^{xa ^ , • • • , Xar,) for all finite 
subsets {ai, . . . , 0 ;^} C A, see [SZl]. 

A compactness argument gives that o'{{xa)aeA) is non-empty for all families 

{Xa)aEA- 

C.7.4. Let ^ be a commutative Banach algebra. Let Q.{A) be the set of all multi- 
plicative functionals (p on A such that Ker cp consists of topological (not necessarily 
joint) divisors of zero. Obviously, cor^ C ^{A) C A4(A). By [Waw], the corre- 
sponding spectral system can be characterized as follows: for ai, . . . ,a^ G v4, 
(0, . . . , 0) E (TQ{ai, , an) if and only if the ideal generated by ai, . . . , consists 
of divisors of zero. Thus an ideal consisting of topological divisors of zero is con- 
tained in a maximal ideal consisting of topological divisors of zero, cf. Corollary 
3.8. 

C.7.5. An interesting problem is to characterize those regularities that can be 
extended to joint regularities (equivalently, which spectra a defined for single 
elements can be extended to n-tuples of commuting elements). 

Necessary conditions are property (PI), stability of the spectrum under 
commuting quasinilpotent perturbations (Theorem 7.16), and the property that 
A{a{a),a{b)) < ||a — b\\ for all commuting a, b (uniform continuity on commuting 
elements, see Theorem 7.14). 

C.7.6. By [SZ2], a complex- valued function (p defined on a Banach algebra A is 
called a semicharacter if its restriction to any commutative subalgebra of ^ is a 
multiplicative functional (sometimes also called a character). 

Any set K of semicharacters on a Banach algebra A defines a spectral system 
by 

or/^(ai,...,an) = {{(p{ai),...,p){an)) : <p G K). 

On the other hand, it is not possible to describe all spectral systems in this way 
since there are Banach algebras (for example the algebra of all 3 x 3 matrices) 
without semicharacters. 

Clearly, each multiplicative functional is a semicharacter. An example of a 
discontinuous semicharacter can be found in the algebra of all 2 x 2 matrices [SZ2]. 
An example of a continuous semicharacter which is not a multiplicative functional 
was found in [KM4]. 

It is an open problem whether a uniformly continuous semicharacter is al- 
ready automatically a multiplicative functional. 

C.8.1. The one-sided and one-sided approximate point spectra for n-tuples of ele- 
ments in a Banach algebra were introduced and studied by Harte [Hal] and [Ha2] . 
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C.8.2. The one-sided and one-sided approximate point spectra can be defined, 
using exactly the same definitions, for non-commuting n tuples of Banach algebra 
elements, see Harte [Hal]. However, in this case the spectrum can be empty. The 
simplest example are the matrices 



Ai = 




A2 = 



fO 0 

VI 0 



in the Banach algebra of 2 x 2 matrices. It is easy to verify that A^ = A 2 = 0 and 
A 1 A 2 + A 2 A 1 = I. Thus A 2 ) = (Jr{Ai^ A 2 ) = 0. 

Similarly, the projection property is not satisfied since (j{Ai) ^ 0. In general, 
for non-commuting n-tuples there is only one inclusion. 



C.8.3. Let ^ be a Banach algebra. By [FSl], a/(ai, . . . , a^) ^ 0 for all (non- 
commuting) n-tuples ai, . . . , ttn G AP' if and only if there exists a multiplicative 
functional. 

Further, r/ (ui , . . . , ^ 0 for all n-tuples ai , . . . , Un G if and only if there 

exists a multiplicative functional whose kernel consists of joint left topological 
divisors of zero, see [So3]. 

Similar statements are true also for the right spectra. 



C.8.4. By [FS2], a Banach algebra A is commutative modulo its radical if and only 
if a^(ai, . . . , an) C ar{ai,. . . , an) for all n-tuples ai, . . . , Un G A 



C.8.5. By Theorem 8.9, it is possible to calculate the distance of 0 to the left 
(right) approximate point spectrum of a Banach algebra element. 

An interesting problem is to obtain a similar formula for the distance of 0 to 
the left (right) spectrum. In [Ze5] it was conjectured that 

dist{0, cT/(a)} = sup{r(6)“^ : ba = 1}. (2) 

If a is invertible then this reduces to the spectral radius formula. Also, (2) is true 
in the algebra B{H) of all bounded operators on a Hilbert space iL, see [BMj. 

In general, it is easy to see that the inequality > in (2) is always true; the 
opposite inequality is an open problem. By [Ze5] , the conjecture is also equivalent 
to another interesting problem: 

For each compact subset K of the disc {z G C : |z| < sup{r(6)“^ : ba = 1}} 
there exists an analytic A valued function g defined on a neighbourhood U oi K 
such that 



g{z){a-z) = 1, 

g{z)-g{w) = {z - w)g{z)g{w) 

for all z,w eU (so-called left resolvent of a), cf. C.13.2. 

Note that the resolvent z 1 — > {a — z)~^ defined on the complement of a{a) 
satisfies the resolvent identity {a — z)~^ — {a — w)~^ = {z — w) {a — z)~^ {a — w)~^ , 
cf. Theorem 1.16. 



Chapter II 

Operators 



In this chapter we study the Banach algebra of all operators acting on a Banach 
space. All Banach spaces are assumed to be complex and non- trivial, of dimension 
at least 1. By an operator we always mean a bounded linear mapping between two 
Banach spaces. 

Let X, Y be Banach spaces. Denote by B(X, Y) the set of all operators from 
X to Y. Write for short B{X) = B{X,X). For T G B{X,Y) define the operator 
norm ||T|| = sup{||Tx|| : x G X, ||x|| < l}. It is clear that B{X,Y) with this norm 
becomes a Banach space and B(X) is a Banach algebra. The unit element in B(X) 
is the identity operator denoted by Ix (or simply I if no confusion can arise). 

For basic results and notations from operator theory see Appendix A.l. 



9 Spectrum of operators 

In this section we reformulate the results from Section 8 for the algebra B{X) of 
all operators acting on a Banach space X. 

We start with the left and right point spectra tt/ and tt^. 

Theorem 1. Let T be an operator acting on a Banach space X and let X G C. 
Then: 

(i) A G 7T/(T) if and only if A is an eigenvalue ofT (i.e., Ker(T — A) ^ 

(ii) A G 7t^(T) if and only if (T - A)X ^ X. 

Proof, (i) If A G 7Ti{T) then (T — A)S' = 0 for some S G B(X), S ^ 0. Let x G X 
satisfy Sx 7^ 0. Then (T — A)S'x = 0, and so Sx is an eigenvalue of T. 

Conversely, let (T — A)x = 0 for some non-zero x G X. Let / G X* satisfy 
/(x) = 1 and define S G B(X) by Sy = f{y)x (y G X). Then 5x - x; so 5 7^ 0 
and (T - X)S = 0. 
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(ii) Let S(T - X) = 0 for some 5 G B{X), 5/0. Then {T - X)X c 
Ker5/X. 

Conve rsely, if (T — X)X /X then there exists a non-zero functional / G X* 
such that f\{T — X)X = 0. Let x G X be any non- zero vector and define S G B{X) 
by Sy = f{y) • x. Then 5 / 0 and S{T -X) = 0. □ 

CoroUary 2. Let T G B{X). Then tt/T) = 7t^(T*) and tt/T) = 7r/(T*). 

Similar characterizations are true for the approximate point spectra. We start 
with the definition of two quantities connected with an operator. Recall that Bx 
denotes the closed unit ball in X. 

Definition 3. Let X, T be Banach spaces and let T G B{X,Y). We define the 
injectivity modulus of T (sometimes also called the minimum modulus) by 

i(r)=inf{||Ta:||:a;€X,||a:|| = l} 

and the surjectivity modulus by 

k{T) = sup{r > 0 : TBx 13 r • By}> 

We say that T is hounded below if j(T) > 0. 

Clearly, j{T) < ||T|| and k{T) < ||T|| since TBx C ||T|| • By. Furthermore, 
j(T) = inf|M :^eX,x^o|. 

Theorem 4. An operator T G B(X, Y) is bounded below if and only if it is one-to- 
one and RanT is closed. T is onto if and only if k{T) > 0. 

Proof. If T is onto, then k{T) > 0 by the open mapping theorem. If T is not onto, 
then k{T) = 0 by definition. 

If T is one-to-one and RanT is closed, then j{T) > 0 by the open mapping 
theorem. Conversely, if j{T) > 0, then T is one-to-one and T : X ^ RanT is an 
isomorphism. Thus RanT is complete and therefore closed in Y. □ 

Theorem 5. Let T G B(X, Y). Then T is bounded below if and only ifT* is onto. 
T is onto if and only if T* is bounded below. 

Proof. Follows from Corollary A. 1.15 and Theorem A.1.16. □ 

Theorem 6. Let X, F, Z be Banach spaces, T G B{X, Y) and S G B(Y, Z). Then: 

(i) jiST)<\\S\\-j{T); 

(ii) j{ST)>j{S)-j{T); 

(iii) fc(ST)<fc(5)-||T||; 

(iv) k{ST) > k{S) ■ k{T). 
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Proof, (i) j(ST) = inf{^ G X,x / o} < ||5|| • inf{^ :x e X,x ^ o} = 

(ii) For X e X we have \\STx\\ > j{S) • ||Tx|| > j{S)j{T)\\x\\, and so j{ST) > 



(iii) The statement is clear if k{ST) = 0. Suppose that ST is onto, and so 

T 0. Let z e Z , \\z\\ < Then there exists x G X such that STx — z and 

Ikll < Then y = Tx e By and Sy = 2 . Thus k{S) > , which gives 

(iii). 

(iv) The statement is clear if either k{T) or k{S) is equal to 0. Let both T 
and S be onto and let e > 0, e < min{A:(5), k{T)}. We have 

{ST)Bx D 5((1 - e)k{T)By) = {1 - e)k{T)SBy D (1 - efk{T)k{S)Bx. 

Thus k{ST) > (1 - efk{S)k{T). Letting e 0 gives k{ST) > k{S)k{T). □ 

Theorem 7. IfT e B{X,Y) is bijective, then j{T) = ||T-i||-i = k{T). 

Proof. We have 



Theorem 8. Let T e B{X,Y). Then j{T) = A:(T*) and k{T) = j{T*). 

Proof, (a) By Theorem 5, j{T) = 0 if and only if k{T*) = 0. If j{T) > 0 then 
RanT is closed and T = JTq, where Tq : X ^ RanT is induced by T and 
J : RanT ^ F is the natural embedding. Clearly, j{T) = j{To) = ||Tq"^||~^ = 
||To*“^||-^ = /c(To*). Further, T* = TqV* where J* : Y* ^ (RanT)* assigns to 
each functional / G F* the restriction /| RanT, cf. A. 1.19. By the Hahn-Banach 
theorem, J*By* = B(RanT)*- Thus k{J*) = 1, k{T*) = A:(Tq*) by Theorem 6, and 
k{T^)=j{T). 




Let c > 0. The following statements are equivalent: 



c < k{T)- 
c~^TBx D By’ 
c-^Bx D T-^By’ 




Hence k{T) = sup{c >0:c< k(T)} = \\T-^\\-\ 



□ 
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(b) By Theorem 5, k{T) = 0 if and only if j(T*) = 0. Suppose that k{T) > 
0; so T is onto. Then T = TqQ, where Q : X ^ X/KerT is the canonical 
projection and To : X/KerT Y is one-to-one and onto. We have k{To)k{Q) < 
k{T) < k{To)\\Q\\. Since ||Q|| = 1 = k{Q), we have k{T) = k{n) = ||To-i||-i = 
||(To)“^|l“^ = jiT^). Further, T* = Q*Tq where Q* is the natural embedding of 
(X/KerT)* = (KerT)-L into X*, see A.1.20. Therefore j(T*) = j{T^) = k{T). □ 

Proposition 9. Let T,S e B{X,Y). Then \j{T) - j(5)| < \\T - 5|| and \k{T) - 
< l|L'— 5||. In particnlar, the injectivity and snrjectivity moduli are contin- 

uous. 

Proof. Letxe X, ||xl| = 1. Then H^xH > ||Tx|| - ||(T-*S)x|| > j(T)- ||T-S'||, and 
so j(T) —j{S) < ||T — S'!!. The symmetry implies the first statement of Proposition 
9 and the second one follows from Theorem 8. □ 

Proposition 10. Let T e B{X,Y). Then: 

(i) j(T) = supjr > 0 : T — 5 is bounded below for all S G B(X, T), 1|5|| < r}; 
(zi) k{T) = sup{r > 0 : T — S' is onto for all S G B{X^Y)^ ||S|| < r}. 

Proof (i) Let S G B(X,T), ||S|| < j{T). Then j{T - 5) > j{T) - ||5|| > 0, and 
so T — 5 is bounded below. 

Conversely, let s > 0. Then there exists xq G X of norm 1 such that ||Txo|| < 
j{T) Let / G X* satisfy ||/|| = 1 - /(xq). Define S G B{X,Y) by Sx - 
f{x) • Txo. Then ||S|| = ||Txo|| < j{T) + s and (T - S)xo = 0. Hence T - S is not 
one-to-one. 

(ii) The statement is clear if k{T) — 0. Suppose that k{T) > 0. 

Let S G B(X,y), ||5|| < k{T). Then k{T - S) > k{T) - ||S|1 > 0, and so 
T - S is onto. 

Conversely, let s > 0 and let y G T satisfy ||y|| < k{T) + s and y ^ TBx- 
Choose xo G X such that Txq = y. It is clear that dist{xo, Ker T} > 1. Let 
/ G (KerT)-^ satisfy ||/|| = 1 and /(xq) = distjxo, KerT} > 1. Define S by 
Sx = /(x)/(xo)”^Txo. Then ||S|| = ||Txo||/(xo)“^ < k{T) -h s. We show that 
y ^ Ran(T - S). We have (T - S)xq — 0, and so Ran(T - S) = TKer /. Suppose 
on the contrary that there is an x G Ker / such that y = Tx. Then x — xq G 
KerT C Ker / and 0 == /(x) = f{xo) > 1, a contradiction. □ 

Recall that for an n-tuple {Ai ,..., An) of operators in a Banach space X we 
write ^ 

dfW(Ai, ...,An) = infj ^ e ®(^). Il^ll ^ l| 

, A„) = infj ||5Ai|| : 5 e B{X), ||5|| < l|. 



and 
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Theorem 11. Let A = {Ai An) be an n-tuple of mutually commuting operators 
on a Banach space X. Then: 

(i) = inf | J27=i W^i^W ■ x £ X, ||ar|| = l|; 

(ii) dr^^\A) = sup{r : AiBx ~\ h ArBx D rBx}- 

Proof, (i) Let x £ X, ||x|| = 1 and let / G X* satisfy f{x) = 1 = ||/||. Define 
S £ B(X) by Sz = f{z) -x {z £ X). Then ||5|| = 1 and 

n n 

T, 2 G X, ll^ll = 1} 

2=1 2=1 

n n 

= ^sup{|/(2:)| • Pi2;|| : 2 G X, ||2;|| = l} < ^ 

2=1 2=1 



Thus 

di{A) < inf 

To show the opposite inequality, let S G B{X)^ ||5|| = 1. For each £ > 0 there 
exists y e X^ ||i/|| = 1 such that ||5^|| > 1 — e. Then is of norm 1 and 



inf 



n 

||>lia;|| : X £ X, ||a; 

i=l 



1 

j-h 



<(l-e)-iyi|x4,5||. 

i=l 



Since S and e were arbitrary, we have 



inf 



n 

y :xGX, \\x 

2=1 



<di(A). 



(ii) Suppose that AiBx + * * T An Bx L> rBx • Let 5 : X — > X be an operator 
of norm 1 and £ > 0. Then there exists y G X, ||y|| == r such that \\Sy\\ > (1 — s)r 
and xi, . . . , Xn G Bx such that y = X]ILi 
We have 

y 115x4, II >y 115x4, X, II >||5y||>(l-e)r. 

2=1 2=1 

Thus 

dr{A) > sup{r \ AiBx ^ AnBx 3 rBx]- 

Conversely, let a: G X, ||x|| = 1 and x ^ r~^ • H \-AnBx)- For every 

£ > 0 we have x ^ (r -h e)~^AiBx + • • • + AnBx- By the Hahn-Banach theorem 
A. 1.3, there exists a functional / G X* such that 



fix) = 1 



> (r + e)~^ snpl |/ ( 

^ i=i 



:||xi|| 
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Define S G B{X) by Sz = f{z) ■ x {z e X). Then ||5|| = ||/|| > 1 and 





Thus 



dr (A) < sup{r : AiBx AnBx D rBx}^ 



□ 



Remark 12. The symmetry between the left and right spectrum is rather lost in 
the algebra B{X). The left point spectrum of an operator is much more important 
than the right point spectrum. Therefore in operator theory the left point spectrum 
is usually called just the point spectrum'., the right point spectrum is rather the 
point spectrum of the adjoint operator. 

Similarly, the left approximate point spectrum of an operator is much more 
important than the right approximate point spectrum. Therefore the left ap- 
proximate point spectrum in B{X) is usually called only the approximate point 
spectrum. The right approximate point spectrum is called the surjective spectrum 
(sometimes also the defect spectrum). 

The point, approximate point, and surjective spectrum of a commuting n- 
tuple A = (Ai, . . . , An) of operators on a Banach space X are denoted by cTp(A), 
cFt^{A) and 0's {A), respectively. 

The notation is not consistent with the notation used in the Banach algebra 
theory, but since it is generally accepted and is also quite convenient (it is not 
necessary to remember which spectrum is left and which is right), we are going to 
use it. 

Corollary 13. Let A = (Ai, . . . , An) be an n-tuple of mutually commuting opera- 
tors on a Banach space X. Then 



In particular, for a single operator T G B{X) we have (Jp{T) — {p G C : T — 
p is not one-to-one}, (Tt^{T) = {p e C : T - p is not bounded below} and as(T) = 
{p e C : T — p is not onto}. 
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Let A = (Ai, . . . ,An) be a mutually commuting n-tuple of operators on a 
Banach space X. Denote by Xf and the Banach space X 0 • • • 0 X with the 

n 

norms 

n 

||xi © • • • © X„||i = ^ ||Xil|, 

i=l 

and 

||xi 0 • • • 0 XnWoo = max{||xi|| : z = 1, . . . ,n}, 

respectively. 

Denote by 6 a ’ X ^ Xp the operator defined by 

6ax = Aix 0 • • • 0 AnX {x e X). 

By Theorem 11, we have di{A) = Similarly, dr (A) = ^{pa) where t]a = 

X^ ^ X is defined by 



r]A{xi 0---0Xn) = ^A^Xi (xi,...,Xn G X). 

2=1 

Corollary 14. Let A = (^i, . . . ,^4^) be an n-tuple of mutually commuting oper- 
ators on a Banach space X. Write A* = {A^, . . . ,A*) G B(X*). Then aT^{A*) = 
as {A) and as (A*) = aj,(A). 

Proof, Let 6 a ‘ X Xf and let t]a ^ X^ ^ X be the operators defined above. 
Similarly define operators 6a* ' X* — > (X *)2 and tja* : X*- Clearly, 

6a* = {vaY and tja* = {6 aY- Thus 

dB(x ^j{SA>) = k{r]A) = 

and 

Consequently, a-j^{A*) = as {A) and as{A^) = aT^{A). □ 

Remark 15. Note that there are two different conventions of taking adjoints. We 
are using the Banach space convention: for an operator T on a Banach space X 
and a G C we have (T — aIxY = T* - alx* • 

If X is a Hilbert space then X* is usually identified with X and with this 
(Hilbert space) convention (T — a/)* = T* = al. In this notation we have rather 
CT 7 r(T*) = {z : z ^ as{T)] and a similar change must be done in all duality results. 

Theorem 16. Let X, T be Banach spaces and T G B{X,Y). Then there exists an 
operator S : Y ^ X satisfying ST = Ix if and only if T is bounded below and 
RanT is a complemented subspace of Y. 

Similarly, there exists an operator S :Y ^ X with TS = ly if and only if T 
is onto and KerT is a complemented subspace of X. 
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Proof. Let S : Y ^ X, ST = lx- Then {TSf = TS and RanT D RanT5 D 
RanTS'T = RanT. Hence T5 is a projection onto RanT and RanT is a com- 
plemented subspace of Y . In particular, RanT = Ker(/ — TS)^ which is closed. 
Clearly, T is one-to-one and hence bounded below. 

Conversely, let T be bounded below and let P E B{X) he a projection onto 
RanT. Let So : RanT X he the inverse of T. Set S = SqP. Then ST = Ix- 
Suppose now that TS = ly for some S :Y ^ X. Then T is onto and (5T)^ = 
ST is a projection satisfying Ker(S'T) = KerT. Hence KerT is a complemented 
subspace of X. 

Conversely, let T be onto and let X = Ker T 0 M for some closed subspace 
M C X. The restriction T|M : M ^ T is one-to-one and onto; let be its 
inverse. Let J : M ^ X he the natural embedding and S = JSq. Then TS — ly. 

□ 

Theorem 17. Let A = {A \ , . . . , An) be an n-tuple of mutually commuting operators 
on a Banach space X. Then: 

(i) (0, ... ,0) ^ o-i(A) if and only if j{SA) > 0 and the space SaX is comple- 
mented; 

(ii) (0, ...,0) ^ (Jr{A) if and only if A\X + ••■ + AnX = X and Ker tja is 
complemented. 

Proof, (i) Let j{SA) > 0 and let 5aX be a complemented subspace of X^. By the 
preceding theorem, there exists an operator S : Xf ^ X such that S5a = /x- If 

we express S in the matrix form as 5 = {Bi , . . . , Bn), we have BiAi~\ \-BnAn = 

Ix- Hence 0 ^ cri{A). 

Conversely, if for some Bi G B{X), then S3 a = Ix for 

S \ Xi X defined by 5(xi 0 • • • 0 ='^BiXi. By the preceding theorem, Sa 
is bounded below and Ran Sa complemented. 

The second statement can be shown similarly. □ 

Corollary 18. Let A = (Ai, . . . , An) be an n-tuple of mutually commuting opera- 
tors on a Hilbert space H. Then 

ai{A) = a^riA) and (Tr{A) = as{A). 

Proof. The spaces are isomorphic to a Hilbert space, so every closed 

subspace is complemented. □ 

Example 19. The preceding result is not true for Banach spaces. An example is 
based on the well-known fact that the space cq is not complemented in £^. 

Let A = Co 0 and let T G B(A) be defined by 

T{{xi,X2, . . .) © {yi, V2, •••)) = ( 0 > 0 , . . .) © {xi,yi,x2,y2, ■ ■ •)• 
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It is easy to see that T is an isometry and RanT is not complemented in X. Thus 

0 G cri{T) \ aT^{T). 

A similar example can be constructed to show that in general dr ^ os. 

Theorem 20. Let T be an operator in a Banach space X. Then 

a{T) = Op{T) U as{T) = ap(T*) U o^{T). 

Proof. Evidently, dp{T)U os{T) C o{T). If A ^ ap{T)U os{T), then T — A is both 
one-to-one and onto. Thus T — A is invertible by the open mapping theorem. 

The second equality follows by duality. □ 

Excunples 21. (i) Let if be a Hilbert space with an orthonormal basis {ei)i>Q. 
The weighted unilateral shift with weights Wi >0 is the operator on H defined by 
Tei = Wiei-^i. Its adjoint (satisfying T*eo = 0 and T*ei+i = Wie{ for z > 0) is the 
weighted backward shift. If H has an orthonormal basis and T is defined by 

Tei — '^ 2 ^ 2+1 (z G Z), then T is called the weighted bilateral shift with weights 

Wi > 0 . 

Weighted shifts are an important source of examples and counterexamples. 
For weighted shifts all spectra are circularly symmetrical since cT is unitarily 
equivalent to T for |c| = 1. 

Let T be a weighted unilateral shift. Then 

||T|| = supwi, 

j{T) = infwi, 
r{T) = limsup(wi • • 

a{T) = {zeC:\z\<r{T)}, 

aST) = {zGC:m{T)<\z\<r{T)}, 

where m(T) = lim„ infi(wi • • • Furthermore, 

{0} U { 2 ; 6 C : \z\ < r'{T)} c (Tp{T*) C {z G C : | 2 ;| < r'{T)} 

where r'{T) = liminf(wo • ■ • 

For bilateral weighted shifts there are similar formulas but a little bit more 
complicated. For example, o{T) = {z G C : m(T) < \z\ < r(T)} and o-jr{T) can 
be in general a union of two annuli. For details see [Shi] . 

(ii) Weighted shifts play an important role in analysis. Let be the Hardy 
space of all functions analytic on the open unit disc satisfying 

ll/lli = ^ sup / |/(re^‘)pdt < 00 . 

0<r<l Jo 

Then is a Hilbert space and the operator of multiplication by the variable 2 : is 
a unilateral shift (with weights equal to 1). Many deep results in analysis can be 
formulated in the language of operator theory, see [Nij. 
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Similarly, weighted shifts can be considered as multiplication operators in 
various spaces of analytic functions (e.g., Bergman spaces), see [Shi]. 

(iii) An important example of commuting n-tuples of operators are multishifts 
and weighted multishifts. 

Let H be Hilbert space with an orthogonal basis e^ (ce € M), where M is 
a “translation invariant” subset of (i.e., m G M, l<j<n=>m-\-€j G M 
where Sj = (0, . . . , 0, 1, 0, . . . , 0)). Define operators 5i, . . . , 5n G B{H) by 

i-i 



Bjem — em-\-Sj (j^ ^ Af). 

Then (5i, . . . , Sn) is a commuting n-tuple of operators. 

More generally, we can define Sjem = Wmjem-\-£j where Wmj (m G M, j = 
1, . . . , n) are positive weights such that Wm^Wm+eij = for all m, i, j. 

The most important examples of the index set M are Z’^ and Z!J: but there 
are many other possibilities (e.g., for n = 2 the sets {(i, j) : ^ + j > 0} or {(i, j) : 
either i > 0 or j > 0}). 

Weighted multishifts can be frequently interpreted as n-tuples of multiplica- 
tions by variables zi, . . . , Zn in various spaces of analytic functions of n variables 
(e.g., in the Hardy and Bergman spaces over the unit polydisc, unit ball etc.). 

(iv) An operator T on a Hilbert space H is called selfadjoint ii T* = T and 
normal if TT* = T*T. A normal operator is selfadjoint if and only if its spectrum 
is contained in the real line. 

The structure of a normal operator is described by the spectral decomposition 




where E is the spectral measure of T and supp E a {T). Normal operators satisfy 
IITII = r(T) and a{T) = a^{T) = as{T). 

Commuting n-tuples of normal operators have similar properties. If T = 
(Ti, . . . , Tn) is an n-tuple of mutually commuting normal operators, then TiTf = 
TjTi {i,j — l,...,n) by the Fuglede-Putnam theorem and ^^^(T) = cr^(T) = 
<j(T). Furthermore, it is possible to express T as 




where E is the joint spectral measure of (Ti, . . . , Tn). 

(v) Let H he a Hilbert space with an orthonormal basis {ei}^>o; let (Q)i>o be 
a bounded sequence of complex numbers. Let T G B{H) be the diagonal operator 
defined by Te^ = CiOi. Then ||T|| = sup{|ci| : i > 0} = r(T), crp{T) = {c^ : i > 0} 
and a{T) = ^^^(T) = cr^(T) = {ci : i > 0}“. 
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Theorem 22. Let T be an operator on a Banach space X. Then there exists a 
Banach space Y containing X as a closed subspace and an operator S G B{Y) 
such that 5|X = T and (clearly, a^{T) c c <t(5) 

whenever S € B{Y), 5|X = T). 

Proof. Let ^ be a closed commutative subalgebra of B{X) containing T. 

Set B = ^ 0 X. Define the norm and multiplication in B by ||^ 0 x|| = 
\\A\\ 0 \\x\\ and (A0x)(yl' 0x') = AA'0 (Aa:' + A'x) {A, A' e A, x, x' e X). Then 
B is a commutative Banach algebra and A A ^ 0 (A G is an isometrical 
embedding A B. 

Let A G C. It is easy to show (cf. Lemma 8.5) that 
df{{T - A) © 0) = df^^\T - A), 



and so 

r®(T©0) = 

By Theorem 4.11, there exists a commutative Banach algebra C D B such that 
ct^(T© 0) = r®(T©0) = £T^(T). 

Consider the operator S : C C defined by 5c = (T 0 0)c (c G C). Then 

C (j^(T©0) =ct^(T). 



For X G X we have 



5(0 0 x) - (T 0 0)(0 0 x) = 0 0 Tx. 

If we identify x G X with 0 0 x G C C, then 5|X = T and a{S) = cFt,{T). □ 

Theorem 23. Let T = (Ti, . . . , T^) be an n-tuple of mutually commuting operators 
on a Banach space X, let 0 ^ Then there exist a Banach space Y D X and 

commuting operators 5i, . . . , 5n, , K G B(Y)^ such that Si\X = Ti (i = 

l,...,n) and ^ 

Proof. We use the construction from the previous theorem and Theorem 5.12. □ 

Theorem 24. Let T G B{X). Then dist{0, cr^(T)} = limn-.oo and 

dist{0, as{T)} = lim„_oo k{Ty/^. 

Proof. Since df^^\P^) = j{T^) and = k{T^), the statement is a 

reformulation of Theorem 8.9. □ 
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The theory of Banach algebras and operator theory are closely related. Ob- 
viously, every result for Banach algebras holds also for operators. On the other 
hand, it is possible to generalize many results for operators to general Banach 
algebras in the following way: 

Let ^ be a Banach algebra and let b E A. Define operators Lb, Rb’ A ^ A 
by LbX = bx, RbX = xb {x E A). For an n-tuple a — (ai, . . . ,an) E c{A) write 
La = {Lai,- ■ -^LaJ, Ra = (Rai, ■ ■ ■ , Ra,,) G c{B{A)). The spectruin of a G c{A) 
in the algebra A and the spectra of La, Ra in B{A) are closely related. 

Theorem 25. Let A be a Banach algebra and a € c{A). Then: 

(i) r,-^(a) = a^^~^\La), r:f^{a) = a^^^\Ra); 

(ii) (jf{a) = = crr{La), (rf{a) = af^-^\Ra) = <Tr{Ra)- 

Proof, (i) By Corollary 13, we have 

a^‘'-^\La) = |a G C" : inf I ||LQ,_A^a;|| : x e A, ||a;|| = l| = 0 

i=l 

n X 

A G : inf I ^ \\{ai - A^)x|| : x E A, |lx|| = l| = 0 > = 

Similarly, cj^^'^\Ra) = 

(ii) We have 

af^\La) = {a G C- : La,-X,A+ • • • + La^-X^A ^ a} 

= I^A G CL : (tti — Ai)vA + • • • + (un — ^ = <j^(a.). 

Since a G ^ La G B{A) is an isometrical embedding, we have Gr^'^\La) C 
G'^{a) = af^‘^\La) C Gr^'^\La), which proves the first statement of (ii). 

The second statement can be proved analogously. □ 

10 Operators with closed range 

Operators with closed range play an important role in operator theory. The fol- 
lowing quantity is closely connected with the closeness of the range. 

Let X, Y be Banach spaces and let T : X ^ T be a non-zero operator. The 
reduced minimum modulus of T is defined by 

7(T) — inf{||Tx|| : x E X, dist{x, KerT} = l}. 

Formally we set 7(0 ) = cxd. 

If T is one-to-one then clearly 7(T) = j{T). 

An operator T : X ^ Y defines naturally the operator Tq : X/KerT 
RanT by Tq(x + KerT) = Tx. 
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Lemma 1. 7(T) = j(To). 

Proof. We have 

j{To) = inf{|lTo(a: + KerT)|| ; ||x + KerTlU/KerX = l} 

= mf{||Tx|| : dist{a;,Kerr} = l} = 7 (T). □ 

The notion of the reduced minimum modulus is motivated by the following 
characterization: 



Theorem 2. Let T : X Y be an operator. Then RanT is closed if and only if 
7(T) > 0. 

Proof. The statement is clear for T = 0. If T ^ 0 then RanT = Ran To and 
Ran To is closed if and only if j(To) >0. □ 



Theorem 3. 7 (T) = 7 (T*) for every operator T : X -^Y. 

Proof. By Theorem 2, 7 (T) = 0 if and only if 7 (T*) = 0. 

Let 7 (T) > 0; so RanT is closed. We have T = JTqQ, where Q : X 
X/KerT is the canonical projection, To : X/KerT RanT is one-to-one and 
onto and J : RanT Y is the natural embedding. The corresponding decompo- 
sition for T* is T* = Q*T^J*. We have j{T) = j{To) = ||To-^||-i = ||To“i~' = 
j(To*) = 7(T*). □ 



CoroUary 4. Let T G B(X, Y). Then 

7 (T) = sup{c > 0 : TBx D c • (By (7 RanT)}. (1) 

In particular, ifT is onto then j{T) = k{T). 

Proof. Let T = JTqQ be the canonical decomposition of T as above. Suppose 
first that RanT is closed. Then 7 (T) = j(To) = ||Tq~^||“^ = k{To). Further, 
k{To)k{Q) < k{ToQ) < k{To)\\Q\\ and k{Q) = 1 = ||0||; so 

k{To) = k{ToQ) = sup{c > 0 : TqQBx D c • {By H RanT)} 

= sup{c > 0 : TBx L) c{By fl RanT)}. 

If RanT is not closed then y{T) = 0. We show that the right-hand side of 
(1) is also equal to 0. Suppose on the contrary that there is a c > 0 such that 
TBx ^ c • {By n RanT). Then T induces an isomorphism from X/KerT onto 
Ran T. Thus Ran T is complete and hence closed, a contradiction. □ 
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The reduced minimum modulus 7 is closely connected with the gap function: 
Definition 5. Let M, L be subspaces of a Banach space X. Define 

S{M,L)= sup dist{x,Z/}. 

xeM 

The gap S{M^L) is defined by 6{M,L) = max{5(M, L), 5(L, M)}. 

The gap measures the “distance^ between ^wo subspaces. Clearly, 0 < 
6{M,L) < 1, 6{M,L) = 5{M,L) and S{M^L) = S{M,L). For closed subspaces 
M and L we have S{M, L) = 0 if and only if M C T and S{M, L) = 0 M = L. 
The following result is a kind of triangular inequality. 

Lemma 6 . Let Mi, M 2 , M 3 be closed subspaces of a Banach space X. Then 

J(Mi, M3) < ( 5 (Mi, M2) + J(M2, M3) + S{Mi , M2)J(M2, M3). 



Proof. Let x G Mi, \\x\\ < 1. Then there exists y G M2 with ||x — y|| < J(Mi,M2). 
Clearly, || 2 /|| < ||a:|| + \\x — 2 /|| < 1 + ^(Mi,M 2 ) and there exists z G M 3 with 
||y-^|| < (1 + (5 (Mi,M 2))(5(M2,M3). Hence 

dist{x, M3} < \\x - zll < ||x - y\\ -f \\y - 2:|| 

< (5(Mi,M2) T(5(M2,M3) +^(Mi,M2)5(M2,M3). □ 



Lemma 7. Let M be a closed subspace of X, x G X and / G X*. Then: 

(i) dist{a;,M} = sup{|(a;,5)| : g € ||^|| < l}; 

(ii) dist{/, M-*-} = sup{|(m, /)| : m G M, ||m|| < l}. 

Proof, (i) Let Q : X ^ X/M be the canonical projection. By Theorem A. 1.20, 
Q* : (X/M)* ^ X* is an isometry with range M-^. Then 

dist{x, Mj - IIQxll =sup{|(Qx,/i)| : h G (X/M)*,||/i|| < 1} 

= sup{|{a;,(3’/i)| : h e {X/M)*, ||/i|| < 1} = sup{ | (x, c/) | : g e M^, HgH < 1}. 

(ii) Let J : M ^ X be the natural embedding. By Theorem A. 1.19, for 
/ € X* we have J* f = f\M and || J*/ll - 11/ + M^||x./m-- Thus 

dist{/, M-*-} = 11/ + M-^Wx. /M-^ — II/I-^IIm* 

= sup{|(m,/)| : m e M, ||m|| < 1}. □ 

Theorem 8. Let M, L be closed subspaces of X. Then 5{M, L) = 5{L^,M-^) and 
S{M,L) =S(L-^,M-^). 
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Proof. We have 

5{M,L)= sup dist{x,L}== sup sup \{x^g)\ 

x£Bm xClBm gC:Bj^± 

= sup sup |(x,^)| = sup dist{^, M“*“} = □ 

geB^j_ xEBm 



The following result is intuitively clear but the proof is surprisingly deep; it 
uses essentially the Borsuk antipodal Theorem A. 1.26. 



Lemma 9. Let M and L be suhspaces of a finite-dimensional Banach space X such 
that dimM > dimL. Then there exists m E M such that \\m\\ = 1 = dist{m,L}. 



I U-\-V I 

I 2 I 



< 1 for all u^v E 



Proof. Suppose first that X is strictly convex, i.e., 

X, ||u|| = \\v\\ — 1 and u ^ v. 

Let Sm = ^ Af : ||m|| == 1} be the unit sphere in M. For m E Sm let 

d{m) = dist{m,L}. If / G L, ||/|| > 2 then \\m — l\\ > ||/|| — ||m|| > 1 > d(m); 
so d{m) = inf{||m — l\\ : I E T, ||/|| < 2}. From the compactness of the ball 
{/ G L : ||/|| < 2} it follows that there is a vector g{m) E L nearest to m, 
\\m - g{m)\\ = d{m). 

Moreover, g{m) is determined uniquely by this property. Indeed, if /, I' E L, 



I 7 ^ I' and 



\m ■ 



\\m — I'W = d{m) then 



m — 



i±L_ 



< d{m), 



a contradiction. Consequently, g{—m) = —g{m). 

We show that g is continuous. Suppose on the contrary that there is a se- 
quence (mk) in Sm converging to an m G Sm such that g{mk) -h Passing 

to a subsequence if necessary, we may assume that g{mk) — > I for some I E 
I ^ g{m). 

Set e = \\m — ^|| — ||m — «/(m)||. By assumption, e > 0. Choose k such that 
||mfc — m\\ < e/3 and \[g{mk) — i|| < e/3. Then 



mk-g{m)\\ < \\mk - m\\ + \\m - g{m)\\ < e/^ \\m - l\\ - s 

< \\m - Z|| - ||m - m/cll - ||/ - g{mk)\\ < \\mk - g{mk)\\, 



which is a contradiction with the definition of g{mk)- Hence g : Sm —>■ L is 
continuous. 

By the Borsuk antipodal theorem, there exists m E M with ||m|| = 1 and 
g(m) — 0. Thus dist{m, L] ~ \\m - g{m)\\ — ||m|| = 1. 

In the general case choose any Hilbert norm 1 1 1 • 1 1 1 on X and define strictly 
convex norms || • ||n = || * || + ;^||| • ||| for n G N. Let G M be vectors satisfying 
1 1 I In = 1 == distn{mn, T}, where dist^ means the distance in the sense of || • ||^. 

Evidently, ||mn || < 1 for all n. Passing to a subsequence if necessary, we can assume 
that (rUn) is a convergent sequence. Its limit m clearly satisfies the conditions 
required. □ 
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Corollary 10. Let M,L be subspaces of a Banach space X. If S{M,L) < 1 then 
dimM < dimL. If S(M,L) < 1 then dimM = dimL. 

Proof. The first statement is clear if dimL = oo. Suppose on the contrary that 
S{M,L) < 1, dimL < oo and dimM > dimL. Choose a subspace Mq C M 
with dim Mq = dim L + 1. By the previous lemma for the finite-dimensional space 
Mo + L, there exists m G Mq C M with ||m|| = 1 = dist{m,L}, which is a 
contradiction with the assumption that J(M, L) < 1. 

The second statement follows from the first one. □ 



Remark 11. Note that the dimension of a subspace is either finite or it is equal to 
oo (we do not distinguish different infinite cardinalities). 

In most of the applications it is sufficient to replace the preceding result by 
the following statement which can be proved quite elementarily: if L C X then 
there exists £ > 0 such that 5(M, L) < s => dim M < dim L. 



Lemma 12. Let T, T' G B{X,Y) and let RanT be closed. Then: 

(i) 5(KerT',KerT) < 7 (T)-i||T - T'||; 

(ii) (5 (RanT, RanT') < 7 (T)-i||T - T'||. 

Proof. Let s be a positive number, s < 7(T). 

(i) Let X e Kerr, ||a;|| = 1. Then \\Tx\\ = ||(T - T')x\\ < \\T - T'\\. There 
exists xi ^ X such that Tx\ = Tx and ||xi|| < s“^||Ta:|| < s“^||T — T'||. Since 
X — G KerT, we have 

dist{x,KerT} < ||x- (x-xi)|| = ||xi|| < s-^||T-T'||, 

and so ^(Ker T', KerT) < s-^\\T-T'\\. 

Hence ^(Ker T', KerT) < 7 (T)-i||T - T'||. 

(ii) Let y G RanT, ||^|| = 1. Then there exists x G X such that Tx = y and 
||x|| < So 

dist{ 2 /,Ranr} < \\y-T'x\\ = \\{T - T')x\\ < s~^\\T - T'\\ 
and (5(RanT,Ranr) < s“^||T — T'\\. 

Hence S{Ra.nT,RanT') < 7 (T)-i||T - T' ||. □ 



Lemma 13. Let T,T' G B{X,Y) and <S(KerT, KerT') < 1/2. Then 



1{T)< 



IIT-r|| + 7(r) 

l-2<5(Kerr,KerT')' 



Proof. If T' = 0 then the inequality is clear. If T = 0 then the assumption 
<5(KerT, KerT') <1/2 implies that T' = 0; so the inequality is also clear. Suppose 
that T ^ 0, T' 7 ^ 0. Let e be a positive number, e < 1 — 2<5(KerT, KerT'). Find 
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x' e X \ KerT' such that dist{:^ kUt'} - (1 + Find x ^ X such that 

T'x = T'x' and Hx|| < (1 + e) distjx', Ker T'} = (1 + dist{x, Ker T'}. Obviously, 
X ^ 0. We have 

\\T'x\\ < (l + £) 7 (T')dist{x,KerT'} < {1 + e)\\x\\j{T'). 



Furthermore, 



dist{x,KerT} = inf{||x — u\\ : u ^ KerT, \\u\\ < 2||xH}. 

For every u G KerT with \\u\\ < 2||xH there exists 2: G KerT' such that 

\\u-z\\ < 2||x||J(KerT,KerT'). 

Then [[x — it|| > ||a: - 2|1 - ||i^ - 2:|| > dist{x, KerT'} — 2||x||(5(KerT, KerT'). Thus 
distjx, KerT} > distjx, Ker T'} — 2||x||(S(Ker T, KerT') and 

^T) < < ||(T-r)rr|| + ||rcr|| 

’ - dist{a;,KerT} “ dist{x, KerT'} - 21|a;||5(KerT, KerT') 

^ ||T-T'|M|x|| + (l + £)|N|7(T') _ ||T-T'|| + (1+£)7(T') 

- (1 +£)-i||x|l -2||x||(5(KerT,KerT') (1 +£)-i - 2<5(KerT,KerT')‘ 

Letting e 0 gives the required inequality. □ 

Theorem 14. Let c > 0. Then the set {T G B{X, Y) : 7(T) > c} is closed. 

Proof. The statement is clear for c = 0. Suppose that c > 0, 7(T^) > c and 
\\T — Tn\\ -^0. We prove that 7(T) > c. By Theorem 3, it is sufficient to show 
that 7(T*) > c. 

Let y* G Y* and 0 < e < c. For each n find G F* such that T*t/* = T*y* 
and ||y*|| < (c-e)-i ||T*y*||. Since closed balls in Y* are ic*-compact, there exists 
a 1C* -accumulation point of the sequence {y*}. 

We show that T*u* = T*y*. Let x e X. Then there exists a subsequence 
(y*^) such that (Tx,y*^) (Tx,t/*). We have 

(x,T*u*) = (Tx,w*)= lim(Tx,t/:j= lim(T„,x,2/:j 

k^oo k^oo 

= Urn {x,T:y) = lim (T„,x,y*) = {Tx,y*) = {x,T*y*). 

/c— >oo k^oo 

Hence T*u* = T*y* and 



||w*ll < lim sup II?/; II < (c-e) ^TVII- 

n 

Thus 7 (T*) >c — e. Letting e ^ 0 gives y(T) = 7 (T*) > c. □ 
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Corollary 15. The function 7 : B{X,Y) (0,oo) is upper semicontinuous. 
Example 16. In general, 7 is not continuous. Let 



Then j{Tn) = 1/n, Tn T and 7 (T) = 1. 

Theorem 17. Let X,Y he Banach spaces, T,Tk G B{X,Y) {k = 1,2,...), sup- 
pose that T has closed range and let limA:^oo \\Tk - T\\ — 0. Then the following 
statements are equivalent: 

(i) 7(T) = limk^oo 7(Tk); 

(ii) liminffc-^oo7(^/c) > 0; 

(hi) lim/e_oo (J(KerT, KerT/e) = 0; 

(iv) lim/c-^oo ?(KerT,KerTfc) = 0; 

(v) limA:->oo <^(RanTfc, RanT) = 0; 

(vi) lim/e->oo <^(RanT/e, RanT) = 0. 

Proof. We have lim J(Ker T^, Ker T) = 0 and lim J(RanT, RanT/^) = 0 by 

fc— >00 k—^oo 

Lemma 10.12. This means that (iii)<^^(iv) and (v)<t^(vi). 

The implication (i)=^(ii) is clear. 

(ii) =^(iii): There exists a positive constant s such that j{Tk) > s for all k 
large enough. By Lemma 12, we have S{KeTT,KerTk) < ^{Tk)~^\\Tk — T\\ < 

||T/e — T||, and so limk^cx) S{KerT, KerTk) = 0. 

(iii) =4>(i): For k large enough we have <5(Ker T, KerT/c) < 1/2. By Lemma 13, 

l{Tk) > (l-2J(KerT,KerTfc))7(T)-||Tfc-T||,andsoliminffc^oo7(Tfc) >7(T) > 

0. Since y(T) > limsup/._^oo 7(^/c) by Corollary 15, we have y(T) = liuik-yoo 7(^fc)- 
(v)4=>(i): The following statements are equivalent: 

lim/e->oo (5(RanT/e,RanT) = 0; 
lim/c_>oo (^((RanT)-^, {RanTk)^) = 0; 
limfe^oo 5(KerT*,KerT^*) = 0; 
limfc_oo7(^fc) = 7(^*); 

limfc_>oo 7(^/c) = liT). □ 

Corollary 18. Let T,Tk G B{X,Y) {k — 1,2,...), lim/e^cx) \\Tk ~ T\\ =0 and 
let limsup;.^^^ 7(T/e) > 0. Suppose that y e Y and yk G RanT^ such that 
lim /,^00 yk = y- Then y G RanT. 

Proof. Without loss of generality we can assume that inf;^^oo 7(^/c) > 0. By 
Corollary 15, we have 7 (T) > lim/e^oo 7(^fc) > 0. Thus RanT is closed and 




and 
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S{RanTkj RanT) ^ 0. For every k find a vector y'j^ G RanT such that \\yk — y'kW ^ 
\\yk\\' (^(Ranrfc,RanT) + So 

dist{ 2 /,RanT} < \\y - y'f,\\ < \\y -Vk\\ + WVk ~ y'kW 
< \\y - VkW + WvkW ■ ((5(RanTfc,RanT) + k~^) 0 

as k ^ oo. Since RanT is closed, we have y G RanT. □ 

Corollary 19. Let e > 0. Then the function T i— > 7 (T) is continuous on the set 
{TgB{X,Y):j{T)>s}. 

Definition 20. Let M be a metric space, let T : M Y) be a norm-continuous 

function and let tc G M. We say that the function T is regular at w if the range 
of T{w) is closed and the function z i-^ j{T{z)) is continuous at w. We say that 
T is regular in M if T is regular at each point w e M. 

The following theorem is an easy consequence of Theorem 17. 

Theorem 21. Let M he a metric space, let T : M B{X, Y) he a norm-continuous 
function and let w G M. Suppose that Ran T{w) is closed. Then the following 
statements are equivalent: 

(i) T is regular at w; 

(ii) liminf;,_>^^;7(T(z)) > 0; 

(hi) lim^^iu 5(KerT(u;),KerT(z)) = 0; 

(iv) lim; 2 ^-u; J(Ker T(u;), Ker T(z)) = 0; 

(v) lim^^^t; (5(RanT(z), RanT(ic)) = 0; 

(vi) lim^-^u; (5(RanT(z), RanT(ic)) =0. 

Corollary 22. A norm-continuous function T : M ^ 1S{X, Y) is regular at w £ M 
if and only if the function z e M T{zY e B{Y*,X*) is regular at w. The set 
{u; G M : T is regular at w} is open. 

Examples 23. (i) Let T be an operator on a finite-dimensional Banach space X. 
Then 

Ker(T - z) = {0} ^ z ^ a{T) ^ Ran(T - z) = X. 

Thus the function z ^ T — z is regular on the set C \ <j(T) and it is not regular 
at the points of spectrum. 

For A G cr{T) both Ker(T — z) and Ran(T - z) are discontinuous: Ker(T — A) 
is “larger” than Ker(T — z) and Ran(T — A) is “smaller” than Ran(T — z) for z 
close to A. 

By Theorem 21, this is a general fact for norm-continuous functions with 
closed range: continuity of the range is equivalent to the continuity of the kernel. 
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(ii) Let T : M B{X,Y) be a norm-continuous function, w e M and 
suppose that T{w) is bounded below. Then T{z) is bounded below in a certain 
neighbourhood U of ic, so KerT( 2 ^) = {0} for 2 : G /7 and T is regular at w. 

(hi) Similarly, if T{w) is onto, then there is a neighbourhood U of w such 
that T{z) is onto for z e U. So RanT{z) = Y ior z e U and T is regular at w. 

(iv) Let X,Y,Z be Banach spaces, let T : M ^ B{X,Y) and S : M 
B(Y^ Z) be norm-continuous functions satisfying S{z)T{z) = 0 for 2 : G M. Let 
w G M, and suppose that Kei S{w) — RanT(ic) and RanS'(^^;) is closed. Then 
lim^-^^,; (5(RanT(ic), RanT( 2 ;)) = 0 and lim^^^^ 5 (Ker 5 ( 2 :), Ker 5(ic)) = 0 by 
Lemma 12. Thus 

(5(Ranr(^),Ranr(i/;)) = (^(RanT(^), Ker 5(w;)) < (^(Ker 5 ( 2 ), Ker ^0. 

Similarly, 6 (Ker S{w), Ker S{z)) < (Ran Ran T( 2 ;)) — > 0. Hence T and S 
are regular at w. 

In fact, (ii) and (iii) are particular cases of (iv) for either X — t) or Z = t). 

If the function T is not only continuous but also Lipschitz, then we have 
better information about the behaviour of the function 2 ; 1 -^ 'y{T{z)). 

Theorem 24. Let M be a convex subset of a Banach space Z, let k > 0 and let 
T : M ^ B(X,Y) be a regular function satisfying \\T{z) — T{w)\\ < k - \z — 
w\ ( 2 :, w G M). Then | 7 (T( 2 :)) — 'y{T{w))\ < Sk ■ \z — w\ for all z^w ^ M. 

Proof. Fix z,w e M and e > 0. Let S : (0, 1) — > B{X,Y) be defined by S{t) = 
T{z-\-t{w — z)). So S{0) =T{z), 5(1) = T(w) and ||5(f) — 5(5)|| < k\t — s\'\\z — w\\. 
We first prove that for every t G (0, 1) there exists rjt > 0 such that 

7(5(f)) - j{S{s)) < (3 + e)k\t - s\ • Ify - w\\ {s G Ut), 

where Ut = {s e (0,1) : |s - < 77 ^}. To see this, take r]t such that < 

1 + e/2 {s G Ut) and r]t < 2 k\\z-T \ \ ' niin{7(5(u)) : 7 / G (0, 1)}. For s e Ut we 
have 

\\S{t) - 5(s)|| < Tjtk\\z - 7x;|| < - min{7(5(u)) : 7 / G (0, 1)}. 

So, by Lemma 12, S (Ker S{t), Ker S{s)) < 1/2. By Lemma 13, 

. \\S{t)-S{s)\\+j{S{s)) 

^ - l-26{KerS{t),KerS{s))' 

and so 

7(5(t)) - 7(5 (s)) < \\S{t) - 5(s)|| + 27 ( 5 (i))<J(Ker 5 (t),Ker 5(s)) 

<\\S{t)-S{s)\\+2^^y\\S{t)-S{s)\\ 

<{Z + e)\\S{t)-S{s)\\ 

< (3 + e)k\t — s\ • \\z — w\\. 
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Let to = max{5 G (0,1) : 7(5(0)) — 7 ( 5 ( 5 )) < (3 + e)ks\\z — If to < 1 
then for ti with to < < ^0 + Vto we have 7(5(0)) — 7(5(ti)) < 7(5(0)) — 

7(5(to)) + 7(5'(to)) - 7 {S{ti)) < (3 + e)kto\\z - w\\ + (3 + e)k{ti - to)\\z - w\\ = 
(3 + e)kti\\z — w\\, a contradiction with the maximality of to- Thus to = 1 and 
j(T(z)) - j(T(w)) = 7 ( 5 ( 0 )) - 7 ( 5 ( 1 )) < (3 + e)k\\z - Letting s ^ 0 gives 
7(T(4) - 7 {T{w)) < 3k\\z - w\\. 

The statement of the theorem now follows by symmetry. □ 



11 Factorization of vector- valued fmictions 

In this section we study in more detail regular and analytic regular functions. 

Theorem 1. Let M be a metric space, let T : M ^ B(X, Y) be a regular function 
and let f : M Y be a continuous function satisfying f{z) G RanT(2) {z G 
M). Let £ > 0. Then there exists a continuous function g : M ^ X satisfying 
T{z)g{z) = f(z) and ||i^( 2 :)|| < ||/(2)|1 • 7 (T( 2 ))-i + £ for all z£ M. 

Moreover, if wq ^ M and xq e X satisfy T{wo)xq = f{wo) and ||xo|| < 
||/(^o)|| * 7(^('^o))~^ + then it is possible to choose g : M ^ X in such a way 
that g{wo) = xq. 

Proof. Note that the function ^ 1 -^ 'y{T{z)) is continuous and positive in M. 

We first prove an approximate version of the theorem. 

Claim A. Let T \ M B{X, Y) be regular, f : M ^ Y continuous, let f{z) G 

RanT( 2 :) for all z G M, let e > 0, u;o G M, xq G X, T(wq)xo = f{ruo) and ||xo|| < 
||/(^o)|| '7(^(^o))~^ Then there exists a continuous function h : M X such 
that h{wo) = xo, \\T{z)h{z)-f{z)\\ < e-^{T{z)) and ||h(2)|| < \\f{z)\\-y{T{z))-^+e 
for all 2: G M. 

Proof of Claim A. For every w G M find a vector Xyj G X with T{w)xyj = f{w) and 
ll^^tull < ||/(i^)|| 7 (T(ti;))~^ +e; for w = wq set x^^ = xq. Choose a neighbourhood 
oiw such that \\T{z)xu} - f{z)\\ < s-'y{T{z)) and ||x^^|| < ||/( 2 :)|| 7 (T( 2 :))”^ + £ 
for all 2; G Uyj. 

For w ^ Wo we can also assume that wo ^ Then {Lf^ : w G M} is an 
open cover of M. 

Let {^cx] a partition of unity subordinate to this cover, i.e., ipo, : M — > 
(0, 1) are continuous functions, for each a there exists a point G X such that 
supp(/^c^ C Lfx^^ for each z G M there is a neighbourhood V of 2: such that 
supp ipa n F / 0 for only a finite number of o’s, and ~ ^ ^ 

see A.3.1. 

Set h{z) = (pc^{z)xa- The sum is well defined, the function h{z) : M ^ X 
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is continuous and 

\\Tiz)h{z)-f{z)\\ = 



T{z)(po,(z)Xa - f{z) 

ai^Gsupp if a 



Yj ^oc{z){T{z)xa- f{z)) <Y^»iz)-s-'y{T{z))=S"y{T{z)) 

a:zeUxa oc 



for all 2 G M. 

Furthermore, 



^(^o) = Y ‘Pa{wo)Xc, = Xo 



lUoGsupp fc 



and 



ii/^wii = II E 

^-^Uxcc 

Y Mz){\\mUT{z))-' + e) 



< 



Z^iUx 



\\f{z)UT{z))-^+e. 



Proof of Theorem 1. Using Claim A, we can find a continuous function h\ : M ^ X 
such that \\T{z)hi{z) - f{z)\\ < e/3-j{T{z)), ||hi(z)|| < ||/(z)|| ■ 'f{T{z))-^ + 
e/3 {z G M) and hi{wo) = xq. 

Set fi(z) = f(z) - T{z)hi{z). So fi{z) e RanT(z), ||/i(z)|| < 'r{T{z)) ■ e/3 
for all 2 G M, and fi{wo) — 0. For z = 2, 3, ... we construct inductively functions 
hi, fi : M X such that ||/i_i( 2 ) - T{z)hi{z)\\ < s3~^^{T{z)), 

hi{w{)) = 0 and fi{z) = fi-i{z) — T{z)h^{z) G Ran T( 2 ) for all z e M. Thus 
||h^(2)|| <3 -'+i^ + 3-'£. 

Set g{z) = hi{z). The sum converges uniformly in M, and so g : 

M X is a continuous function. We have g{wo) = hi{wo) = xq, 

oo oo 

\\g{z)\\ < Y < ll/(")ll • 7(T(^))-' + 1 + E(a^ + I) 

= \\fiz)\\-f{f{z))-^+e, 



and 



T{z)g{z) = E^(^)^i(^) = /W - /iW + 

2=1 2 = 2 



for all 2 G M. 



□ 
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An alternative proof of Theorem 1 can be done using the Michael selection 
theorem, see Theorem A. 4. 5. In fact, the method of the present proof can be used 
to prove also the Michael selection theorem. 

Lemma 2. Let X,Y,Z be Banach spaces, let T : X Y and S : Y Z be 
operators satisfying ST = 0. The following statements are equivalent: 

(i) Ran T = Ker S and Ran S is closed; 

(ii) Ran S* = Ker T* and Ran T* is closed. 

Proof. (i)=> (ii): It is clear that RanT is closed, and so is RanT*. We have 
T*S* = 0, and so Ran S'* C KerT*. 

Let y* G KerT*. For all x G A we have {Tx,y*) = (x,T*y*) = 0. Define a 
functional z* G (RanS)* by 

{Sy,z^) = (y,y*) {y &Y). 

If Sy = 0 then y G RanT and (y, y*) = 0, so z* is well defined. 

We show that z* is continuous. Let 0 < 5 < 7(S) and z G RanS, ||2:|| = 1. 
Then there exists y G K with ||y|| < s~^ and Sy = z. Hence 

= \{Sy,z;)\ = |(y,2/*)| < ||y|| • |bl < s-^\\y*\\. 

Hence z* is continuous. By the Hahn-Banach theorem, we can extend z* to a 
functional z* G Z* with the same norm. Furthermore, for all y G T we have 
(y,S*z*) = (Sy,z*) = (y,y*), and so y* = S*z* G RanS*. Hence KerT* = 
RanS*. 

(ii) => (i): RanS* is closed, and so is RanS. Similarly, RanT is closed. By 
the previous implication, RanT** = KerS**. Hence, by Corollary A. 1.17, 

RanT = RanT** H T = KerS** H K = KerS. □ 

The following lemma is useful in many situations: 

Lemma 3. Let X, Y, Z be Banach spaces, let T : X ^ Y and S : Y Z be 
operators satisfying Ran T = Ker S and let Ran S be closed. Let 0 < c < 1 . Then 
there exists e > 0 such RanT' = KerS', y(T') > c • y(T) and y(S') > c • y(S) 
for all pairs of operators T' : X ^ Y and S' : Y ^ Z satisfying ||T' - T|| < s, 
||S'-S|| <e and S'T' = 0. 

Proof. Consider the metric space 

A = {(T', S') : r e B(X, Y), S' e B{Y, Z), S'T' = O} 

with the metric dist{(T', 5), (T", 5")} = max{||T' — T"||,||5' — 5'"||}. Let Qi : 
A ^ B(X, Y), Q2 : A ^ B(Y, Z) be defined by Qi(T', S') = T', Q 2 {T', S') = S'. 
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By Example 10.23 (iv), the functions Qi, Q2 are regular at (T,S), and so 
they are regular in a certain neighbourhood of (T, S'). In particular, there is a 
positive e' such that (T',S') G A, ||T' — T|| < 5' and ||S' — S|| < e' implies that 
7(T') > c • 7(T) and 7(S') > c • 7(S). 

Let £ = minje', ^7(r), |7(S)}, ||T' — T\\ < e and \\S' — S|| < £. By Lemma 
10.12, we have 5(Ker S', Ker S) < 1/3 and 5(RanT, RanT') < 1/3. Furthermore, 

(5(KerS',RanT') 

< 5{Kei S', Ker S) + J(Ker S, Ran T') + S{Kei S', Ker S) • c^(Ker S, Ran T') 

< 1/3 + 4/3 5(KerS,RanT') = 1/3 + 4/3 5(RanT, RanT') < 1. 

Since RanT' C Ker S', we conclude that RanT' = Ker S'. □ 

Theorem 4. Let M be a metric space, let T : M — > B{X,Y) be a continuous 
function such that RanT{z) is closed for all z G M. The following statements are 
equivalent: 

(i) T is regular in M; 

(ii) there exist a Banach space Z and a continuous function S : M ^ B{Z,X) 
such that RanS(2^) = KerT(z) {z G M); 

(iii) there exist a Banach space Z' and a continuous function V : M ^ B(V, Z') 
such that RanT{z) = KerK(2:) and RanV{z) is closed for all z e M. 

Proof. By Example 10.23 (iv), either (ii) or (iii) implies (i). 

(i)=^(ii): Let (^a)aeA be the set of all continuous functions : M X such 
that T{z)ga{z) = 0 and ||^a(2^)|| <1 {z e M). By Theorem 1, for all re G M and 
X G Ker T{w) with ||x|| < 1 there exists o; G A with ga{w) = x. 

Let Z be the space over the set A, i.e., Z is the set of all functions c : A ^ C 
with ||c|| = Ecga ^ define S{z) : Z ^ X by S{z){c) = Y^aeA ' 

9a{z) {z G M). It is clear that 

||5(z)c|| < ^ |c(a)| • ||5a(^)|| < E |c(a)| = ||c||, 

aGA qGA 

and so ||S(2:)1| < 1. Further, RanS(2;) = KerT(2:) for all z £ M. 

(i)=^(iii): The function : M ^ B(K*,X*) defined by T*(z) = (T(^))* 
is regular in M, and so, by (ii), there exist a Banach space Z and a continuous 
function S : M B{Z,Y*) such that Ran S(2:) = Ker T*(2:) {z G M). By 
Lemma 2, Ran(T(2))** = Ker(S(z))* {z G M). Set Z' — Z* and let K : M ^ 
B{Y,Z') be the restriction V(z) = (S(z))*|T. By Corollary A. 1.17, 

RanT(z) = K n Ran(T(z))** - K fl Ker(S(z))* - KerV{z) {z £ M). 

It remains to show that RanK(z) is closed. Fix 2: G M. Write E = 
Y/^ Ran S{z) and let Q : T ^ E be the canonical projection. By Theorem A. 1.11, 
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is isometrically isomorphic to (-^ Ran *S(z))-^ = Ran5(2:), since Ran S{z) = 
KevT{zy, and therefore it is rc*-closed. Furthermore, Q* is an isometrical embed- 
ding of E* into Y*. Thus we can write S{z) = Q*Sq for the operator So : Z E* 
induced by S{z). It is clear that So is onto. Consequently, S{zy : Y** Z* can be 
written as S{z)* = Then we have RanF(z) = SqQ**Y = SqQY = SqE. 

Since Sq is bounded below, we conclude that Ran V (z) is closed. □ 

In the following we study analytic regular functions. 

For w = {wi , . . . , Wn) G and r > 0 we write 

A{w,r) = {{zi,...,Zn) e C” : \zi - Wi\ < r {i = 

and 

A{w,r) - {(zi, . . . ,z„) G C” : |zj - Wj| < r = . ,n}. 

For simplicity we start with functions of one variable. 



Theorem 5. Let G be an open subset of C, let T : G Y) and f : G ^ Y be 

analytic functions, let w,Wk ^ G (/c = 1, 2 . . .), lim Wk = w, lim sup ^(T{wk)) > 

/c^oo 

0 and f{wk) G RanT{wk) {k = 1,2...). Then there exist a neighbourhood U of 
w and an analytic function g : U X such that T{z)g{z) = f{z) {z e U). 

More precisely if r and s are positive numbers such that A{w,r) C G,s < 
min{l,'y{T{w))} and M = max max{l, ||T( 2 :)||, ||/( 2 ;)|| }, then we can taice /7 = 

zEA{w,r) 

A{w,r') where r' = If x e X satisfies T{w)x — f{w) then there exists an 
analytic function g \ U X such that g{w) = x,T{z)g{z) = f{z) and ||^(z) — x|| < 
max{l, ||a;||} for all z eU. 

Proof. Without loss of generality we can assume that w = 0. Then 7(T(0)) > 

limsupfc^o„7(T(M;fc)) > 0. 

OO 

Let r, 5, M and x satisfy the conditions of the theorem. Let T{z) — ^2 

2 = 0 
OO 

and f{z) = Taylor expansions of T and / about 0. Then ||Ti|| < ^ 

and ||fy|| < ^ (i = 0, 1,. . .). Set r' = ^ and f/ = A(0,r'). 

To find the required analytic function g : U ^ X, it is sufficient to construct 
its coefficients gi E X (i = 0, 1, . . .) such that go = x, 






9i 



2=0 



( 1 ) 



and < r' ^ max{l, \\x\\} for all z > 0. Indeed, if gi (z = 0, 1, . . .) satisfy (1), 
then g{z) = Y22^o9^^^ convergent in U, g{0) = x, T{z)g{z) = f{z) and 

OO OO II 

\\g{z) - x|| = < Y ■ 1^1' - "Y \ ' \ 

i=i i=i ^ 1^1 
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We construct the vectors gi ^ X (z = 0, 1, . . .) satisfying (1) inductively. Suppose 
that we have already found elements Qq — x,g\, . . . , gm-i ^ X with properties (1). 
For k large enough we have \wk\ < r' < r. Set 



m— 1 

Vk = f{wk) - w\T{wk)gi e Ra.nT{wk) 

i=0 



and 



m— 1 m — i 



y'k = Y^ fj^k 

j=0 



2 = 0 / = 0 

Clearly, y'^ is an approximation of yk and 

m— 1 



Wvk-y'kW = 



S E ^Jki+E E Kritaii =-< 



fj'^k - H ( Y '^kTi 

j=rn+l 2=0 ^/=m — 2+1 

m-l oo ^ 



jzz:m+l 



rJ 



m+li 

l> 



i=0 l=irn — i-\-l 



where c is a constant independent of k. 

Set u = fm — ^rn-jgj- Using the induction assumption, we have 



m— 1 



m—1 



Wy U 



— '^k \ fm '^m-jgj j + I fi ^^Ti-jgj j — yj^. 



j=0 



2 = 0 



j=0 



Furthermore, G Ran T{wk) and 






k—^oo Wj^ k^oo 



k^oo Wu 



By Corollary 10.18, u G RanT(O). Thus there exists a vector gm ^ X with 



T{Q) 9 m ^u = fm- E ?=0 Tm-j9j and 



m— 1 



/ A /f ' ^ 

\\9m\\ < <s“M ;:^ + I] 



M 1 



iy»l ! I rp in J J 

j=0 



max{l, Ifyll 



< max{l, X } • — ( h > — ) 

^ j=0 / 

]\/fm , ^~} \ 

< max{l, ||x||} • (l + E 2') = 



j=0 



This finishes the induction step and also the proof. 



□ 
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Corollary 6. Let G be an open subset of C, w ^ G and let T : G ^ be an 

analytic function. Then: 

(i) the limit lira 'y(T(z)) exists; 

(y) T is regular at w if and only if lira ^(T{z)) > 0. 



Proof. Both statements are trivial if limsup 7 (T( 2 :)) = 0. 

2 — yw 

If limsup 7 (T( 2 :)) > 0, then there exists a sequence (wk) converging to w 

z—^w 

such that limsup7(T(u;A:)) > 0. Thus 'y{T{w)) > 0. 

k 

We show that T is regular at w. Let f : G Y he identically equal to 0 
and let U be the neighbourhood of w constructed in the previous theorem. For 
X e Ker T{w), \\x\\ = 1 we can find an analytic function g : U ^ X such that 
g{w) = x,T{z)g{z) = 0 (z eU) and ||g(z) - x|| = \\g{z) - c/(w)|| < c{z) ■ |z - w\, 
where c{z) is a constant independent of x and limsup^^^ c{z) < oo. Since g{z) G 
KerT(z), we have dist{x, Ker T( 2 ;)} < c{z)\z — w\, and so 

lim S(KevT(w),KevT(z)) = 0. 

z—^w ^ ^ 



Hence T is regular at w and lim^-^u; ^{T[z)) = ^{T{w)). □ 

Corollary 7. Let G be an open subset of C and let T : G ^ Y) be an analytic 
function. Then the set of all w E G such that RanT(ic) is closed and T is not 
regular at w is at most countable. 

Proof. For /c = 1, 2, . . . denote by the set of all ic G G such that ^(T{w)) > 1/k 
and T is not regular at w. The previous theorem implies that every w G Mk is an 
isolated point of so the set Mk is at most countable. The same is clearly true 

oo 

for the union |J Mk. □ 

k=i 

Corollary 8. Let G be an open connected subset of C, let T : G — > B{X,Y) be 
an analytic function regular in G and let f : G Y be an analytic function. Let 
w,Wk G G {k = 1,2,...), lim Wk ^ w and f{wk) G RanT(u;A:) for all k e N. 

k^oo 

Then f{z) G RanT( 2 :) for all z £ G. 

Proof. Let u £ G. Connect w and u hy a continuous curve xf; : (0, 1) ^ G such 
that ^(0) = w and ^(1) = u. Since 2 ; 1 -^ y{T{z)) is a continuous positive function 
in G, it is bounded below on the curve {'ip{t) : 0 <t < 1}. 

Let M = [t £ (0,1) : f{xjj{t)) £ RanT('0(t)) foralls,0 < s < t] and 
^0 = sup{^ : t £ M}. Theorem 5 implies that to > 0 and also, using a standard 
argument, one can see that to = 1. Thus f{u) £ RanT(u). □ 
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Similar results can be proved for analytic functions of n variables. 

Theorem 9. Let G be an open subset of ,w e G, let T : G ^ B{X,Y) be 
an analytic function. Suppose that T satisfies the following condition: if Wn G G, 
Wn —^w,yn^ 'RanT{wn) and yn y, then y G KanT{w) (in particular, this 
condition is satisfied ifT is regular at w). Let f : G ^ Y be an analytic function 
satisfying f{z) G RanT( 2 :) {z E G). Then there exists a neighbourhood U of w 
such that, for each x E X with T(w)x = f{w), there exists an analytic function 
g : U ^ X satisfying T(z)g(z) = f(z) (z E U) and g{w) — x. 

Proof. The argument is similar to the proof of Theorem 5. We can assume that 
w = 0. 

Considering the constant sequence Wn = 0 gives that RanT(O) is closed. 
Let r,s and M satisfy A(0,r) (zG,r<l, 0<s< min{l, 7 (T( 0 ))} and M = 
max^eA(o,r) max{l, ||T( 2 ;)||, ||/( 2 ;)||}. Set U = A(0, ^). 

For z G A(0,r) we can express T(z) and f{z) as power series T{z) = 

Y: TaZ° and f{z) = Y where fa G Y,Ta € B{X,Y), ||/„|| < ^ 

ocei\ 

and lirall < for all 

We define a new order ^ on If /3 , 7 G then write -< 7 if either 
|/?| < I 7 I, or \(3\ = I 7 I and there exists 1 < j < n such that j3i = 'ji (1 < i < j) 
and f3j < 7 ^ (i.e., -< is the lexicographic order on each set {a G IPj., \a\ = const}). 
Let X E X satisfy T(0)x == /(O). 

Let go = X. We construct inductively (with respect to the order -<) points 
get E X {a E Iff) such that 



/a 



Y. Ta-0913 

P<a. 



( 2 ) 



and llffall < (^)'“'max{l,||a:||}. 

Let a E Zf, |a| == m > 1 and suppose that we have already found points 
ga' E X {a' ^ a) satisfying (2). 

For £ > 0 set ^ ^ y is clear that We E 

G for all e small enough. Set ye = fi'^e) ~ and let y' be its 

7^0! 

approximation 



y'e= Y - XI < X 

\(3\<m |<5|<m — I 7 I 

Obviously, ye E RanT{we)- 

We have card{/3 G Zf : \l3\ = j} = For j > n we have < 

{^j) < 2^-^ = 4L For 2 < j < n we have < (^ + J ~ ^ (2n)L Thus 

card}/? G Z!} : |/?| = j} < (2n)? for all j. 
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For all s small enough we have 



\\ye-y'e\\ = 



< 



E + E E 



E *“f-E E 



\j3\>m-\-l 



l<OL l<5|>m-|7| + l 



\(3\>m+l 



'y<Oi |(5|>m— I 7 I + I 
00 



As+i\^ 

r\s\ 



h-y 



k=m-\-l 7^0; fc=m— I 7 I + I 

where c is a constant independent of e. 

Set U = fct X^7<Q: — 7^7- 

Using the induction assumption we have 





/ 


\ 




( 


\ 


y'e= H 


//3 - 


^/3-7^7 


= 


* - E ^9- 


_7^7 


l/3|<m 


1 


VIY 


|^|=m 

(3ya 


^ d 
VIY 


/ 



If |/3| = m = \a\,P a then there exists j < n — 1 such that /3j > aj and 
(3^ = a^ = 1). So 









^3 1 m 1 , 

£(m+l)i . = i + l (m+1)^ <; £{m+l)3 (m + l)i + l £;(m + l)J + l ^ 



where 



Similarly, 



So 



_m+l 



{m + 1) 





(m-M)^ < 



Vs 

It 


< 


ye - y'e 


+ 


E-« 











< c-e’’ + y] ^/5-757 < c'e^ 

|^|=m ^ 7</3 

where c' is a constant independent of £. 

Since G RanT(rc£) and lim -^ = u, we conclude that u G RanT(O). 

£ £ — >^0-(- £ 

Thus there exists G X such that Tq^q = u = — X^ 7 <a i.e., 

7/a 

/a = 



no 
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We can choose the point ga in such a way that 

/ 



IlSall < S ^||m11 < S ^ 



< (-j max{l,M 



/M\”* 

- ^ rs j 11 ^ 11 } 



M M / 



rl 

7<a 



M f4Mn\ 
rs J 



l7l 



\ 



•max{l,l|x||} 






/ 



1 + J2 



7<a 
\ l^Oi 

m—1 



1 + ^* 4 ' • (2n)-- j < max{l, ||x||} 



(we used the estimate card{7 < a : I7I = i} = card{7 < a : I7I = m — 2} < 

( 2 n)^“ 0 . 

Define now g{z) = J] This series converges for all z ^ U — 



aeZ2 



For z G U we have 



Tiz)giz) = E 57^" 



I3gZ^ 






= E ) = E 

aEZ'^ yj<o: J aGZ^ 



□ 



Theorem 10 . Let G be an open subset of C^,w G G and let T : G T) be 

an analytic function such that RanT(rc) is closed. The following statements are 
equivalent: 

(i) T is regular at w; 



(ii) there exist a neighbourhood U of w, a Banach space Z and an analytic 
function S : U B{Z,X) such that Ran 5 ( 2 ) = Ker T(2:) {z G U), (i.e., 

the sequence Z^^X-^Y is exact for z G U); 



(iii) there exist a neighbourhood U of w, a Banach space Z' and an analytic 
function S' : U B{Y, Z') such that RanT(z) = Ker S'{z) (i.e., the sequence 
X^^Y^-^ Z' is exact) and Ran 5'(2;) is closed for all z ^U. 



(iv) there exist a neighbourhood U of w, a Banach space Z' and an analytic 
function S' : U ^ B(Y, Z') such that RanT{z) = Ker 5 '(z) {z G U). 
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Proof. Clearly, (ii) implies (i) by Example 10.23 (iv). 

(i)^(ii): Let T be regular at w. By Theorem 9, there exists a neighbour- 
hood Ui o^w and a system {ga}aeA of analytic functions, : Ui ^ X , such that 
{ga{w),a G A} = KerT(ic) and T{z)go,{z) — 0 (z G Ui^a G A). Let U2 be a 
neighbourhood of w such that U2 C Ui. Let Z = £^{A), i.e., Z is the space of all 
complex- valued functions c : A X such that ||c|| = ^ lk(o)|| < 00. For 2: G t/2, 

aGA 

define S{z) : Z ^ X by 



S{z){c) 



c{a)gq{z) 



Then S : U 2 ^ B{Z,X) is an analytic function, T{z)S{z) = 0 (2 G U 2 ) and 

RanS'(rc) = Ker T{w). By Lemma 3, there exists a neighbourhood U of w such 
that RanS'( 2 ) = KerT( 2 ) for all z ^ U. 

The implication (i)=>(iii) can be proved as in Theorem 4 using the duality 
argument. 

The implication (iii)^(iv) is trivial. 

(iv)^(ii): If Wn £ G, Wn ^ w, yn G Ran T(u;n) and yn y, then 
S{wn)yn = 0 for all n and ||5('ic)^|| = ||*S'(i(;)2/ - S{wn)yn\\ < \\S{w){y - yn)\\ + 
||(S'(ic) — S{wn))yn\\ 0. Hence y G Ker S{w) = RanT(ic). Thus the conditions 
of Theorem 9 are satisfied and we can prove (ii) as in the implication (i)=^(ii). □ 



Let G C be an open set. A subset M of G is called analytic if for every 
w £ C'^ there exists a neighbourhood U of w and a family {fa} of analytic scalar- 
valued functions defined in U such that M nU = {z : fa{z) = 0 for all a}. 

Corollary 11. Let G be an open subset ofC^,letT : G B(X, Y) and f : G ^ Y 
be analytic functions and let T be regular in G. Then the set {z £ G \ f{z) £ 
RanT( 2 )} is analytic. 

Proof. Let w £ G and let G be a neighbourhood of rc, M a Banach space and 
S : U ^ BiY^M) an analytic function satisfying RanT( 2 ) = Ker S{z) {z £ U)^ 
see Theorem 10. For z £ U we have f{z) £ KanT{z) if and only if S{z)f{z) = 0, 
which is equivalent to the condition {S{z)f{z),m*) = 0 for all m* G M*. Thus 
{z £ G : f{z) £ RanT( 2 )} is an analytic set. □ 

A typical problem of complex analysis is to construct from local solutions 
(Theorem 9) a global analytic solution. The global version is also true. We state 
the results without proof since it involves rather advanced techniques of complex 
analysis (cf. C.11.2). 



Theorem 12. Let G he a domain of holomorphy in letT:G—> B{X, Y) be an 
analytic function regular in G. Then: 
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(i) for every analytic function f : G ^ Y satisfying f{z) G RanT(z) for each 
z e G there exists an analytic function g : G X such that T{z)g{z) = 
f{z) (zeG); 

(ii) there exist a Banach space Z and a regular analytic function S : G ^ B{Z,X) 
such that Ran*S'(z) = KerT(> 2 ;) (z G G); 

(iii) there exist a Banach space Z' and a regular analytic function S' \ G 
BiY, Z') such that RanT{z) — Ker S'{z) for all z e G. 



Corollary 13. Let G C be a domain of holomorphy, let T : G ^ B{X^Y) and 
f : G ^ Y be analytic functions, and let T{z) be onto for all z e G. Then there 
exists an analytic function g : G ^ X such that T{z)g{z) = f{z) {z e G). 

Proof. If T{z) is onto for every z £ G then T is regular in G. The rest follows 
from Theorem 12. □ 



Corollary 14. Let A be a Banach algebra, let G C C be an open set and let 
a : G Abe an analytic function such that a{z) is right invertible for every z G G. 
Then there exists an analytic function b : G ^ A such that a(z)b(z) = 1 (z E G). 

Proof. Consider the analytic function z i-^ La(z) ^ B{A). Since La(z) is onto for 
all 2 ; G G, by the previous theorem there exists an analytic function b : G A 
such that a{z)b{z) = La[z)b{z) = 1 {z E G). □ 

Using the algebra with the reversed multiplication we can formulate the anal- 
ogous result for left inverses. 



12 Kato operators 

In this section we study the regularity of the function z ^ T — z where T is an 
operator on a Banach space X. 

We start with a simple purely algebraic lemma. 

Lemma 1. Let T E B{X), k,n G N, /c < n. Suppose that KerT^ c RanT^“^. 
Then KerT^ C RanT^“^ for all j, I < j < n. 

Proof. It is sufficient to show two implications: 

(i) if 1 < A: < n - 2 and KerT^ C RanT^"^, then KerT^+^ C RanT^-^-^ 

(ii) if 2 < /c < n - 1 and KerT^ C RanT^-^ then KerT^-^ C Ranr^"^+^ 
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To prove (i), suppose that 1 < k < n — 2 and KerT^ C RanT’^ Let x G 
KerT^"^^. Then Tx G KerT^ c RanT’^"^, so Tx = T^~^y for some y G X. Thus 

X - e KerT C KerT^ C RanT^"^ c RanT^-^"\ 

and so X G RanT^“^“^. 

To prove (ii), let 2 < /c < n — 1, KerT^ C RanT’^'"^ and let x G KerT^“^. 
Then x G KerT^ C RanT’^"^, and so x = T^~^y for some y e X. Since 
r^krj^n-k-iy ^ T^-^x = 0, we have T^-^~^y e KerT^ C RanT^~^ and 
rj^n-k-iy _ j^n-k^ some z G X. Thus X = T^-ky = T{T^~^~^y) = G 

RanT^-^+L □ 

For T G B{X) write R^{T) = (X^^RanT^ and N^{T) = [j^^^KerT^. 
Clearly both R^{T) and N^{T) are linear subspaces of X but in general neither 
R^{T) nor N^{T) is closed. 

Theorem 2. Let T G B{X) and let RanT be closed. The following conditions are 
equivalent: 

(i) the function z i-^ y(T — z) is continuous at 0; 

(ii) limsup^_^o - z) > 0; 

(iii) lim 2 ^o <5 (Ker T, Ker(T — z)) = 0; 

(iv) lim^-^o <5(Ran(T — z), RanT) = 0; 

(v) KerTcR°°(T); 

(vi) AT~(r) c RanT; 

(vii) N°°{T) C R°°{T); 

(viii) KerT C R°°{T). 

Moreover, if any of the previous conditions is satisfied then RanT^ is closed for 
all keN. 

Proof. The equivalence of the first four conditions is true in general, see Theorem 
10.17 and Corollary 11.6. 

The equivalence of (v), (vi) and (vii) follows from the previous lemma and 
the implication (v)=>(viii) is obvious. 

(i)=>(v): The function z i-^ ^{T — z) is regular at 0. Let x G KerT. By 
Theorem 11.5, there exist a neighbourhood of 0 and an analytic function / : 
U ^ X such that /(O) = x and (T — z)f{z) == 0 {z e U). Let 

oo 

f{z) = '^XiZ^ {zeU) 

i=0 

be the Taylor expansion of /. Then xq = x and Xi = Tx^+i (i = 0, 1, . . .). Thus 
X = xq = Txi = T^X 2 = • • •, and so x G R'^{T). 
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(vi)=>(iii): Let 5 be a positive number, s < j(T) and let x e KerT C RanT, 
||x|| = 1. We construct inductively a sequence xq = x,xi,X 2 , . . • of points of X 
such that Txi-t-i = X{ and ||xi+i|| < for all i (clearly, for every i we 



have Xi G N^(T) C RanT). Thus ||xi|| < s' 
f(z) = Clearly, (T - z)f{z) = 0 and 

distjx, Ker(T — z)} < ||a; — f{z)\\ = 

i=l 



(i G N). For \z\ < s define 



IE 

i=l 



XiZ 



oo 

i=l 



Thus 5(KerT, Ker(T — z)) < and lim; 2 ^o <^(KerT, Ker(T - z)) — 0. Since 
lim^^o (^(Ker(T — z), KerT) = 0 is true in general by Lemma 10.12, we have (iii). 
(viii)=^(v): We prove by induction on k that RanT^ is closed for all A: > 1. 

This is assumed for /c = 1. 

Suppose that k > 1, RanT^ is closed and KerT c R°^(T) c RanT^. 

Let u G RanT^+L By the induction assumption, u G RanT^, and sou = T^v 
for some v e X. Furthermore, there are vectors Vj E X (j = 1, 2, . . .) such that 
u {j ^ cxd). Thus T{T^Vj — T^~^v) 0. Consider the operator 

T : X/KerT — ^ RanT induced by T. It is clear that T is bounded below and 
TiT^Vj — T^~^v + KerT) ^ 0, so T^Vj — T^~^v + KerT ^0 (j — > c>o) in the 
quotient space X/ KerT. Thus there exist vectors Wj G KerT c RanT^ such that 
T^Vj + Wj T^~^v. Since RanT^ is closed, we have T^~^v G RanT^. Hence 
u = T^v G RanT^"^^ and RanT^+^ is closed. 

Thus R^{T) = n^i RanT^ is also closed and (viii) implies (v). □ 



Definition 3. Let T G B{X). We say that T is Kato if RanT is closed and T 
satisfies any of the (equivalent) conditions of the previous theorem. 



Corollsiry 4. T G B(X) is Kato if and only ifT* is Kato. IfT is Kato then T — z is 
Kato for all z in a neighbourhood of 0. Moreover, dim Ker T = lim^^o dim Ker (T - 
z) and codim RanT = lim^^o codim Ran(T — z). 

Proof. See Corollary 10.22. The last statement follows from Corollary 10.10. □ 



Example 5. Any operator that is either onto or bounded below is Kato. In partic- 
ular, the isometrical shift S' on a Hilbert space H is Kato. Note that in this case 

R^{S) = {0} = N^{S). 

Similarly, S* is also Kato and R^{S*) = H — N^{S). 

The direct sum S 0 S* is an example of a Kato operator that is neither onto 
nor bounded below. 



Proposition 6. Let T,S e B{X), TS = ST. If TS is Kato then both T and S are 
Kato. 
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Proof. It is sufficient to show that T is Kato. We have KerT’^ C Ker(T*S)’^ C 
Ran(T5) C RanT for all n, and so N"^{T) C RanT. 

It remains to show that RanT is closed. Let Xk ^ X and Txk ^ v for 
some V ^ X. Then STxk Sv^ and so Sv = STu for some u ^ X. Thus 
V — Tu e Ker S C Ker(T5) C Ran(TS') C RanT, and so G RanT. □ 

Theorem 7. Let T G B{X). The following conditions are equivalent: 

(i) T is Kato; 

(ii) T^ is Kato for all n G N; 

(iii) is Kato for some n G N. 

Proof. (ii)=>(iii): Clear. 

(iii)=^(i): The implication follows from the preceding proposition. 

(i)=^(ii): Since KerT C KerT^ c • • we have N^{T^) = N^{T) for all 
n G N. Similarly, R^(T^) = R^{T). Thus N^{T^) C R^(T^). 

Moreover, RanT^ is closed by Theorem 2, and so T^ is Kato for each n. □ 

To show that the set of all Kato operators is a regularity, we need the following 
lemma, which will also be useful later. 



Lemma 8. Let A, B, C, D be mutually commuting operators on X such that AC + 
BD = I. Then: 

(i) for every n there are Cn, Dn G B[X) such that A^, B^, Cn, Dn are mutually 
commuting and A^Cn + B^Dn = I; 

(ii) Ran{A^B^) = RanA^ORanB^ andKer{A^B^) = KerA^yKeiB^ for each 
n. Consequently R^(AB) = R^(A) n R^(B) and N^(AB) = N^(A) + 
N^(B); 

(iii) N^(A) C R^(B) and N^(B) C R^(A); 

(iv) Ran( A'^B^) is closed if and only if Ran A^ and RanB^ are closed. 

Proof, (i) We have 



1= {ACtBD)‘^^-^ 



2iTl 1 -j \ 

= A^Cn + B’^Dn 

,_n V * / 



for some Cn, Dn G B{X) commuting with A^,B^. 

(ii) Clearly, Ran{AB) c Ran An Ran .B. If x G RanylnRanB,x = Au = Bv 
for some u^v G X, then set w = Cv + Du. Then 



Bw — BCv + BDu == Cx u — ACu = u, 



and so X = Au = ABw G Ran(./1B). Thus Ran(AB) = Ran A Pi RanB. 
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By (i), we have Kan{A^ B'^) = fl RanB’^ for all n and 

R°°{AB) = p|Ran(^”B”) = p|(Ran^" nRanR") = R°°{A) 11 R°°{B). 

n n 

Similarly, Ker^4 + KerB C Ker(^B). If x G Ker(^B), then x = ACxI- BDx, 
where ACx G KerR and BDx G Ker A. Thus Ker{AB) = KerA + KerB and, by 
(i), Ker{A^B'^) = KerA’^ + KerB’^. Hence 

N°°{AB) = ljKer(^”S") = lJ(Ker^” + KerR”) = N°°{A) + N^{B). 



(iii) If X G KerA then x = BDx G RanB. Thus KerA C RanR and, by 
(i), KerA^ C RanR^ for all n. If m > n then Ker^’^ C KerA’^ C RanB"^, 
so KerA^ C R^{B). Consequently, N^{A) C R^{B). The inclusion N^{B) C 
R^{A) follows by symmetry. 

(iv) If Ranyl^ and RanB^ are closed then clearly Ran(^’^R’^) = Ran fl 
Ran B^ is closed. 

Suppose that Kan{A^ B'^) is closed and let {xk) be a sequence of elements 
of X such that A^Xk v ^ X. Then A^B^Xk B^v, and so B^v = A^B^u 
for some u e X. Thus v — A^u G KerB^ C Ran^^, and so G RanA’^. Hence 
Ran A^ is closed. □ 

Theorem 9. The set of all Kato operators is a regularity. 

Proof. The first axiom of regularities was proved in Theorem 7 and one implication 
of the second axiom follows from Proposition 6. Thus it is sufficient to show that if 
A^ B,C,D e B{X) are mutually commuting operators, AC-fBD = / and A, B are 
Kato, then AB is Kato. By Lemma 8, Ran{AB) = Ran AflRan B, and so 'Ran(AB) 
is closed. Since A, B are Kato, we have Ker A C R"^{A) and Ker B C B°^(B). By 
Lemma 8, Ker A C R°^{B) and KerB C R^{A). Thus 

Ker(AB) = KerAT KerB C R^{A) n B^(B) = R^{AB). 

Hence AB is Kato. □ 

Definition 10. For T e B{X) denote by (Jk(T) = {A G C : T - A is not Kato} the 
Kato spectrum corresponding to the regularity of all Kato operators. 

Theorem 11. Let T G B{X). Then: 

(i) (Tk{T) is a non-empty compact subset of the complex plane; 

(ii) da{T) C aK{T) C a^{T) H as{T) C a{T); 

(iii) axifiT)) = f{cFK{T)) for every function f analytic on a neighbourhood of 

<r{T); 

(iv) <7k{T*) = (Tk{T). 
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Proof, (i) and (ii): The set of all regularity points of the function 2 1 -^ T—z is open, 
so (Jk{T) is closed. Since the operators that are bounded below or onto are Kato, 
we have (Tk{T) C a-jj;{T)r\as{T). To show that ctk{T) is non-empty, it is sufficient 
to prove dcr{T) C (Tk{T). Suppose on the contrary that there exists A G dcr{T) 
and A ^ cjk\t). By Corollary 4, dimKer(T — A) = 0 = codim Ran(T — A). Thus 
T — A is invertible, a contradiction. 

(hi) If AT — Xi ® X 2 for closed subspaces X\,X 2 of X and T\ G B{Xi), 
T 2 G B{X 2 ), then cfk{Ti 0 T 2 ) = ctk(Ti) U (Jk{T 2 ). By (i), o>k{Ti) ^ 0 whenever 
^ {0}, and so the spectral mapping theorem follows from Theorem 6.8. 

(iv) is clear from Corollary 4. □ 

Theorem 12. Let T G B[X) and let X be a complex number. Then the limit 
lim^^A — z) exists and A G ctk{T) if and only if lim^^A 7(7" — 2) = 0. 

Proof. See Corollary 11.6. 

Theorem 13. The set {A G ctk{T) : Ran(T — A) is closed} is at most countable. 
Proof. See Corollary 11.7. 

Examples 14. (i) By the preceding theorem, the set 



is at most countable. The following example shows that this set can contain a 
convergent sequence. 

Let if be a separable infinite-dimensional Hilbert space, let T G B(if 0 H) 
be given in the matrix form by 



where D (with respect to an orthonormal basis) is a diagonal operator, D = 
diag(l, 1/2, 1/3, . . .). Note that Ran(T — 2) = if 0 if for 2 ^ {0} U {l/n : n G N}, 
codim Ran(T — l/n) = 1 and RanT = if 0 0. Thus Ran(T — A) is closed for 
all A and the Kato spectrum ctk{T) = {0} U {l/n : n G N} contains a convergent 
sequence. 

(ii) The product of two commuting Kato operators need not be Kato in 
general. Thus the set of all Kato operators does not satisfy condition (PI) of 
Section 6. In particular, it is not possible to extend reasonably the Kato spectrum 
to n-tuples of commuting operators. 

Let if be a Hilbert space with an orthonormal basis {cij \ i^j G < 0}. 
Define T G B{H) by Tcij = 0 if i = 0, j >0 and Teij = Ci^ij otherwise. 

Similarly, let Scij = 0 if j = 0,i > 0 and Scij = otherwise. It is easy 
to verify that TS = ST, both T and S are Kato but their product TS is not. 



{A G ctk{T) : Ran(T — A) is closed} 
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(iii) The set of all Kato operators is not open, so the Kato spectrum is not 
upper semicontinuous. 

Let H he a Hilbert space with an orthonormal basis {cij : i > 1, j > 0}. Let 
T G B{H) be defined by Tcij — i.e., T is a direct sum of countably many 

isometrical shifts. Let S G B{H) be defined by Sei^o = i~^ei^o and Scij = 0 for 

j>l. 

For each £ > 0, the range of T -\-sS is non-closed. So T is Kato while T + eS 
is not. 

Theorem 15. Let T e B{X) he a Kato operator. Then: 

(i) R^{T) is closed; 

(ii) if xeX and Tx G R^{T) then x G R^{T); 

(iii) TR^(T) ^R^{T). 

Proof, (i) Since R^{T) = RanT’^ and RanT’^ is closed for all n by Theorem 2, 
we have (i). 

(ii) Let n G N. Then Tx = T^~^^y for some y e X. Thus x — T^y G KerT C 
RanT’^, and so x G RanT’^. Since n was arbitrary, we have x G R^{T). 

(iii) Clearly, TR^(T) C R^{T). If x G R^{T) then x = Ty for some y e X. 

By (ii), y G R^(T), and so R^{T) = TR^{T). □ 

Remark 16. The space N^{T) need not be closed even for Kato operators. The 
simplest example is the backward shift in a separable Hilbert space. 

Theorem 17. Let T he a Kato operator on a Banach space X. Then: 

(i) R^{T*) =N^(T)-^; 

(ii) R^(T) = -^N^(T*); 

(iii) N^(T) = ^R^(T*); 

(iv) N^(T*f^ = R^(T)^. 

Proof, (i) We have 

OO CXD OO 

^oo(y)± ^ (^[J KerT") = p|(KerT")-^ = Q RanT*" = R°°{T*). 

n=l n=l n=l 

(iii) -Lr°°(T*) = -L(iV°°(T)-L) = AT°°(T). 

(ii) and (iv) can be proved similarly using Theorems A. 1.11 and A. 1.12. □ 

Theorem 18. Let T G B{X) he Kato and let G he an open connected subset of 
C\(Jk(T) containing 0. Then: 

(i) R“(T) = aeGRan(T-z); 



(ii) Ar-(T)=V,€GKer(T-z). 
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Proof, (i) Suppose that x G p|^^^Ran(T — z). By Theorem 11.5, there exist a 
neighbourhood 1/ of 0 and an analytic function g : U X satisfying {T — z)g{z) = 
X {z e U). Let g[z) = t>e the Taylor expansion of g about 0. The 

equality {T — z)g{z) = x implies that Txq = x and Txi = Xi-\ for alH > 1. Thus 
X = Txo = T'^xi = T^X 2 = • • •, and so a: G R^{T). 

In the opposite direction, let x G R^{T). Let s be a positive number, s < 
7 (T). By Theorem 15, we can find inductively a sequence of points Xk G R°^{T) 
such that Txq = x, Txk = Xk-i {k = 1,2,...) and \\xk\\ < 5“^ ||x/c_i ||. Then 
the series g{z) = converges for \z\ < s and (T — z)g{z) = x. Thus 

X G Ran(T — z) for all |z| < 5, and so for all 2 : G G, by Corollary 11.8. 

(ii) We have 



Conversely, let n G N and x G KerT’^. Let 5 be a positive number such that 
s < 7 (T) and {2 G C : jzj < s} C G. Set Xn — x, Xn-k = (k = 1,2 . . . ,n). 

Since x G KerT^ C R^{T), we can find inductively points 3 :^+ 2 , •• • ^ 

R^{T) such that = xi and |la:i+i|| < s“^||xi||. Set g{z) = This 

series converges for \z\ < s and (T — z)g{z) = 0. Thus g{z) G Ker(T — z) and, by 
the Cauchy formula. 



Corollary 19. Let T G B[X) and let G be a component of C\ aK{T). Then: 

(i) the mapping X R^{T — A) is constant on G; 

(ii) the mapping X ^ N"^{T — A) is constant on G; 

(iii) for all X E G and x G Ker(T — A) there exists an analytic function f : G ^ X 
such that /(A) = x and [T — z)f{z) =0 {z eG). 

Proof. The first two statements follow from the previous theorem, the constants 
are Cl^eG ~ ^) \! zee Ker(T — z), respectively. 

(iii) follows from Theorem 11.12. □ 

Theorem 20. Let T E B{X) be an operator with closed range. The following 
conditions are equivalent: 

(i) T is Kato; 



Ar°°(T) = -^{R°°(T*)) = Pi Ran(T* - z)^ 



D \f Ran(T* - z) = \J Ker(T - z). 




□ 



(ii) RanT D Ran(T - z); 

(iii) KerTc V,^oKer(r-^). 



120 



Chapter II. Operators 



Proof. (i)=4>(ii) and (i)=4>(iii): Let G be the connected component of C \ cfk{T) 
containing 0. Let G' be an open subset of G such that 0 ^ G' and let w e G'. 
Then 



RanT D R°°{T) = R°°{T - w) = P| Ran(r - 0 ) D Q Ran(T - z) 

zGG' z^O 



and 



KerT C iV~(T) = N°°{T - w) = \/ Ker(T - z) C \/ Ker(T - z). 

zeG' z^O 

(iii)=>(i): Let A ^ 0 and x G Ker(T — A). Then Tx = Xx and x = G 
RanT’^, so a: G R^{T). Thus KerT C Ker(T — z) C R^{T) and T is Kato. 

(ii)=^(i): Let x G KerT’^ and z ^ 0. Then 

(T - z){T^-^ + zT^-‘^ -h • • • + z^-^)x = T^x - z^z = -z^x, 

and so X G Ran(T — z). Thus N"^{T) C C\z^o Ran(T — z) C RanT and T is Kato. 

□ 

Theorem 21. Let T G B{X). Then T is Kato if and only if there exists a closed 
subspace M C X invariant with respect to T such that T\M is onto and the 
operator T : XjM XjM induced by T is bounded below. 

For the space M it is possible to take R^{T). 

Proof. Let T be Kato and set M = T'^(T). Then M is closed. By Theorem 15, 
TM = M and T : X/M X/M induced by T is one-to-one. 

Moreover, RanT is closed and M C RanT. Then RanT = RanT -h M, 
which is closed. Indeed, let x, Xn ^ X and Tx^ + M— >x + M in X/M. There are 
rrin G M such that Txn F 'rUn — > x. Thus x G RanT and x -h M G RanT. Hence 
T is bounded below. 

Conversely, let M be a subspace of X with the required properties. The 
condition TM = M implies that M C R°^(T). If Tx = 0 then T(x -h M) =0 and 
the injectivity of T implies that x G M. Thus KerT C M C R^{T). 

It remains to prove that T has closed range. Let Q : X X/M he the 
canonical projection. We show thatJlanT = Q~^ RanT. If y G RanT, ?/ = Tx for 
some X G X, then Qy = Tx+M = T(x-hM) G RanT, and so RanT c RanT. 
If y e X and Qy G RanT then y -h M = Tx -h M for some x G JC, and so 
y e Tx F M C RanT, since M C RanT. Thus RanT = Q^^Ranf, which is 
closed, since RanT is closed and Q continuous. □ 
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Corollary 22. The regularity of all Kato operators satisfies (P4), so gk is contin- 
uous on commuting elements. 

Proof. Let T G B{X) be Kato. Let £ = inf{| 2 :| \ T — z \s not Kato} and M = 
R^{T). Since R^{T — X) — M for |A| < e, we have (T — A)M == M and the 
induced operator T — X : XjM — X/M is bounded below. 

If UT = TU and \\U\\ < e, then UM d M and we can define the operator 
U : X/M ^ X/M induced by U. Clearly, ||t/|| < \\U\\ < e. By Theorem 7.14 (ii) 
for the spectral systems Gj^ and gs, we conclude that {T U)M = M and T -\-U 
is bounded below. By Theorem 21, T + C/ is Kato. 

By Proposition 6.11, the regularity of all Kato operators satisfies property 
(P4). □ 

Corollary 23. Let T,Q e B{X), TQ = QT, let T be Kato and Q quasinilpotent. 
Then T Q is Kato. 

Proof. Let M = R"^{T). Then QM C M. Let T and Q be the operators acting in 
X/M induced by T and Q, respectively. By the spectral radius formula, Qi = Q\M 
is a quasinilpotent operator commuting with Ti = T\M and Q is a quasinilpotent 
operator commuting with T. Theorem 7.16 for the spectral systems g^^ and gs 
implies that Ti + Qi is onto and T -\-Q is bounded below. Consequently, T + Q is 
Kato. □ 

Theorem 24. Let T G B{X) be Kato. Then > 7 (T’^) • ^{T^) for all 

m,n G N. 

Proof. Fix £ > 0 and let x G RanT^+"^. Then there exists y ^ X such that 
T'^y = X and || 2 /|| < ( 7 (T’^) — e)“^||a:||. Further, x = for some z e X. 

Thus T'^z — y G KerT^ C RanT’^, and so y G RanT’^. There exists u E X such 
that T'^u = y and 

||«|| < (7(T«) - £)-i||y|| < (7(T") - s)- 1(7(T-) - e)-i||o;||. 

Hence > {y({T'^) — e)( 7 (T^) — s). Letting e ^ 0 yields > 

7(T^)-7(T"^). □ 

Lemma 25. Let T G B{X) be Kato. Suppose that T is neither onto nor bounded 
below. Let M = let T\ : M M and T : X/M X/M be the operators 

induced byT. Then the limit limn^oo exists and 

lim 7 (T^) 1 /^ =min( lim lim 

n—)-oo Ln^oo n^oo J 

Proof. By the preceding theorem and Lemma 1.21, the limit limn^oo 
exists. By Theorem 21, T\ is onto and T is bounded below, so the limits on the 
right-hand side exist by Theorem 9.24. 
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Since KerT^ c R^{T) = M, we have KerTf = KerT^. Thus 

C(Tr) = ,(rn = i„,{ 

\ dist{x, Ker T'^} 

Since TM = M, we have 



:xGM\KeTT^\ > 7 (T^). 



} 



j(Tn 



> 



inf I 
inf| 
inf I 



\\Hx + M)\\ 

Ik + Mil 
||T"a: + T"m|| 
distja;, M} 

m\ 



: X ^ M 






\\T^x + Mil 
dist{x, M} 



: X ^ M 



: X ^ M,m e M 



= inf I 



\\T^y\\ 

dist{y, M} 



:y^M\ 



y^M\> 7 (T"). 



dist{i/, Ker T”} 

Thus 7 (T”) < min{fc(Ti"), j(f”)} and 

lim 7 (T")^/” <min( lim lim 

n — >oo Kn—^oo n—^oo ) 

To prove the opposite inequality, let 

0 < s < mini lim lim 

tn— »-oo n-^oo J 

We prove that limn^oo ^ 5. 

Let n > 1, X = xq E RanT’^, ||a:|| == 1 and let £ > 0. Then x + M G RanT’^ 

and 

\\f-^{x + M)\\< j{fT^\\x + Mil < i(r)-' (f = 1, . . . ,n). 

Thus there exist vectors Xi G T~^{x + M) such that 
\\xiW<j{fT\l + e) 

For i = 0, . . . , n — 1 write mi = Then 

||mj < IITII • Iki+ill + ||xj < (1 + e)(||T||i(f *+!)"' + j{TT^) 

for all i = 0, ... ,n — 1. Further, T^{mi + M) = — T'^Xi + M = M, so 

rrii E M for each i. We have 

n— 1 

^ rmi = (T"x„ - T"-^x„_i) + (T”-ix„_i - T^-^Xn- 2 ) + ■■■ 

i=0 



+ (TXi - Xo) = T^Xn - X. 
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Since T\ : M M is onto, there exist vectors m[ ^ M such that = rrii 

and ||m'|| < {1 e)k{T^~'^)~^\\mi\\. Thus 

n— 1 n— 1 

T" (xn - X] "^0 ^ ~ ^ = "" 

z=0 i=0 



and 



n— 1 



n— 1 






i=0 



i=0 



Thus 



7(t”)-i < (1 + ff)j(f ")-i + X(1 + efkirrT^ (nij(f *+')-! + j[fT') • 

Find no such that k{Tl) > s'^ and j{T^) > for all i > uq. Set 
K = ^^max^^max{/c(T{)-\ 



For n large enough we have 



( no - 1 

s-”+ X s^-'^iWTW-K + K) 

i=0 

n— no — 1 n— 1 

+ X s'“”(l|T||s-*-i + s-0+ X i^(l|r||s-'-'+s-') 

i=no i=n—no 

< (1 + £)2s"°-" (^K + 2noK{\\T\\ ■ K + K) + {n - 2no){K • ||r|| + /S')) 
< (1 + e)^s"°-”n • /ST', 

where K' is a constant independent of n. Hence 



lim > lim s'" = s. 

n— >oo n— >oo 



Letting s niinjuni^^oo linin^oo j yields the required 

equality. □ 

Theorem 26. Let T G B(X) be Kato. Then 

dist{0,eri^(T)} = lim 7 (T^)Vn ^ sup 7 (T^)^/^. 

n^oo 



Proof. By Theorem 24 and Lemma 1.21, the limit lim 7 (r^)^/’^ exists and equals 
the supremum. 
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Set r = dist{0,<7K(r)}. Suppose first that T is neither onto nor bounded 
below. Let M = R^(T), let T± = T\M and T : X/M X/M be the operators 
induced by T. If A is a complex number satisfying 

|A| < lim 7(T")1/” = mini lim lim 

n— >oo {.n—^oo n^oo ) 

then Ti — A is onto and T — A is bounded below. Thus T — A is Kato by Theorem 21 
and lim„_^oo 

Conversely, by Corollary 19, R"^{T — X) = M for jAj < r. If |A| < r then 
(T - A)M = M and f - A = : X/M X/M is bounded below. Thus 

limn-^oo > r and lining oo > r. Hence lim„_^oo > r by 

Lemma 25. 

If T is bounded below t hen lim 7 (T "^)^ /^ = dis tjO, <77r(T)} < dist{0, crx(T)} 
by Theorem 9.24. Moreover, N^{T — z) = N^{T) = {0} for all 2 : with | 2 ;| < r, 
and so dist{0, cr 7 r(T)} = distjO, <jk(T)}. 

Similarly, if T is onto then lim 7 (T’^)^/^ = dist{0, <j< 5 (T)} = dist{0, <jx(T)}. □ 

Theorem 27. Let T e B{X) be Kato. Then 

7(T)-7(T-z)<3|z| 



for all z e C. 

Proof. The inequality is trivial if |z| > 7 (T). By the previous theorem, the function 
z T — z is regular in {z : \z\ < 7 (T)}. Thus the inequality for \z\ < 7 (T) follows 
from Theorem 10.24. □ 



13 General inverses and Saph 2 ir operators 

Let X, Y be Banach spaces and T G B{X, Y) an operator. An operator S :Y X 
is called a generalized inverse of T if TST = T and STS = S. 

It is easy to see that if 5 : F X is a one-sided inverse of T (i.e., either 
TS = ly or ST = Ix) then 5 is a generalized inverse of T. 

Proposition 1. Let X, Y be Banach spaces, let T : X ^ Y be an operator. The 
following conditions are equivalent: 

(i) T has a generalized inverse; 

(ii) there exists an operator S :Y X such that T ST = T; 

(iii) RanT is closed and both KerT and RanT are complemented subspaces of 
X and Y, respectively. 
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Proof. (ii)=^ (i): Let TST = T for some operator S :Y X. Set S' = STS. It 
is easy to check that TS'T = T and S'TS' = S'. 

(i)^ (hi): Let TST = T and STS = S. Then {TS)^ = TS and RanT D 
Ran(TS') D Ran(T5T) = RanT, so TS is a projection onto RanT. 

Similarly, ST is a projection with Ker(5T) = KerT. 

(iii)=^ (ii): Let X = KerT 0 M and let P E B{Y) be a projection onto 
RanT. Then T\M : M RanT is one-to-one and onto. Set S = {T\M)~^P. 
Then TST = T{T\M)-^PT = T. □ 

Corollary 2. Let T E where H\^H 2 are Hilbert spaces. Then T has a 

generalized inverse if and only if Ran T is closed. 

The difference between the left spectrum and the approximate point spectrum 
(the right spectrum and the defect spectrum) consists in the requirement that 
certain subspaces should be complemented. This is a typical situation; frequently 
spectra in B{X) appear in pairs that differ in this way. 

In this section we study the “complemented” version of the Kato operators. 

Definition 3. An operator T E B{X) is called Saphar if T is Kato and has a 
generalized inverse. 

Equivalently, T is Saphar if and only if T has a generalized inverse and 
KerTc R^(T). 

Obviously, in Hilbert spaces the Saphar operators coincide with the Kato 
operators. 

Our aim is to show that the set of all Saphar operators is a regularity. This 
will be an immediate consequence of the following three lemmas, which are of 
independent interest. 

Lenuna 4. Let A e B{X) he a Saphar operator, let S E B{X) satisfy ASA = A 
and let n E N. Then A^S'^A^ = A^ . In particular, is a Saphar operator. 

Proof. Let S E B{X) satisfy ASA = A. We prove by induction on n that 

Suppose that n > 1 and A'^S'^A^ = A'^. Then 

^n+l^n+l^n+l _ a{A^S'^{SA - 7) + 

Since A'^S'^^A^ = and ASA = A, we can check easily (cf. the proof of Propo- 
sition 1) that A^S^ is a projection onto Ran A"^ and I — SA is a projection onto 
Ker A c RanA’^. Thus 

^n+l^^n+l^n+l _ ^{{S A - 7) + A^5^) A^ = A • A^S^A^ = A^+^ 

Hence A’^^^ is a Saphar operator. □ 
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Lemma 5. Let A, B,C,D be mutually commuting operators on a Banach space X 
satisfying AC + BD = I. Then AB has a generalized inverse if and only if both 
A and B have generalized inverses. 

Proof. Suppose that ASA = A and BTB — B for some S,T ^ ®(^)- Then 

ABTSAB - ABT{CA + BD)SAB = ABTCASAB -h ABTBDSAB 
= ABTCAB -f ABDSAB = ABT{I - BD)B + A{I - AC)SAB 
= ABTB - ABTBDB + ASAB - ACASAB 
= AB- ABDB -\-AB- ACAB = 2AB - A{BD + CA)B = AB. 

For the converse, let ABZAB = AB for some Z G B{X). Then 

A{C + BZ{I - AC)) A = AC A + ABZA - ABZACA 
= AC A + ABZA{I - CA) - AC A + ABZABD = AC A + ABD = A, 

and similarly, B(^D AZ{I — BD))B = B. □ 

Lemma 6. Let T G B{X) be a Saphar operator. Then there exists e > 0 such that 
T — U has a generalized inverse for every operator Lf G B{X) commuting with T 
such that \\U\\ < e. 

More precisely, ifT is Kato, TST ^T,UT = TU and \\U\\ < ||5||-S then 
(T - U)S{I - US)-\T -U) = T-U. 

Proof Let TST = T,UT = TU and \\U\\ < ||5||-^ 

We first prove by induction on n that U (SU)^ Ker T C Ker This is clear 

for n = 0. Suppose that U{SU)^~^ KerT C KerT’^ C RanT and let z G KerT. 
Then U{SU)^~^z = Tv for some v G X, and 

T^^^U{SU)^z = T^^^USTv = T^UTSTv = T^UTv - UT^U{SU)^~^z = 0 

by the induction assumption. Thus U{SU)'^KerT C KerT’^+^ for all n. 

Since I — ST is a projection onto KerT, we have 

U{SU)^{I - ST)X C KerT^+^ C RanT (n > 0), 

and so 

(/ - TS)U{SU)^{I - 5T) = 0 (n > 0). 

Then 

oo 

(T - u)S{i - us)-\T -u) = {T- u)sJ2iusy{T - U) 

= TST -UST -TSU + TSUST 

CXD 

+ ^{TS{usy+‘^T - us{usy"^^T - TS{usy+^u + us{usyu) 

i=0 

oo 

= T- UST - TSU + TSU ST + ^(/ - T5)([/5)‘+ V(/ - ST) 

= T-U + {I- TS)U{I - ST) = T- U. 

Hence T — U has a generalized inverse. □ 



13. General inverses and Saphar operators 



127 



Theorem 7. The set of all Saphar operators in X is a regularity satisfying (P3) 
(upper semi-continuity on commuting elements). 

Proof. The proof follows immediately from Theorem 6.12 and the preceeding three 
lemmas. □ 

For T G B{X) denote by (Jsap{T) = {A G C : T — Ais not Saphar} the 
corresponding spectrum. Property (P3) implies that (Jsap{T) is always a compact 
set. Further, da[T) C (^k{T) C crsap(T), and so (Jsap{T) is non-empty. 

If X = 0 AT 2 is a decomposition of X and T\ G B{Xi)^ then it is easy to 

verify that T\ is Saphar if and only if Ti 0 1x2 Saphar. By Theorem 6.8, this 
gives the spectral mapping property. 

Corollary 8. Let T G B{X). Then crsap{f{T)) = f{asap{T)) for every function f 
analytic on a neighbourhood of a {T). 

If T is a Saphar operator then T — 2 ; is Saphar, and therefore has a generalized 
inverse, for every 2 in a certain neighbourhood of 0. In fact, the generalized inverse 
can be chosen in such a way that it depends analytically on 2 . 

Theorem 9. Let T G B{X). The following conditions are equivalent: 

(i) T is Saphar; 

(ii) there exist a neighbourhood U C C of 0 and an analytic function S : U 
B{X) such that (T - z)S{z){T -z)=T-z. 

More precisely, it is possible to take S{z) — S{I — zS)~^ = XlSo for 

\z\ < where S is a generalized inverse ofT. 

Proof, (i)-^(ii): Let S G B{X) satisfy TST - T. For fyl < Ill'll set S{z) = 
S{I - zS)~L By Lemma 6, (T - z)S{z){T - 2 ) = T - 2 for all | 2 | < ||6'||-L 

(ii)=^(i): Let S{z) be a function analytic on a neighbourhood /7 of 0 satisfying 
{T — z)S{z){T — z) =T — z (2 G U). It is sufficient to show that Ker T C R^{T). 
Let X G KerT. Since TS{0)T = T, I — S{Q)T is a projection onto KerT. Set 
g{z) — {I — S{z){T — z))x (2 G U). Clearly, (T — z)g{z) = 0 {z e U) and 
c^(0) = X. Let g{z) = J2'^o XiZ^ be the Taylor expansion of g about 0. The above 
relations give xq = x and Txi = xi-i (2 > 1). Thus x = xq = Txi = T^X 2 = • * *, 
and so X G R^{T). □ 

The next theorem shows that it is possible to find a global analytic general 
inverse of T — 2 . 

Theorem 10. Let T G B{X). Let G = {z E C : T — z is Saphar}. Then there exists 
an analytic function S : G B{X) such that 

{T-z)S{z){T-z) = T-z 

and 

S{z){T-z)S{z) = S{z) {zeG). 
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Proof. The set G is open by Theorem 9. For 2 : 6 G let ^{z) : B{X) be 

the operator defined by 

^{z)A ={T- z)A{T -z) {Ae B{X)). 

Evidently, ^ : G ^ B{B{X)) is an analytic function and T — z E Ran $( 2 ;) for all 

zeG. 

We show that ^ is regular at each point X E G. By Theorem 9, there is 
a neighbourhood U oi X and an analytic function S\ : U B{X) such that 
(T - z)Si{z){T - z) = T - z {z E U). For z E U let : B{X) B{X) 
be the operator defined by "If{z)A = {T — z)Si{z)ASi{z){T — z) — A. It is clear 
that ^ is analytic and ^( 2 ;)^( 2 :) = 0 {z E U). li A E Ker^( 2 :) then A = 
(T - z)Si{z)ASi{z){T -z)E Ran^(z) for all zeU. 

Thus Ran ^( 2 :) = Ker^( 2 :) and ^ is regular in U by Theorem 11.10. 

Hence is regular in G. By Theorem 11.12, there exists an analytic function 
S2'G-^ B{X) such that ^z)S2{z) ^ T - z, i.e., (T - z)S2{z){T - z) ^ T - z 
for z E G. Set 

S{z) = S2 {z){T - z)S2{z) {zeG). 

Then 



(T - z)S{z){T -z) = {T- z)S2{z){T - z)S 2 {z){T -z)^T-z 



and 



S{z){T - z)S{z) = S2{z){T - z)S2{z){T - z)S2{z){T - z)S 2 {z) 

= S 2 {z){T-z)S 2 {z) = S{z) 



for all z E G. □ 

Theorem 9 enables us to extend the notion of Saphar spectrum for elements 
in a Banach algebra. 

Let ^ be a Banach algebra, a^b E A. As in the case of operators, we say that 
6 is a generalized inverse of a if aba = a and bab — b. 

Definition 11. An element a in a Banach algebra A is called Saphar if there exist 
a neighbourhood of 0 in C and an analytic function f : U ^ A such that 
(a — z)f{z){a — z) — a — z {z E U). 

For the study of Saphar elements in a Banach algebra A it is useful to consider 
the operator of left multiplication La ' A ^ A defined by LaX = ax (x E A). 
Clearly, if a G ^ is Saphar then La is also Saphar (as an element of B{A)). The 
opposite is not true: let A be the algebra of all power series complex 

coefficients ai such that || ^ Then La is bounded below 

and Ran La is complemented in A, since it is of codimension 1. Thus La is Saphar. 
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On the other hand, aba G a!^A for every 6 G .4, so a has no generalized inverse 
and thus it is not Saphar. 

We have the following characterization: 

Theorem 12. An element a e A is Saphar if and only if it has a generalized inverse 
and Ker La C R"^{La). 

Proof. 11 a E A is Saphar, then it has a generalized inverse and La is Saphar, so 
Ker La C R"^{La). 

Conversely, let a have a generalized inverse b e A. Then L^ is a generalized 
inverse of La and La is Saphar. By Theorem 9, is an analytically 

dependent generalized inverse of La — 2 : for 1^1 < ||Lb||~^ = Note that 

where b{z) = so b{z) is a generalized inverse 

of a — 2; depending analytically on 2;. □ 

Theorem 13. The set of all Saphar elements in a Banach algebra A is a regularity 
satisfying (PS) (upper semicontinuity on commuting elements). 

Proof. Recall that n G ^ is Saphar if and only if it has a generalized inverse and La 
is Kato. The Kato operators form a regularity satisfying (P3), see Theorem 12.9. 
To prove that the set of all Saphar elements satisfies the conditions of Theorem 
6.12 it is sufficient to show: 

(a) a is Saphar, n G N has a generalized inverse; 

(b) if a^b^c^d are mutually commuting elements of A such that ac-\-bd = 1 then 

ab has a generalized inverse a, b have generalized inverses; 

(c) if a G ^ is Saphar then there exists e > 0 such that u G A., ua = au and 
1 1 1 ^ 1 1 < e implies that a — u has a generalized inverse. 

Note that an element x e A has a generalized inverse if and only if Lx has a 
generalized inverse which belongs to the set {L^^ : ^ G A}. This is really the case 
if we apply Lemmas 4, 5 and 6 to the operators of left multiplication. In this way 
we obtain (a), (b) and (c), which finishes the proof. □ 

In commutative Banach algebras the class of Saphar elements coincides with 
the invertible elements. 

Theorem 14. Let Abe a commutative Banach algebra. An element a e A is Saphar 
if and only if it is invertible. 

Proof. Clearly, invertible elements are Saphar. 

Let a G v4 be Saphar and let b(z) = ^ function analytic on a 

neighbourhood of 0 satisfying (a — z)b(z)(a — z) = a- z. Comparing the coefficients 
at 2: we get — 1 = a‘^b\ — 2abo = a(ab\ — 2bo). Hence a is invertible. □ 
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14 Local spectrum 

Further important examples of regularities are provided by local spectra. 

Let X be a vector in a Banach space X. Denote by Rx{X) the set of all 
operators T G B{X) for which there exists a neighbourhood U of 0 in C and an 
analytic function f : U ^ X such that (T — z)f{z) = x {z E U). 

if/W = E“o Xi-^iz'^ is the Taylor expansion of / in a neighbourhood of 0, 
then (T - z)f{z) = Txi + z^{Txij^i - Xi), so Txi+i = Xi (i = 1, 2, . . .) and 
Txi = X. Thus T G Rx{X) if and only if there exist vectors xi,X 2 , . . . G X such 
that Txi = Xi-i (i = 1, 2, . . .), where xq = x, and sup^>j^ ||xi||^/* < oo. 

We start with the following lemma which is a refined formulation of Lemma 
12.8 (ii). 

Lemma 1. Let A, (7, D be mutually commuting operators on a Banach space 
X such that AC + BD = I and let u^v e X satisfy Au = Bv. Then there exists 
w e X such that Aw = v, Bw — u and ||rc|| < (||C|| + ||D||) • max{||ii||, ||i;||}. 

Proof. Set w — Du + Cv. Then ||ii;|| < (||C|| + ||D||) • max{||u||, \\v\\}, Aw — 
ADu + ACv = ADu + (/ — BD)v = DAu v — DBv = v and similarly, Bw = 
BDu + BCv = u — ACu + BCv = u. □ 

Theorem 2. Let x be a vector in a Banach space X. Then Rx(X) is a regularity. 
Moreover, for each T G Rx{X) there exists e > 0 such that T — Lf G Rx{X) for all 
U G B{X) commuting with T such that \\Lf\\ < £. 

Thus Rx{X) satisfies (P3) (upper semicontinuity on commuting elements). 

Proof. Clearly I G Rx{X), and so Rx{X) is non-empty. 

Suppose that T G Rx{X) and let n be a positive integer. Write xq = x 
and let Xi e X satisfy Tx{ = Xi-\ {i = 1,2,...) and sup^>i ||xi||^/'^ < oo. Set 
Vi = Xni (i = 0, 1, . . .). Then T^yi = yi-i (i = 1, 2, . . .), yo = x and 

supl|y,||^/* < (supllxill^/®)" < 00. 

i>l i>l 



Thus G Rx{X). 

Let AB = BA G Rx{X). Let Xi e X satisfy ABxi — x^-i (i = 1, 2, . . .) with 
xo = X and let sup^>i ||xi||^/^ < oo. Set yi = B^X{. Then yo = x, Ayi = AB^Xi = 
= Vi-i {i = 1,2,...) and supj>i ||2/i||^/* < ||S|| ■ supj>i < oo. 

Thus A G Rx{X) and similarly B G Rx{X). In particular, T'^ G Rx{X) implies 

TeRx(X). 

Let A, B,C,D be mutually commuting operators with AC -f BD = I and 
let A,Be Rx- Let Xi,o?^oj ^ ^ {hJ = 1,2, . . .) satisfy Axi^q — x^-i^o, = 

xoj-i (i,j > 1), where xq,o = ^ and ||xj,o|| ^ ll^ojll ^ for some 
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k, 1 < k < oo. Using Lemma 1 inductively, we can construct elements Xij = 

Dxi-ij + Cxij-i such that Axi^j = Bxi^j = Xij-i and 

\\xij\\ < {\\C\\ + ||D||) • max{||xij_i||, \\xi-ij\\} {ij > 1). 

It is easy to show by induction that \\xij\\ < (^(\\C\\ + \\D\\)’ky~^^ \\x\\. Set yi = Xi^i. 
Then AByi = yi-i, yo = x and sup||yip/^ < oo, so AB G Rx> Hence Rx is a 
regularity. 

To prove property (P3), let T ^ Rx{X),\ei Xi G X satisfy Txi = Xi-i {i = 

l, 2,...),xo = X and sup^>i = k < oo. Let U G B{X),UT = TU and 

||U|| < k~^. Set g{\) = This series is convergent for |A| < 

k~^ — ||U|| and we have 

oo oo 

{T-U- X)g{\) =Txi+Y^ T{U + Xyxi+i - + Xy+^Xi+i = Txi = a;. 

2=1 2=0 

Thus T-UGi^x(X). □ 

Denote by ^x spectrum corresponding to the regularity Rx{X). Since 
Rx{X) satisfies (P3), jx{T) is always closed. 

Remark 3. The standard notation is For our approach, however, the nota- 

tion 7 x(T) seems to be more natural. The set 7 x(T) is called the local spectrum of 
T at X. 



Corollary 4. Let x he a vector in a Banach space X, let T G 1S(X). Then 

iMiT)) = fMT)) 

for each function f analytic on a neighbourhood of a (T) which is non-constant on 
every component of its domain of definition. 



Examples 5. (i) 7x(T) can be empty. 

Let H he a Hilbert space with an orthonormal basis {e^ : 2 > 0}, let S be 
the unilateral shift [Sei = and let 5* be its adjoint, 5*6^ = e^-i {i > 1), 

5*eo = 0. Clearly, 5*5 = I. Let x = YT=o Then 5*x = f . For |^| > 1/2 set 
f{z) = - ffTT- Clearly, 



{S*-z)f{z) = 



OO 



E 



zi+l 



+E 



2 = 0 



syyx 

z'^ 



= X 



(|z| > 1/2). 



Further, set g{z) = ESo convergent for \z\ < 1 and 



{S* - z)g{z) = yys^xz^ - = a:. 

2=0 2=0 



Hence 7^(5*) = 0. 
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(ii) The previous example also shows that in general it is not possible to find 
a global analytic solution of the equation (5* — z)h(z) — x {z ^ ^x{T)). 

Suppose on the contrary that there exists an entire function h satisfying 
(5* — z)h{z) = X (z e C). Since for | 2 ;| > 1 = r{S*) the function h is uniquely 
determined by h{z) = {S* — z)~^x and {S* — z)~^x 0 as z oo, the Liouville 

theorem gives h = 0. So x = 0, a contradiction. 

(iii) The assumption in Corollary 4 that / is non-constant on each component 

is really necessary, since ^xiT) might be empty and 0 - 

(iv) Rx{X) does not satisfy (P2) (upper semicontinuity of 7 ^;). To see this, 
consider a 2-dimensional space X with a basis x,y, and let 



for each s > 0. Hence Rx{X) is not open, and so 7 ^ does not satisfy (P2). 

(v) Rx{X) does not satisfy (P4) (continuity on commuting elements). 
Consider the operator 5* and the vector x from (i). Then ^ ^ 0 and 

^^(^) = 0 for all n. On the other hand, 7 a;( 0 ) = {0} 7 ^ 0. 

(vi) Rx does not satisfy (PI). 

Let be a Hilbert space with an orthonormal basis : i > 0 or j > 0} 
and let the operators T, J5 G B{H) be defined by Acij = 

It is clear that AB = BA. Let x = eo,o- It is easy to see that A^B G Rx and 
AB ^ Rx, since x ^ Ran{AB). 

Consider now the subset R{X) C B{X) defined by: T ^ R{X) if and only if 
there exists a function / : U — > X analytic on a neighbourhood U oiO such that 
/ is not identically equal to 0 and (T — z)f{z) = 0 (z G U). 

As above, it is easy to see that T ^ R{X) if and only if there exist vectors 
Xi E X (2 = 1,2, . . .) not all of them equal to 0 such that Txi = Xi-i (i = 
1,2,.. .), where xq = 0 and sup^>i ||xi||^/^ < 00 . We can assume that xi ^ 0. 

Evidently, if T ^ R{X) then there is an open neighbourhood of 0 consisting of 
eigenvalues of T. The simplest example of an operator T ^ R{X) is the backward 
shift. 

Theorem 6. R{X) is a regularity. 

Proof. The set R{X) is non-empty, since I G R{X). 



Let A,Be B{X),AB = BA 0 R{X). We prove that either A 0 R{X) or 
B 0 R{X). Let Xi E X satisfy ABxi = Xi-i (i = 1, 2, . . .), where xq = 0, xi 7 ^ 0 
and sup^>i llxill^/"^ < 00 . Set ui = B^xi (z = 0, 1, . . .). Then uq = 0, Aui — Ui-i 
for alH > 1 and sup^>i < cx). If lii 7 ^ 0 then A ^ R{X). 




Then T E Rx{X) and 
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Suppose on the contrary that ui = Bxi = 0. Set vq = O^Vi = ^Xi for 
all i e N. Then Bvi = Vi-i (i = 1, 2, . . .),sup^>i < oo and ui = 7^ 0. 

Thus B ^ R{X). Hence A, Be R{X),AB = HA implies AB e R{X). 

In particular, A e R{X) ^ A^ e R{X) for all n. 

Let A ^ R{X) and let Xi e X satisfy the conditions required. Then yi = Xni 
satisfy all the required conditions for A^ , and so A^ 0 R{X). Hence A^ e R{X) 

A e R{X). 

Suppose that A^B^C^D are mutually commuting operators satisfying AC + 
BD = I and A ^ R{X). Let Xi^o e X satisfy Axi^o = ^2-1,0 for all i = 1,2, . . 
xo,o = 0, Xi,0 7 ^ 0 and sup^>i 00. 

Set xqj =0 (j = 0, 1, . . .). Using Lemma 1 inductively, we construct vectors 
Xij = Dxi-ij + Cxij-i {i^j e N). As in the proof of Theorem 2 we can show 
that ABxi^i — > 1)? ^1,1 / 0 and sup^ < 00. Thus AB ^ 

R{X) and AB e r(x) A, H g R{X). 

Hence R{X) is a regularity. □ 

Denote by a the spectrum corresponding to the regularity R{X). In general, 
5(T) is not closed (on the contrary, it is always open), and so R(X) cannot satisfy 
(P2), (P3) or (P4). Neither does R{X) satisfy (PI). To see this, let X be a separable 
Hilbert space, A = 0 and let B be the backward shift. It is easy to see that 
0 - AH G R{X) and H ^ R{X). 

The closure of a(T) is usually denoted by Strand called the analytic residuum 

of r. 

An operator T is said to have the single value extension property (SVEP) if 
5(T) is empty. 

Corollary 7. Let T e B(X) and let f he a function analytic on a neighbourhood of 
(j{T) which is non-constant on each component of its domain of dehnition. Then 

a{f{T)) = f{a{T)) and = /(^t). 

Proposition 8. Let T G B{X),x G X, x / 0. Then a{T) U 7rr(T) ^ 0. 

Proof. Suppose on the contrary that 5(T) U 7rr(T) = 0. Then for every w e C 
there exists a neighbourhood 17^ of w and an analytic function fw-U^^X such 
that (T — z)fuj{z) — X {z e Uw)> Since 5(T) = 0, functions and f^j' coincide 
on Lfw n Uw' {w,w' G C), so we have an entire function / : C ^ X such that 
{T-z)f{z) = x (AgC). 

For |z| > r(T) we have f{z) — {T — z)~^x, so lim^^oo /(A) = 0. By the 
Liouville theorem, / = 0, and so x = 0, a contradiction. □ 

The closure of 5(T) U 7^(T) will be denoted by (Tx{T)\ this set is also called 
the local spectrum (the standard notation is again rather (Jt(^) instead of (Jx{T)). 
Clearly ax{T) = 5 t U ^x{T) and (Jx{T) 7^ 0 if x / 0. 
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Theorem 9. Let T G B{X),x G X,x ^ 0 and let f be a locally non-constant 
function analytic on a neighbourhood of a (T). Then 

5(/(T))U7.(/(T))=/(5(T))U/(7.(T)) and tT,(/(T)) = /(a,(T)). 

Proof. Since Rx{X)nR{X) is a regularity, we have a(/(T))U 7 a;(/(T) ) = /(a(T))U 
/( 7 a,(T)). Taking closures on both sides we get ax{f{T)) = f{a{T)) U f{'yx{T)) = 
f{a(T))Uf{jx{T)) = f{ax{T)). □ 

Example 10. (i) The assumption that / is locally non-constant is really necessary. 
This does not contradict Theorem 6.8 since (Jx{T) is non-empty only for x ^ 0; if 
X = 0 then (Tx{T) can be either empty or non-empty. 

For an example, let 5* be the backward shift on a separable Hilbert space H 
and let be a non-zero vector in H. Consider T = 5* 0 2/ G B{H 0 H) and 
X = 0 0 16 . It is easy to verify that St = {z ^ C : \z\ < 1} and jx{T) = {2}. 
Let / = 0 on a neighbourhood of {z : |z| < 1} and / = 1 on a neighbourhood 
of {2}. Then /K(T)) = {0} U {2}. Further, /(T) = 0 0 27, Sf^r) = 0 and 
<t.(/(T)) = 7.(/(T)) = {2}. Hence a,(/(T)) ^ /K(T)). 

(ii) The local spectrum has a natural meaning for normal operators. Let 
T = f zdE{z) be a normal operator on a Hilbert space 77, let x G if. Then T has 
SVEP and ctx{T) is the support of the scalar measure ||£J(-)x|p = (7^(*)x,x). 

Definition 11. Let T be an operator on a Banach space X and let x G X. The local 
spectral radius rx(T) is defined by rx{T) = limsup^^^ ||T^x||^/’^. 

The standard notation of the local spectral radius is r(T^x)\ we choose the 
present notation in order to have an agreement with the notation for the local 
spectra. 

The formula defining the local spectral radius is similar to the spectral radius 
formula r(T) = lim It is easy to see that in general the limit lim ||T^x||^/’^ 

does not exist. The meaning of the local spectral radius is the following: the series 
/(^) = convergent for > rx(T) and {T-z)f{z) = x; for | 2 ;| > r(T) 

we have f{z) = {T — z)~^x. 

The connection between the local spectral radius and the local spectra is the 
following: 

Theorem 12. Let T G B{X) and x G X. Then 

max{|A| : A G < rx(T) < max{|A| : A G (Tx(T)} 

(if jx(T) = 0 then the left maximum is considered to be 0). 

Proof. Set f{z) = — series converges for | 2 :| > rx{T) and (T — 

z)f{z) = X. Thus | 2 :| > rx{T) implies x ^ "fx{T), which is the first inequality. 
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For 1 2 : 1 > max{|A| : A G cTx(T)} there is a unique analytic function g(z) 
satisfying (T — z)g(z) = x. For \z\ > r{T) necessarily g{z) = {T — z)~^x = 

lim^-^oo = 0 - 

Consider the function h{z) = g{\) (0 7 ^ | 2 ;| < max{|A| : A G (Jx(T)}“^), 

h(0) = 0. Clearly, h{z) = 1^1 ^ niax{|A| : A G ax{T)}~^. Since 

the radius of convergence of the series '^{T^x)z'^'^^ is equal to 

(limsup||T*x||^/®] = (r^(T))“\ 

i — >-oo ' 

we conclude that rx{T)~^ > (max{|Al : A G ax{T)}) \ Hence rx{T) < max{|A| : 
A G ax{T)}. □ 

Example 13. In general, the inequalities in the previous theorem are strict. Con- 
sider the backward shift *9* G B{H) and the vector x = 2~'^Ci which were 

studied in Example 5 (i). We have S*x = |, and so 

r,(5*) = limsup||5«x||i/* = 

Further, 7 x( 5 '*) = 0, and so max{|A| : A G jx{S*)} = 0. Finally, the function 
g{z) — z'^Ci is convergent for \z\ < 1 and (5* — z)g{z) = 0. So ax(S*) = {z : 
\z\ < 1} and max{|A| : A G crxiS"^)} = 1. 

The relation between the local spectral radius and the local spectra is closer 
for operators with SVEP. In this case jx{T) and (Jx{T) coincide, and so we have 

Corollary 14. Let T e B{X) be an operator with SVEP and x e X. Then 
max{|A| : A G 7x(T)} = Tx{T) = max{|A| : A G (Jx{T)]. 

In general, cFx{T) C cf{T) and rxiT) < r(T). Our next goal is to show that 
there are always many points x G X with the local spectrum <r^(T) equal to the 
global spectrum <j(T). 

We start with the following observation: 

Proposition 15. Let T G B{X) satisfy TX — X and 0 G cr(T). Then 0 G St- 

Proof. Since 0 G cr{T) and TX — X^ there exists a non-zero vector xq G X with 
Txo = 0. By the open mapping theorem, there is a constant k > 0 such that 
TBx O k • Bx- We can construct inductively vectors xi,X 2 , • • ’ ^ X such that 
Txi = Xi_i and ||xi|| < A;~^||xi_i||, so ||xi|| < /c“*||xo||. Set f{z) = 

This series is convergent for |z| < k and (T — z)f{z) = 0. Since /(O) = xq 0, we 
have 0 G St- □ 
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CoroUary 16. a(T) = St U {X e C : (T - X)X ^ X}. 

Recall that the set {A G C : {T — X)X / X} is the surjective spectrum crs{T). 

Theorem 17. Let T G B{X). Then the set {x G X : cFx{T) ^ <^(T)} is of the first 
category. 

Proof. Let {Ai, A 2 , . . .} be a countable set dense in cr(T). Set Mi = [x E X : Xi ^ 
<^x{T)}. Since {x G X : (Jx{T) ^ = USi sufficient to show that 

each set Mi is of the first category. If x G then Xi ^ St, and so (T — A^)X ^ X. 
Furthermore, A^ ^ Jx{T), which implies x G {T-Xi)X. Thus Mi C {T-Xi)X ^ X. 
By Corollary A. 1.8, Mi is of the first category. □ 

Theorem 18. Let T G B{X). Then the set {x G X : crs{T) \ 7 a: (T) 7 ^ 0} is of the 
first category. 

In particular, the set {x G X : da{T)\'yx{T) 7 ^ 0} is of the first category. 

Proof. Choose a countable subset {Ai, A 2 , . . .} dense in crs{T) and let = {x G 
X : Xi ^ 'yx{T)}. Since 



{xeX: as{T) \ 7.(T) ^ 0} = (J M„ 

it is sufficient to show that each Mi is of the first category. Let x G Mi. Since 
Xi G crs{T), we have (T — A^)X ^ X. Further, A^ ^ lx(T), and so x G (T — Ai)X. 
Thus Mi C {T — Xi)X , which is of the first category by Corollary A. 1.8. □ 

Corollary 19. Let T G B{X). The set of all x E X for which (Tx{T) = cf{T), 
rx{T) = r(T) and jx{T) D is residual (= complement of a set of the first 

category), and therefore dense in X. 

Proof. Follows from Theorem 12 and the previous result. □ 



Comments on Chapter II 

C.9.1. The basic results concerning the approximate point spectrum and the sur- 
jective spectrum of n-tuples of operators are due to Harte [Hal], [Ha2], [Ha3j. 

Theorem 9.17 is folklore (but, surprisingly, it seems that it has never been 
published in this form). 

C.9.2. Let T = {T\,. . . ,Tn) be a commuting n-tuple of operators on a Hilbert 
space. By the Dash lemma [Das], 

f "" 

ai{T) = aTr{T) = <X E - Aj)*(Tj - Xj) is not invertible 

I 
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and 

(jr{T) = crs{T) = < A G : ^^{Tj — \j){Tj - \jY is not invertible 

I ^=1 

C.9.3. Theorem 9.22 was proved in [Mii8] and [Re5]; it gives a positive answer to 
a problem of Bollobas [Bo4] . 

By [Re4], if T is an operator on a Hilbert space if, then it is possible to find 
a Hilbert space K D H and an extension S G B{K) such that cr(S) = 

C.9.4. The basic results concerning the spectra of the multiplication operators La 
and Ra (Theorem 9.25) are due to Harte [Ha3]. More generally, let (ai, . . . , Un) and 
(6i, . . . , hn) be commuting n-tuples of elements in a Banach algebra A. Operators 
of the form x ^ -4) are called elementary operators'^ they have 

been studied intensely, see e.g. [LR], [DR], [Cu5], [Fil], [Fi2], [CF]. 

C.9.5. The equality a{a) = Ti{a)Unr{a) = Tr{a)U'iTi{a), which is true for operators 
by Theorem 9.20, is not true for Banach algebras. 

An easy example is the algebra of all formal power series cxix^ with 

complex coefficients ai such that || = X] If is ^asy to check that 

a{x) = {z G C : | 2 ;| < 1} and r/(x) = Tr{x) — {z e C : \z\ = 1}. 

Note that for any Banach algebra element x we have a weaker relation a{x) — 
(Ji{x) U7Tr{X) = ar(x) U 7T/(x). Indeed, suppose that yx = 1 and x is not a right 
divisor of zero. Then {xy — l)x = 0, and so xy = 1. Hence x is invertible. 

C.9.6. Let T be an operator on a Banach space X such that r(T) < 1. Then there 
is an n G N such that ||T^|| < 1. Define a new norm on X by 

||N|Hsup||T-x||. (1) 

n>0 

Clearly, ||| • ||| is equivalent to the original norm and |||Tx||| < |||x||| for each 
X G X. Thus T : (X, ||| • |||) ^ (X, ||| • |||) is a contraction. 

Hence for an operator T G B{X) we have r(T) = inf{|||T|||} where the 
infimum is taken over all operator norms that arise from the norms on X equivalent 
to the original one. This is a stronger result than the corresponding statement for 
Banach algebras, see C.1.11. 

If X is a Hilbert space then it is possible to consider only equivalent Hilbert 
space norms on X: we can replace (1) by 

2 = 0 

C.9.7. Complemented and uncomplemented subspaces play an important role in 
spectral theory. The uncomplemented subspaces are quite common. In fact, the 
following result is true, see [LTj. 
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Theorem. All closed subspaces of a Banach space X are complemented if and only 
if X is isomorphic to a Hilbert space. 

On the other hand, it is not easy to construct concrete examples of uncom- 
plemented subspaces. The best-known example of an uncomplemented subspace 
is the space cq in 

C.9.8. It is easy to see that if T G B{X) is left (right) invertible then T* G B{X*) 
is right (left) invertible. The converse implications are true in reflexive Banach 
spaces but not in general, see [Pil, pp. 366-367]. 

Thus in reflexive Banach spaces cri{T) = (7r{T*) and ar{T) = ai{T*). In 
general, we have only <J/(T) D (JriT*) and (Jr{T) D 

C.9.9. If A is a finite-dimensional Banach space then cr{T) = cfi{T) = cFt^{T) for 
each operator T G B(X). By [GwM] there is an example of an inflnite-dimensional 
Banach space with the same property (compare with C.8.4). 

C.10.1. Many “nice” classes of operators consist of operators with closed range. 
It suggests defining the closed range spectrum (sometimes called the Goldberg 
spectrum^ see [Gol], [Sch3]) as 

acr{T) = {AgC:T — A has not closed range}. 

However, the class of operators with closed range and the corresponding spectrum 
have not good properties. It is easy to find an example of T G B(X) with closed 
range such that RanT^ is not closed. Conversely, it is also possible that RanT^ is 
closed and RanT is not. 

In fact, given a subset M of N, it is possible to find an operator T such that 
RanT^ is closed if and only if m G M. 

The Kato spectrum (see Section 12) can be considered to be the smallest 
extension of the closed range spectrum with good spectral properties. 

C.10.2. The notion of gap was introduced and the fundamental Lemma 10.9 proved 
in [KKM], see also [GhKl], [Katlj. 

For a survey of results concerning the reduced minimum modulus and the 
gap see [Kat2j. 

C.10.3. Instead of the gap 5(M, N) between two subspaces M, iV C A it is possible 
to consider the Hausdorff distance A{Sm^Sn) between their unit spheres, see 
Appendix A. 4. These two quantities are closely related by 

?(M, N) < A(5m, Sn) < 2?(M, A), (2) 

see [GhM]. The advantage of A is that it satisfies the triangular inequality. On 
the other hand, the gap 6 is more convenient to work with. 
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By (2), the gap and the Hausdorff distance A define the same topology on the 
set of all closed subspaces of a Banach space. Moreover, this topology is complete. 

C.10.4. Theorem 10.14 is due to Apostol [Ap3]. Theorem 10.17 was proved by 
Markus [Mar]. 

C.10.5. A subspace M of a Banach space is called paraclosed if there are a Banach 
space Y and T G B(Y,X) with RanT = M. Paraclosed subspaces (sometimes also 
called paracomplete or operator ranges) were studied by a number of authors, see 
e.g., [FW], [Em], [Crj. 

Equivalently, a subspace M of (A, || • ||) is paraclosed if and only if there is a 
complete norm ||| • ||| on M which is greater than the original norm || • ||. 

Clearly, each closed subspace is paraclosed but the opposite is not true. Al- 
though there are many linear subspaces of X that are not paraclosed, practically 
all subspaces that appear in operator theory are paraclosed. 

If M and L are paraclosed subspaces of X then both M fl L and M -\- L are 
paraclosed. Thus paraclosed subspaces form a lattice. 

C.10.6. Let M, L be closed subspaces of a Hilbert space H. Then the gap between 
M and L can be expressed in a simpler way by ^(M, L) = \\Pm ~ Pl\\ where Pm^ 
Pl are orthogonal projections onto M and L, respectively. 

Consequently, in Hilbert spaces the gap satisfies the triangular inequality. 
By [Ap5], for T G B{H) we have 7 (T) = inf((j(|T|) \ {0}) where |T| = 

(J'*7")1/2_ 

C.11.1. The factorization of continuous vector- valued functions (Theorem 11.1) 
was proved by Taylor [Tal] (formulated for exact sequences). 

Lemma 11.3 is folklore; the proof is e.g. in [Fa2] or [Va5j. 

C.11.2. Factorization of analytic vector- valued functions was proved for exact se- 
quences by Taylor [Tal] and in general by Slodkowski [S14], see also [Jan]. Here we 
presented a different proof of the local result Theorem 11.9. The original proof of 
Slodkowski was done by induction and based on the following linearization result 
[GKL], [Boe]: 

Theorem. Let U C C be an open connected set. Let T : U B{X, T) be a function 
analytic on U. Then there exist a Banach space Z, operators S', F G B(X0Z, T0Z) 
and analytic functions Ci : U B{X 0 A), C 2 : B{Y 0 Z) such that Ci{z) 

and C 2 {z) are invertible operators and 

C2{z){T{z) 0 Iz)Ci{z) = S-zV {ze U). 

The global result (Corollary 11.12) uses a result of Leiterer [Le]; its proof is 
based on the operator version of the classical Cartan lemma. 
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Corollary 11.14 was proved by Allan [A112], [A113], see also [Shu]. In this case 
an elementary proof is available. 

C.11.3. Note that the statement of Theorem 11.9 is weaker than the corresponding 
one-dimensional result Theorem 11.5. In Theorem 11.5 we assumed only that 
inf j(T{wk)) > 0 for a convergent sequence (wk); in Theorem 11.9 we assumed in 
fact that inf zeu 7 (T(z) > 0 for some neighbourhood U of w E G. This suggests 
the following 

Conjecture. In Theorem 11.9 it is sufficient to assume that inf^eM 7 (T(z)) > 0 for 
some set M C G with the property 

/ analytic in a neighbourhood U of w, f\{M (lU) = 0 f = 0 on U. 

C.11.4. A factorization result analogous to Theorem 11.1 for -functions was 
proved by Mantlik [Man] . 

C.12.1. Kato and Saphar operators were studied under various names by a num- 
ber of authors, see e.g., [Katl], [Kal], [GIK], [Grl], [Ap5], [Mbl], [MOl], [M02], 
[Miil5], [Sml], [Sm2], [Sap], [Ra4]. Many authors call Kato and Saphar operators 
semi- regular and regular, respectively. In the present monograph we prefer the 
names introduced by Schmoeger, since the words like “regular” are overused in 
mathematics (by a regular operator many mathematicians would understand an 
invertible operator). 

C.12.2. For T G B(X) it is possible to define a family of ranges Ra{T) indexed by 
ordinal numbers by Rq{T) = X, Ra-^i{T) = TRa{T) and Ra{T) = r\p<a 
for limit ordinals a. The transfinite ranges form a monotone family; its intersection 
co(T) is called the couer of T. Properties of the transfinite ranges were studied in 
[Sap]. 

It is easy to see that Tco(T) = co(T) and co(T) is the maximal subspace 
(not necessarily closed) with this property. Clearly, co(T) C R^(T). For Kato 
operators we have co(T) = R^{T) but this equality is not true in general. 

C.13.1. For information about generalized inverses see Groetsch [Gro]. The gener- 
alized inverses originated in the Moore-Penrose inverses of matrices [Mo] , [Pe] . 

C.13.2. Let T G B{X) be Saphar and let S : U B{X) be the analytic generalized 
inverse S{z) = constructed in a neighbourhood U of 0, see Theorem 

13.9. It is easy to verify that Ker S{z) and RanT( 2 :) are constant and S satisfies 
the resolvent identity 



S{z) S{w) = {z - w)S{z)S{w) {z,w G U) 
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cf. C.8.5. It is an interesting open question, see [ApCl], [ApC2], whether there 
is a global analytic generalized inverse defined on C \ crsap{T) (or at least on a 
neighbourhood of a given compact set K C C\crsap{T)) satisfying this additional 
condition. For a positive answer in Hilbert spaces, see [BM]. 

C.13.3. The existence of a global analytic generalized inverse on the complement 
of the Saphar spectrum (Theorem 13.10) was proved in [Shu], see also [Mul5]. 

C.13.4. The Saphar spectrum in Banach algebras was studied in [Kol] and [Mb2]. 

C.14.1. The local spectral theory was originated by Dunford [Du2j. It was mo- 
tivated by the theory of scalar and decomposable operators that were studied 
intensely by a number of authors, see e.g., [CF]. For a recent survey see [LN]. 

The spectral mapping property is due to Vasilescu [Val], see also [Vr]; the 
present proof was given in [KM2]. The existence of many points with the local 
spectrum equal to the (global) spectrum was proved by Vrbova [Vr]. 

C.14.2. Let T G B{X) and x G X. In general, the limit lim^i^cx) does not 

exist. In fact [Dan], the set of all accumulation points of the sequence (||T^x||^/’^) 
is the whole interval (liminf \\T^x\\^^'^ ,rx{T)). 

C.14.3. Let T e B{X) and x e X. Then the local resolvent g : C \ cFx{T) X 
satisfying (T — z)g{z) = x (z G C \ ax{T)) is a uniquely determined analytic 
function. 

For functions / analytic on a neighbourhood of (Jx(T) define the local func- 
tional calculus by 



where F is a contour surrounding (Jx{T). In general, /(T) is defined only for those 
X G X such that (Jx{T) is contained in the domain of definition of /. 




Chapter III 

Essential Spectrum 



In this chapter we study various types of essential spectra of operators on a Banach 
space X. They are closely connected with the Calkin algebra B{X)/JC{X), where 
X{X) denotes the ideal of compact operators. 

We start with the classical theory of compact and Fredholm operators. 



15 Compact operators 

Definition 1. Let X,Y be Banach spaces. An operator T G B{X,Y) is called 
compact if the set TBx is totally bounded (i.e., if TBx is compact, where Bx 
denotes the closed unit ball in X). 

We say that T is of finite rank if dim Ran T < oo. 

The set of all compact (finite-rank) operators from X to T will be denoted 
by /C(X, Y) and T{X^ Y), respectively If T = X then we write JC{X) = /C(X, X) 
and J^(X) = X{X,X) for short. 

Clearly, T G B(X, F) is compact if and only if for every e > 0 there exists a 
finite set {xi, . . . ,Xn} C Bx such that min{||Tx — Txi\\ : 1 < z < n} < ^ for all 
X G Bx. 

The next theorem summarizes the basic properties of compact and finite-rank 
operators. 

Theorem 2. Let X and Y be Banach spaces. Then: 

(i) /C(X, Y) is a closed subspace of B(X, Y); 

(ii) X{X, Y) is a subspace of B(X, Y) and T{X, Y) C /C(X, Y); 

(iii) if Xi and Yi are Banach spaces, U G B(Xi,X), T G /C(X, F) and S G 
B(F,Fi), then STU G /C(Xi,Fi). IfT G X{X,Y), then STU G X(Xi,Fi); 
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(iv) in particular, ifY = X, then T{X) is a 2-sided ideal and JC{X) is a closed 
2-sided ideal in B{X); 

(v) if T G IC{X, Y), then T is of finite rank if and only if Ran T is closed. 

Proof, (i) Let T, S' G K[X,Y) and let £ > 0. Then there exist finite subsets 
{xi, . . . ,Xn} and {x\, . . . ,x^} of such that min{l|Tx— Tx^H : 1 < i < n} < e/2 
and min{||Sx — Sx' || : 1 < j < m} < e/2 for every x G Bx- Consider the finite 
set {Txi + Sx' l<j< m). For x G Bx we have 

min{||(T + S)x — {Txi + Sx' )|| :l<i<n, l<j< m} < e. 

Since e was arbitrary, the set (T + S)Bx is compact. 

In a similar way it is possible to show that the set /C(X, Y) is closed and that 
a scalar multiple of a compact operator is compact. 

(ii) The inclusion T{X, Y) C X{X, Y) follows from the fact that closed balls 
in finite-dimensional Banach spaces are compact. 

(iii) Let U G B{Xi,X), T G IC(X,Y) and S G B(Y,Yi). Then and 
S{TBx) are compact. Hence the set {STU)Bx C Sr(||f/|| • Bx) = \\U\\ • S{TBx) 
is also compact and STU G )C{X,Y). 

The statement for finite-rank operators is clear. 

This implies also (iv). 

(v) Clearly, each finite-rank operator has closed range. 

For the converse, let T : X T be compact and RanT closed. By the open 
mapping theorem, there is a positive constant k with TBx 3 k • BRanT- Since T 
is compact, we conclude that k • BRanT is compact. Hence dim RanT < oo. □ 

Proposition If T e JC{X,Y), then RanT is separable. 

Proof. We have RanT = (U^i ^TBx)~ and kTBx is totally bounded for every 
k. □ 

Theorem 4. Let T G B{X, Y). Then T is compact if and only ifT"" is compact. 

Proof. Suppose that T is compact and let s > 0. We must show that there exists 
a finite subset {y*, ... ,2/*} C By* such that for every y* G By* there exists r, 
1 < r < p with |lT*p* - T*p;|| < £. 

Since T is compact, there exists a finite subset {xi , . . . ,Xn} C Bx such that 
min{|lTx - Txj\\ : I < j <n} < e/3 for every x G Bx- 

The set {((Txi,p*), . . . , {Txn,y*)) : y* G By*} is a bounded subset of 
therefore there exists a finite subset {p *, . . . ,y*} of By* such that for each y* G 
By* there exists r G {1, ... ,p] with the property 

\{Txj,y* -y*)\ <e/3 (1 < j < n). 

We show that {p*, . . . , p*} is the required subset of By* . 



( 1 ) 
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Let y* G By*. Find r G with (1). Let x G Bx- Then there is 

a j G {1, . . . ,n} such that \\Tx — < e/3 and we have 

\(x - (x T*y*)\ 

< \{x-x„T*y*)\ + \{x„T*{y*-y;))\ + \{x, - x,T*y;)\ 

= \(Tx- Tx, , 2 /*) I + I (Txj ,y*-y;)\ + \ {Txj - Tx, y;)\ < e. 



Thus 

||TV -T* 2 /;|| =sup{|(x,r* 2 /* -T* 2 /;)| :xeBx}<s 
and T* is compact. 

Suppose now that T* is compact. Then T** is compact and so is T = T**|X, 
since TBx = T**(Bx** Pi X) C T**Bx**, which is compact. □ 

Theorem 5. Let T G B(X, Y). The following conditions are equivalent: 

(i) T is compact; 

(ii) if (xa)a Is a net of elements of Bx and > 0 weakly, then ||Txa|| ^ 0; 

(iii) the restriction T\Bx is a continuous mapping from Bx with the weak topol- 
ogy into Y with the norm topology; 

(iv) for every e > 0 there exists a closed subspace M C X with codim M < oo 
such that sup{||Tx|| : x G M, ||x|| = l} < ^. 

Proof, (i)^(ii): Let {xa) be a net of elements of Bx, x^ ^ 0 weakly. It is easy to 
show that also Txa 0 weakly. Suppose on the contrary that ||Txq;|| 0. Then 

there exists a positive constant c and a subnet {xcp)i 3 such that ||Txq;^ || > c for all 
(3. Since TBx is compact, the net (Tx^f^) has an accumulation point y. Clearly, 
lly|| c. G)n the other hand, '1 ' x ^ ^ 0 v^eakly and so y — 0, a contradiction. 

(ii) ^(iii): Let (x^) C Bx, x^ ^ x weakly. Then Xq, — x ^ 0 weakly, and so 
||Tx — Txq;|| ^ 0. Hence Tx^ Tx in the norm. 

(iii) =>(iv): Suppose that (iv) is not true, so there exists c > 0 such that, for 

every closed subspace M C X of finite codimension, there exists xm G M with 
||xm|| = 1 and ||Txm|| > c. Consider the net (xm)m directed by the inclusion, 
M > M' M C M'. It is easy to see that xm 0 weakly and ||Txm|| 0. 

(iv) =^(i): Suppose that T is not compact, so there exists c > 0 such that 
TBx cannot be covered by a finite number of balls of radius c. Choose xi G Bx 
arbitrarily and construct inductively a sequence (x^) of points in Bx such that 
\\Txi — TxjW > c for all i,j G N,i 7 ^ j. Clearly, \\xi — Xj\\ > 

Let M C X be a closed subspace of finite codimension and let P G B(X) be 
a projection onto M. Let £ > 0. Since dimRan(7 - P) < 00 , we can find j, fc G N, 
j ^ k such that ||(/ - P)xj — {I - P)xk\\ < e. Then 

\\P{xj - a;fc)|| < \\xj - Xfell + ||(/ - P){xj - Xk)\\ < 2 + e 
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and 



\\TP{xj - :cfc)|| > IITrr,- - Tx^W - \\T{I - P){xj - a:fc)|| > c - e||T||. 



Thus 



sup{||Tu|| : u G M, \\u\\ = 1} > 



\\TP{xj-Xk)\\ ^ c-e\\T\\ 

||P(a;j -Xfc)|| - 2 + £ ■ 



Letting e — > 0 gives sup{||Tu|| : u E M, ||u|| = 1} > c/2 and (iv) is not true. 



□ 



Corollary 6. Let T G B{X,Y) be a compact operator and {xn) a sequence of 
elements of X , Xn 0 weakly. Then ||Txn|| ^0. 

Proof. A weakly converging sequence is bounded by the Banach-Steinhaus theo- 
rem. □ 



Theorem 7. Let T G 13{X) be a compact operator and A G C, A ^ 0. Then 
Ran(T — A) is closed. 

Proof. Let M be a subspace of X of finite codimension satisfying the condition 
sup{||Tx|| : X G M, ||x|| = l} < Then 

||(T-A)x||>|A|-||:r||-||ra:||>^||a:|| 

for all X G M. Thus the restriction (T — A)|M : M — » X is bounded below 
and {T — \)M is closed. Let be a finite-dimensional subspace of X such that 
X = M^N. Then (T - X)X = {T - \)M + (T - A)iV, where dim(T - X)N < oo. 
Hence Ran(T — A) is closed. □ 

Lemma 8. Let X be a Banach space, let M C X he a closed subspace, M ^ X 
and let e > 0. Then there exists x e X such that ||x|| < l-\-e and dist{a:, M} = 1. 

If codim M = oo, then there exists a sequence (xi)^^ of elements of X such 
that ||xfc|| < I e and dist{x/c+i, M V Vz=i ^i} = ^ ^or every k. 

Proof Choose any xq e X with ||xo + M\\x/m = 1- Since 1 = ||xo + M\\x/m = 
inf{||xo + ^11 : m G M}, we can find m e M such that x = xq + m satisfies 
dist{x, M} == dist{xo, M} = 1 and ||x|| < 1 + e. 

Using the first statement repeatedly gives the second statement. □ 



Theorem 9. Let T G B{X) be a compact operator and let X e C, X 0. Then 
dimKer(T - A) < oo. 



Proof. Suppose on the contrary that dimKer(T — A) = oo. By Lemma 8, there 
exists a sequence {xi)^^ of elements of Ker(T - A) such that \\xk\\ = 1 and 
dist{xfc+i, VLi ^1/2 for all k. Then (xi) is a bounded sequence and (Txi) 
contains no convergent subsequence, since \\Txi — Txj\\ = ||Axi — Xxj\\ = |A| • ||xi — 



XjW > ^ for all i / j. 



□ 
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Theorem 10. Let K G B{X) be a compact operator. Then: 

(i) there exists k e N such that Ker(7 T = Ker(7 + 7^)^; 

(ii) there exists i G N such that Ran(7 + = Ran(7 + Ky ; 

(hi) dimKer(7 + K) > codim Ran(7 + K). 

Proof, (i) Write T = I + K. We have KerT C KerT^ C • • • . Suppose on the 
contrary that KerT^+^ ^ KerT^ for all n. Using Lemma 8 inductively we find a 

sequence of elements Xk G KerT^ such that ||x/e|| < 2 and distjxfc, Ker = 1 

for each k. For i > j we have 

\\Kxj — Kxi\\ = \\Txj — Xj — Txi Xi\\ > dist{xi, Ker = 1 , 

since Txj —Xj—Txi G KerT^“L Thus the sequence (Kxi) contains no convergent 
subsequence, which is a contradiction with the compactness of K. Hence there is 
a /c G N such that KerT^"^^ = KerT^. 

(ii) For each A: > 0, the operator (7 + 7^)^ can be expressed as 7 + JT' for 
some compact operator K' G B{X). Thus Ran (7 + 7T)^ is closed for each k. 

By (i), there exists j > 0 such that Ker(7x* + K*y~^^ = Ker(7x>^ + K*y . 
Thus Ran(7 + Ky+^ = Ker(7x^ + X*)i+i -L Ker(7x* + K*y = Ran(7 + Ky . 

(hi) Let T = I K and let k satisfy KerT^“^^ = KerT^. By Theorem 9, we 
have dim KerT < oo. Since T^ — (7 + 7T)^, we can write T^ in the form 7 T 77' 
for some compact operator 77', and so dimKerT^ < oo. 

Let ai , . . . , Um be a basis of KerT and let ai, . . . , a ^, ^ • ^dr he hs 
completion to a basis of KerT^ = KerT^+L Since TKerT^ C KerT^, we have 
TKerT^ C \/{Tam-\-i^ • • • ,Tar}, and so dimTKerT^ < r — m. Choose another 
basis hi,..., hr in Ker T^ such that 6 ^+ 1 , . . . , 6 ^ is a basis of TKer T^. Thus r-n = 
dimTKerT^ < r — m, and so m < n. We now prove that codim Ran T > n. To 
show this, it is sufficient to prove that bi, . . . ,bn are linearly independent modulo 
RanT. 

Suppose on the contrary that 0 ^ 6 ^ G RanT for some G C. Let 

b ^ X satisfy Oibi = Tb. Since XlILi ^ KerT^, we have b G KerT^“^^ = 
Ker T^. Thus T7 G TKerT^ and T 6 is a linear combination of bn+i, . . . ,br^ There- 
fore ai = • • • = On = 0. Hence codim RanT > n > m = dim KerT. □ 

Theorem 11. Let 77 G B{X) be a compact operator and iet A G C, A ^ 0. Then 

dimKer(77 - A) = dimKer(77* - A) = codim Ran(77 - A) = codim Ran(77* - A). 

Proof By Theorem A. 1.14 and Theorem 7, dim Ker(77 - A) = codim Ran(77* - A) 
and dimKer(77* — A) = codim Ran(77 — A). By the preceding theorem, we have 
dimKer(77-A) > codimRan(77-A) = dimKer(77* - A). Since 77* is also compact, 
dimKer(77* - A) > dimKer(77** - A). Moreover, K - X = (77** - A)|Ar, and so 
Ker(77 - A) C Ker(77** - A). Hence dimKer(77 - A) = dimKer(77* - A). □ 
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Lemma 12. Let T G B{X), iet Ai, A2, . . . be distinct non-zero eigenvalues ofT, and 
iet xi , X2, . . . be corresponding non-zero eigenvectors. Then the vectors X{ (i G N) 
are linearly independent. 



Proof. We prove by induction on n that xi, ... ,Xn are linearly independent. This 
is clear for n — 1 since xi ^ 0 . 

Suppose that xi, . . . are linearly independent and xi, . . . ,x^+i are lin- 
early dependent. So Xn+i = some G C. We have Xn+i = 

Sr=i Thus ai — which implies 



^u^lTXn^l 



^n+1 ^iTXi 



= 0 for i = 1, . . . , n. Hence x^+i = 0, a contradiction. 



□ 



Theorem 13. Let K e B{X) be a compact operator, A G cr{K) and X ^ 0. Then A 
is an isolated point of a (K). 

Proof. Suppose on the contrary that there exists a sequence {Xk) C cr{K) converg- 
ing to A. By Theorem 11, A^ are eigenvalues of K. Let Xk be corresponding eigen- 
vectors, i.e., Xk / 0, Txk = XkXk {k G N). For /c G N let Mk = \/{xi, . . . ,x/e}. 
By Lemma 12, Mi ^ M 2 7 ^ *•*. Clearly, KMk C Mk and {K — Xk)Mk C 
Mk-i {k G N). By Lemma 8, we can find elements yk G Mk such that ||^fc|| < 2 
and dist{ 2 //e, Mk-i} = 1 {k >2). For i > j > 1 we have 

\\Kyi-Kyj\\ = \\Xiy^-\- {K - Xi)yi - Xjyj - {K - Xj)yj\\ > dist{Xiyi, Mi-i} = |Ai|. 

Since Xk — > A 7 ^ 0, the sequence (Kyi) contains no convergent subsequence. This 
is a contradiction with the compactness of K. □ 

Corollary 14. Let K E B{X) be a compact operator. Then cr{K) is at most count- 
able. If X e o-(K), A 7 ^ 0, then X is an isolated point of cr{K) and 

0 7 ^ dim Ker(X - A) = codim Ran (iC — A) 

= dimKer(i^* — A) = codim Ran(T* — A) < oc. 



Examples 15. (i) An important example of compact operators are integral opera- 
tors. 

Consider the Banach space C{a, b) of all continuous complex- valued functions 
on a bounded closed interval (a, b) with the sup-norm. 

A continuous function K{s, t) defined on (a, b) x (a, b) defines an operator T 
on C{a, b) by 

(T/)(s)= [ K{s,t)f{t)dt. 

J a 

It follows from classical results of analysis that T is a compact operator. 

The classical Fredholm integral equation is 



-^/(«) - / = g{s) (a<s<b), 
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where g G C{a,b) is given, A is a parameter and / is unknown. Clearly, we can 
write the equation as {XI — T)f = g. 

This was the original motivation that led to the study of operators of the 
form XI — T where T is compact, see Riesz [Ri2], The theory of these operators is 
sometimes referred to as the Riesz-Schauder theory. 

(ii) Let X,Y be Banach spaces, x* G X* and y E Y. Denote by ?/ (8) x* : 
X Y the operator defined by {y ^ x*)x = {x,x*)y (x G X). Obviously, 
\\y 0 x*|| = ll^ll • ||x*|| and dimRan(^ (8 x*) = 1. 

Finite-rank operators are precisely finite linear combinations of operators of 
this form. 

Operators that can be expressed as some yi EY and x* G AT* 

with \\yi\\ • ||x*|| < oo are called nuclear. 

It is easy to see that nuclear operators are norm-limits of finite-rank operators 
and therefore they are compact. 

Nuclear operators acting on X form a non-closed two-sided ideal. 

(hi) A diagonal operator diag(ci,C 2 , . . .) acting on a separable Hilbert space 
is compact if and only if limQ = 0; it is nuclear if and only if ^ |q| < oo. 

The same characterization is true for unilateral weighted shifts with 
weights Ci. 

(iv) Let H he a Hilbert space with an orthonormal basis {ei)i>i. Opera- 
tors T G B{H) defined by Te^ = iJ ^ where aij E C satisfy 

j ^ called Hilbert- Schmidt. Clearly, Yli j 

this number does not depend on the choice of an orthonormal basis {cj). 

Hilbert-Schmidt operators are an important example of compact operators. 

(v) The Volterra operator V : L^(0, 1) — > L^(0, 1) is defined by {V f){x) — 

Jo ^ is an example of a compact operator with cr(V) = {0}. 

(vi) Let 1 < p < g < oo. By the Pitt theorem, every operator T \ ^ 

is compact. Furthermore, if X is reflexive then each operator T E B{X,F) or 
T E B(co,X) is compact. 



16 Fredholm and semi-Fredholm operators 

Definition 1. Let A, Y be Banach spaces, let T E B{X, Y). We say that: 

(i) T is upper semi-Fredholm if RanT is closed and dimKerT < oo; 

(ii) T is lower semi- Fredholm if codim RanT < oo; 

(hi) T is Fredholm if dimKerT < oo and codim RanT < oo. 
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The set of all upper semi- Fredholm, lower semi-Fredholm and Fredholm op- 
erators will be denoted by ^_(X, T) and $(X, F), respectively. Obvi- 
ously, Y) = ^+(X, Y) n ^_(X, Y). Operators in Y) U $_(X, Y) will 

be called shortly semi- Fredholm. If F = X then we write $(X) = ^(X, X) and 
similarly ^+(X) and $-(X) for short. 

The definition of semi- Fredholm operators is seemingly asymmetrical. How- 
ever, the condition codim Ran T < oo implies that the range of T is closed. 

Lemma 2. Let T G S(X, F) and let F C Y be a Unite-dimensional subspace. 
Suppose that Ran T F F is closed. Then Ran T is closed. 

In particular, if codim Ran T < oo, then RanT is closed. 

Proof. Let Fq — RanT fl F and choose a subspace Fi such that Fq 0 Fi = F. Let 
S : (X/ KerT) 0 Fi — > F be the operator defined by S{x 0 Ker T) 0 / = Ta: + /. 
Then Ran S = Ran T 0 F and S is one-to-one. Hence S is bounded below, and 
consequently, the space RanT = 5 (X/ KerT 0 {0}) is closed. □ 

Definition 3. Let T G B{X, Y) be an operator with closed range. We write a(T) = 
dim KerT and f3{T) = codim RanT. If T is semi- Fredholm (either upper or lower) 
then the index of T is defined by ind(T) = <a(T) — /3(T). 

Clearly, if T is Fredholm then ind(T) < oo. If T G ^+(X, F) \ ^(X, F) then 
ind(T) = -oo. If T G ^_(X, F) \ $(X, F) then ind(T) = 0oo. 

Theorem 4. Let T G B{X, Y) be an operator with closed range. Then a{T*) = f3{T) 
and /3{T*) = a{T). Thus: 

T G ^(X, Y) ^ T^ e ^(F*, X*); 

Tg^+(X,F) 44^ T* G ^-(F*,x*); 

Tg^-(X,F) T* G ^+(F*,X*). 

IfT is semi-Fredholm, then indT* = — indT. 

Proof. We have 

(3{T) — dim F/RanT = dim (F/ RanT)* = dimRanT'^^ dim KerT* = a{T*). 
Similarly, 

a{T) = dim KerT = dim (KerT)* 

= dim X*/(KerT)^ = dim X*/RanT* = /3(T*). □ 

Theorem 5. Let X, F and Z be Banach spaces, T G H(X, F) and S G B{Y,Z). 
Then: 

(i) if T and S are lower semi-Fredholm, then ST is lower semi-Fredholm; 

(ii) if T and S are upper semi-Fredholm, then ST is upper semi-Fredholm; 

(iii) ifT and S are Fredholm, then ST is Fredholm. 
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Proof, (i) Let Yq C Y and Zq C Z he finite-dimensional subspaces such that 
Ran T -|- Yq =■ Y and Ran S -h Zq = Z . Then Z — Zq -}- SY Zq T S Ran T -|- SYq = 
Ran(5T) -h {Zq + SYq), where dim(Zo + SYq) < oo. Thus ST G ^_(X, Z). 

(ii) If T, S are upper semi- Fredholm then T* , 5* are lower semi- Fredholm 
and, by (i), T*5* is lower semi-Fredholm. Thus ST is upper semi-Fredholm. 

(iii) Follows from (i) and (ii). □ 

Theorem 6. Let X,Y and Z be Banach spaces, T e B{X,Y) and S G B{Y,Z). 
Then: 

(i) if ST is lower semi-Fredholm, then S is lower semi-Fredholm; 

(ii) if ST is upper semi-Fredholm, then T is upper semi-Fredholm; 

(iii) if ST is Fredholm, then S is lower semi-Fredholm and T is upper semi- 
Fredholm. 

Proof, (i) We have Ran*S D Ran(5T), so codim Ran 5 < codim Ran(5T) < oo. 

(ii) If ST is upper semi- Fredholm then its adjoint (ST)* = T*S* is lower 
semi- Fredholm, so T* is lower semi-Fredholm and T is upper semi-Fredholm. 

(iii) Follows from (i) and (ii). □ 

Corollary 7. The sets ^{X), ^+(X) and ^-(X) are regularities. 

Proof. If T,S G B{X) and TS = ST then the previous two theorems imply 
TS G ^(X) T G ^(X) and S G ^(X), 

and analogous equivalences also for ^_|_(X) and $_(X). 

Thus the sets of all Fredholm, upper and lower semi- Fredholm operators 
satisfy property (PI) of Section 6. □ 

The corresponding spectra are called essential, essential approximate point 
and essential surjective, respectively: 

cj,{T) = {AgC:T-A^$(X)}; 
cj^e{T) = {AgC:T-A^$+(X)}; 
cj5e{T) = {AgC:T-A^^_(X)}. 

Properties of these important spectra will be studied later where we also show 
that they can be extended to commuting n- tuples of operators. 

Clearly, A G crse{T) if and only if codim Ran(T — A) = oo. The name of the 
essential approximate point spectrum is justified by the following result: 

Theorem 8. Let T G B{X, Y). Then T is upper semi-Fredholm if and only if there 
exists a closed subspace M C X of finite codimension such that inf{||Ta:|| : x G 
M, ||x|| = 1} > 0. Consequently, A G aT^eiT) if and only if 

inf{||(T - A)x|| : X G M, ||x|| = 1} = 0 
for each closed subspace M of finite codimension. 
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Proof. Let T G Y). Then dimKer T < oo and we can find a closed subspace 

M C X such that X = Ker T0M. The restriction T\M : M RanT is one-to-one 
and onto, and so it is bounded below. 

Conversely, let M C X be a closed subspace of finite codimension and 
inf{||Tx|| : X e M, ||a:|| = 1} > 0. Since KerTflM = {0}, we havedimKerT < oo. 
Let F be a finite-dimensional subspace of X such that F 0 M = X. Then 
RanT = TF + TM, where TM is closed since T\M is bounded below and 
dim TF < oo. Hence RanT is closed. Therefore T is upper semi-Fredholm. □ 

Theorem 9. Let T e B{X, Y) and K e IC{X, Y). Then: 

(i) TG$+(X,F)^T + T:G$+(X,y); 

(ii) Te^-{X,Y)^T + Ke^-{X,Y); 

(hi) T G $(X, Y)=>TFK e ^(X, Y). 

Proof, (i) Let T G $+(X, T) and let Mi be a closed subspace of X such that 
codim Ml < oo and inf{||Tx|| : x G Mi, ||x|| = 1} = c > 0. Since K is compact, 
there exists a closed subspace M 2 C X with codim M 2 < 00 and sup{||Tx|| : x G 
M 2 , ||x|| = 1 } < c/2. Set M = Ml n M 2 . Then codimM < 00 and inf{||(T + 
K)x\\ : X G M, ||x|| = 1 } > inf{||Tx|| - HFx|| : x G M, Hx|| = l} > c/2. Hence 
T + XG^+(X,y). 

(ii) If T G ^-(X, Y) and K G /C(X, V), then T* is upper semi- Fredholm and 
K* is compact. By (i), T* + X* is upper semi- Fredholm, and so T + X is lower 
semi- Fredholm. 

(hi) Follows from (i) and (ii). □ 

Theorem 10. Let T G ^+(X, Y) and let M be a closed subspace of X. Then TM 
is closed. 

Proof. Let X = KerT0Mi; so T|Mi is bounded below. Then M == (MnMi)+Mo 
for some finite-dimensional subspace Mq. Thus TM = T(M fi Mi) + TMq where 
T(M n Ml) is closed since T|Mi is bounded below, and dim TMq < 00. Hence 
TM is closed. □ 

Theorem 11. The sets $+(X,T), $_(X,y) and $(X,y) are open. 

More precisely, ifT G $+(X,y) (T G $_(X,y)), then there exists c > 0 
such that a{T + S) < a{T) [f3{T + S') < /3{T)) for every S G B{X,Y) with 
||S|| < €. In particular, the functions a : ^+(X, Y) — > (0, 00) and fi : ^-(X, Y) — > 
(0, 00) are upper semicontinuous. 

Proof. Let T G (X, y ) . Let M be a closed subspace of X such that X = Ker T 0 

M. Then T|M is bounded below. If S G B{X,Y) satisfies ||S|| < j(T|M), then 
(T+S)|M is bounded below, and so T+S G ^+(X, y). Since Ker(T0S)nM = {0}, 
we have a{T + S) = dimKer(T + S) < codimM = dim Ker T = a{T). 



16 . Fredholm and semi-Fredholm operators 



153 



By taking adjoints we get the corresponding statements for lower semi- 
Fredholm operators. Finally, the set ^{X,Y) = F) fl is open. 

□ 

We show later that it is possible to take e = 7(T’) in the previous theorem. 

Theorem 12 . Let S G B{X, Y) and T G B{Y, Z). If both S and T are lower semi- 
Fredholm (or both are upper semi-Fredholm), then indTS' = indT -f ind 5 . 

Proof. Let us first suppose that both T and S are Fredholm. Let Yq = Ran S fi 
Ker T. Then dim Yq < co- Choose subspaces Yi and Y2 such that Ran 5 — Yq^Yi 
and Ker T = We have F2nRan S C Ker TflRan S' = Yq, and so F2FiRan S — 

{ 0 }. Choose a finite-dimensional subspace I3 such that Y — RanS 0 Y2 0 L3 = 
Yo 0 Li 0 Y2 0 Y3. Then 

TY = TYi 0 TY3 = T{Yi 0 Yo) 0 TYs = TRanS 0 TYs, 

and so codim Ran(TS) = codim Ran T + dimTYs = codim Ran T + dim Y3. 

Furthermore, dim Ker T = dimY) + dimY2 and codim RanS — dimY2 + 
dimY. Consider the operator S = S| Ker(TS) : Ker(TS) Yq. Clearly, S is onto 
and KerS = KerS. Hence dimY) == dimKer(TS) — dim Ker S. Thus 

ind(TS) = dimKer(TS) - codim Ran(TS) 

= dim Y) + dim Ker S — codim Ran T — dim Y3 

= dim Ker T — dim Y2 + dim Ker S — codim Ran T — codim Ran S + dim Y2 
= ind T + ind S. 

If S G ^-(X, Y) \ ^(X, Y) then dimKer(TS) > dim KerS - 00, and so 
ind(TS) = 00 = indT + ind S. 

Let S be Fredholm and T G ^-(Y, Z) \ $(Y, Z). Then dim Ker T = 00. Since 
codim RanS < 00, we have dim(RanS fl KerT) = 00. Since S maps Ker(TS) 
onto RanS fl KerT, we conclude that dimKer(TS) = 00. Hence ind TS = — cxd = 
indT 0 ind S. 

Thus ind TS = —00 = ind T +ind S if both S and T are lower semi- Fredholm. 
If S and T are both upper semi-Fredholm then the statement follows by 
duality. □ 

Theorem 13 . Let T G B{X, Y). The following statements are equivalent: 

(i) T is Fredholm; 

(ii) there exist S G B{Y,X), Fi G T(X) and F2 G T(Y) such that ST = Ix -\-Fi 
and TS = ly 0 F2 ; 

(iii) there exist S G B{Y, X), Ki G /C(X) and K2 G /C(Y) such that ST = Ix 0X1 
and TS = /y 0 X2. 
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Proof, Let Q e B{Y) be a projection onto RanT, let M be a closed 

subspace of X such that X = KerT 0 M. Then T\M \ M ^ RanT is one- 
to-one and onto. Let S\ : RanT — > M be its inverse and set S = S\Q. Then 
{ST - Ix)m = 0 for all m G M, and so ST - Ix e T{X). 

Further {TS - /y)| RanT = 0, and so TS - ly e T{Y). 

(ii) ^(iii): Clear. 

(iii) =^(i): Since ST = Ix P Ki e ^(X), we have T G ^+(X,T). Similarly, 
TS = Iy + K 2 ^ implies that T G ^_(X, F). Hence T is Fredholm. □ 

Thus the Fredholm operators are precisely the operators invertible modulo 
the ideal of compact operators. Next, we characterize also the one-sided invertibil- 
ity. 

Theorem 14. Let T G B{X, Y). The following conditions are equivalent: 

(i) T G ^+(X, F) and RanT is complemented; 

(ii) there exist S e B(Y,X) and F e X{X) such that ST = Ix F; 

(hi) there exist S G B{Y,X) and K G JC{X) such that ST = /x 0 X. 

Proof. (i)=4>(ii): Let Q G B{Y) be a projection onto RanT, let M be a closed 
subspace of X such that X = KerT 0 M. Then T\M : M RanT is one- 
to-one and onto. Let Si : RanT ^ M be its inverse and set S = SiQ. Then 
{Ix — ST)\M = 0, and so Ix — ST is a finite-rank operator. 

(ii) =^(iii): Clear. 

(iii) ^(i): Let ST = Ix+K for some S G B{Y,X) and K G X{X). Then ST 
is Fredholm and T G ^+(X, F) by Theorem 6. 

By Theorem 15.10, there exists k such that Ran(5T)^ = Ran(S'T)^‘^^. Set 

M - Ran(S'T)^ Since (5T)^ G $(X), codim M < oc. Let P G B{X) be a 

projection onto M. Write To = T\M : M Y and So = PS : Y M. Then 
SqTq = {ST)\M = Im 0 TT|M, jK|M is compact and SqTqM = M. By Theorem 
15.11, 5 qTo G B{M) is invertible, so (S'oTo)“^5'oTo = Im- By Theorem 9.16, 
Ran To = TM is complemented in F. Since RanT = TM 0 T(/ — P)X and 
dimT(/ — P)X < 00 , Theorem A.1.25 (hi) implies that RanT is complemented. 
This finishes the proof. □ 

Operators satisfying any of the conditions of the previous theorem will be 
called left essentially invertible. The right essentially invertible operators can be 
characterized similarly. 

Theorem 15. Let T G B{X^Y). The following conditions are equivalent: 

(i) T G ^_(X, F) and KerT is complemented; 

(ii) there exist S e B{Y,X) and F e P’{Y) such that TS = Ix Y F; 

(hi) there exist S G B{Y,X) and K G /C(F) such that TS = Ix Y K . 

Proof. The proof is analogous to the previous theorem. 



□ 
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It is clear that the sets of all left (right) essentially invertible operators from X 
to X satisfy (PI) and therefore they are regularities. We define the corresponding 
left (right) essential spectra of T E B{X) by 

aie{T) = {A G C : T — A is not left essentially invertible}, 

(Jre{T) — {AgC:T — Ais not right essentially invertible}. 

Again, we will show later that these spectra can be extended to commuting n- 
tuples of operators. 

For operators on a Hilbert space the left (right) essential spectrum coincides 
with the essential approximate point spectrum and the essential surjective spec- 
trum, respectively (for this reason, some authors call and ase the left and 
right essential spectra even for Banach space operators; this terminology is rather 
confusing) . 

Theorem 16. Let T G B(X, Y) be a semi-Fredholm operator and let K G /C(X, Y). 
Then T K is semi-Fredholm and ind(T + K) = indT. 

Proof. By Theorem 9, ^(X, F), $_|_(X, F) and $_(X, F) are invariant under 
compact perturbations. 

Let T G ^(X, F). By Theorem 13, there exist S G B(Y,X) and Ki G X(X) 
such that ST = Ix F By Theorem 12 and Corollary 15.14, indT + ind5 = 
indilx + Xi) = 0, so indT = -ind5. Further, S{T F K) = Ix + {Ki + SK), 
where K\ + SK G /C(X), and so indS' + ind(T F K) = 0. Hence ind(T F K) = 
— ind S = ind T. 

If T G ^+(X,F) \ $(X,F) then T F K G ^+(X,F) \ 4>(X,F), and so 
ind(T + K) = indT = — oo. 

The statement for T G ^_(X, F) \ ^(X, F) can be proved similarly. □ 

Theorem 17. Let T G ^(X, F). Then there exists e > 0 such that TfR G ^(X, F) 
and ind(T F R) = indT for every R G B{X,Y) with 1|X|| < e. 

Proof. By Theorem 13, there exist S G B(Y,X) and K G /C(X) such that ST = 
/x + X; we can assume that S is Fredholm. Thus indT + ind^ = ind ST = 0. If 
R G B{X,Y), ||i?|| < ||5||-i then S{T F R) = {Ix + SR)fK. Since Ix F SR is 
invertible, we have ind S + ind(T F R) = ind{Ix F SR) + X = ind(7x + SR) = 0. 
Thus ind(T -H X) = - ind S = ind T. □ 

The stability of the index for semi-Fredholm operators is true too; it will be 
proved later. Moreover, a precise estimate of £ will be given. 

Theorem 18. Let T G B(X, F). The following conditions are equivalent: 

(i) Te^+(x,Y); 

(ii) dimKer(T - X) < oo for every X G /C(X, F); 

(iii) there exists £ > 0 such that dimKer(T - X) < oo for every X G /C(X, F) 
with \\K\\ < £. 
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Proof. (i)=>(ii) and (ii)=^(iii): Clear. 

(iii)=>(i): Suppose that T ^ F), so j(T\M) = 0 for every subspace 

M C X of finite codimension. Let e > 0. We construct inductively points x/e G X, 
xl G X* {k e N) such that {xk,x*) = 6kj, \\xk\\ = 1, ||x*|| < 2^ and \\Txk\\ < 
e • 2“^^ for all j, k eN. The existence of xi with \\xi || = 1 and ||Txi || < e/4 follows 
from the fact that j(T) = 0. By the Hahn-Banach theorem there exists x* G X* 
such that ||x*|| = 1 = {xi,xl). 

Suppose that we have constructed vectors xi, . . . , x^ G X, x*, . . . , x* G X* 
satisfying all the conditions required. Consider the space M — fir^i Kerx*. Since 
codim M < oo, we can find x^+i G M such that ||xn+i|| — 1 and ||Txn+i|| < 
g. 2 - 2 (n+i) geX* satisfy |fy|| = 1 = {xn+i,g). Set = 9~YTi^i{^i^9)K- 
Then (xi,x;_,_i) = 5i,„+i and ||x;+i|| < 1 + IN* II < 2”+i. 

Let Xfc G X and x^ G X* be the vectors constructed above. For n G N define 
Fn G B{X) by FnX = m> n and x G X we have 



II (F„ - f„)x|| 



< INII 



V — < 

o2i — 



i=n-\-l 



^ {x,x*)Tx, < IN|-||<||-||Tx,|| 

i=n-\-l i=n~\-l 

m 

|x||-£ ^ 2-* < 2-"£l|xl|. 

2=n+l 



Thus the sequence (F^) is convergent (in the norm) and its limit X is a compact 
operator. Further, Kx = W^W ^ ^ ~ K)xi = 0 for all i. 

Since the elements Xi are linearly independent, we have dimKer(T — K) = oo. □ 



Theorem 19. Let T G B(X, F). The following conditions are equivalent: 

(i) Tg^-(X,F); 

(ii) codim Ran(T — K) < oo for every K G X(X, F); 

(iii) there exists e > 0 such that codim Ran(T — X) < oo for each compact oper- 
ator X G X(X,F) with ||X|| < e. 

Proof. (i)=4>(ii) and (ii)=>(iii): Clear. 

(iii)=^(i): The argument is similar to the previous proof. Suppose that T is 
not lower semi- Fredholm, so T* ^ $+(F*,X*) and for every subspace M C F* 
of finite codimension we have j(T*|M) = 0. Let e > 0. We construct inductively 
points Vk G F, 7/^ G F* (fc G N) such that (yk^Vj) = WvkW < 4^, Wy^W = 1 
and ||T*y^|| < e8~^ for all j, fc G N. The existence of y* with ||y*|| = 1 and 
||T* 7 /*|| < e/8 follows from the fact that T* is not bounded below. We can find 
7/1 G T such that \\yi\\ < 4 and {yi,yl) = 1- 

Suppose that we have constructed vectors y\,. . . ,yn G F, t/* , . . . , ^* G F* 
satisfying all the conditions required. Consider the space M = {t/i, . . . , 7/^}"*"- Since 
codim M < oo and j{T*\M) = 0, we can find y*n+l € M such that ||2/^_|_i|| = 1 and 
ll^*2/n+ill < There exists y eY such that ||y|| < 2 and {y,yn+i) = 1- 
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Set yn+i = y - Then we have ||2/„+i|| <2 + X)r=i 2 • 4® < 4"+S 

{yn+i,yn+i) = (2/>2/n+i) = 1 and {yn+i,yp = {y,y*) - Y.l=i{y,yi){yuy*j) = 0 for 
1 < j < n. 



Let Uk and G Y* be the vectors constructed above. For n G N define 
Fn G B{X,Y) by FnX = m> n and x e X we have 



II (T’. 



T’n)a;|| 



^{x,T*y*)y, < £ ||x||e8-®-4®<Me2-", 



i=n+l 






SO the sequence {Fn) is convergent, its limit K is a compact operator and \\K\\ < e. 
Further, Kx - and {Kx,yD = (x,T* 2 /*) = (Tx,y*) for all x G X 

and A: G N. Thus ^ Ran(T — X)-*- for all k. Since the elements yl are linearly 
independent, we have dimRan(T — K)-^ = codim Ran(T — K) = oo. □ 



We finish the section with the Kato decomposition of semi-Fredholm opera- 
tors. We start with the following lemma: 



Lemma 20. Let T G B{X) be an operator with closed range. Suppose that for 
each k G N there exists a finite-dimensional subspace F^ C X such that KerT C 
RanT^ 4- Fk. Then: 

(i) Ran is closed for each k G N; 

(ii) either T is Kato, or there exist closed subspaces Yi,Y 2 C Y invariant with 

respect to T such that X = Y\ ®Y 2 , \ < dimFi < oo and T\Yi is nilpotent. 

Proof, (i) We prove by induction on k that RanT^ is closed for all k. 

By assump tion, this is true for A: = 1. Suppose that A: > 1, RanT^ is closed 
and let KerT C RanT^+^ + Fk-\-i for some finite-dimensional subspace Fk-\-i. We 
may assume that C KerT. 

Let u G RanT^+^. By the induction assumption, u G RanT^, and sou = T^v 
for some v G X. Further, there are vectors Vj E X (j = 1,2,...) such that 
u {j oo). Thus T{T^Vj — T^~^v) 0. Consider the operator 

T : X/KerT RanT induced by T. Clearly, T is bounded below and T{T^Vj — 
T^-i^_l_KerT) ^ 0, so T^VjFT^~^vFKerT -^0 {j oo) in the quotient space 
X/ KerT. Thus there exist vectors Wj G KerT such that T^Vj+wj Since 

Wj G KerT C RanT^+Ffc.|.i and RanT^+T/e+i is closed, we have T^~^v = T^xFf 
for some x e X and / G Fk-\-i C KerT. Hence u = T^v = T^+^x G RanT^"^^ and 
RanT^+^ is closed. 

(ii) Let A: > 1 be the smallest integer such that KerT ^ RanT^; so KerT C 
RanT^“^. Since KerT C RanT^ F Fk, for all ui, . . . G KerT with n > dimT/c 
there is a non-trivial linear combination XlILi ^ RanT^ fl KerT. Thus 
dim Ker T / (Ker T D Ran T^) < dim Fk and there is a finite-dimensional subspace 
Lk-i such that 

KerT = Lk-i 0 (KerT fl RanT^). 

Let r = dimT/e_i. Then 1 < r < oo. 
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As Lk-i C KerT c RanT^“^, we can find a subspace Lq such that dimLo = 
r and T^~^Lq — Lk-\. For i = 1, . . . , A: — 1 set == T^Lq. Clearly, Li C RanT* 
and Li fi RanT^“^^ = {0} for all i. Therefore the subspaces Lq, I/i, . . Lk~i and 
RanT^ are linearly independent in the following sense: ii L E Li (0 < z < A: — 1), 
X G R{T^^ and x T T * * * T Ik—i ~ 0? then x — /q = • • • = L—i — 0. 

Let xi, . . . ,x^ be a basis in Lq. Since T^~^xi, . . . ,T^~^Xr are linearly in- 
dependent modulo RanT^ + Lq + • • • + Lk- 2 ^ we can find linear functionals 
fi, - -ifr ^ (RanT^ + Lq 4- • • • + Lk- 2 )^ such that (T^“^Xi, fj) = Sij for all 
hj = Set 



k—l k—1 r 

Y^=\J Li and ^2 = fj f) Ker(T*7,). 

Z=0 2=0 j=l 



Clearly, dimYi < oo, TYi c Yi and {T\Yi_f = 0. Further, rF 2 C Y 2 . Indeed, if 
X e V 2 then 



(Tx,T*^fj) = (x,T*('+i7,) =0 

and (Tx,T*('=-i)/,) = (T’^xJj) = 0. 

Since 

(T*:r„T«'7') = (T*+‘'x,-,/,v) = |j 



for 0 < i < k — 2 



O' = + = k - 1), 

otherwise, 



the sets {T^xj : 0 < i < k — 1^1 < j <r} and {T*^/j : 0 < z < A: — 1, 1 < j < r} 
form a biorthogonal system. Thus it is easy to show that X = Fi 0 ^ 2 - LI 



Theorem 21 (Kato decomposition). Let T G B{X) be semi-Fredholm. Then there 
exist closed subspaces Xi,X 2 C X invariant with respect to T such that X = 
Xi 0 X 2 , dimXi < 00 , T|Xi is nilpotent and T\X 2 is Kato. 

Proof. Suppose first that T is upper semi- Fredholm. If T is Kato then we can take 

Xi - {0}, X 2 = X. 

If T is not Kato then we can use the previous lemma to find a decomposition 
X = Yi 0 I 2 such that TYi CYi {i = 1, 2), 1 < dimYi < oc and TlYi nilpotent. 
Let Ti = T\Yi (z = 1, 2). Clearly, KerT = KerTi 0 KerT 2 , and so dimKerT 2 < 
dim KerT. If T 2 is Kato then the proof is finished, otherwise we can repeat the 
same construction for the operator T 2 . After a finite number of steps we obtain 
the required decomposition. 

If T is lower semi- Fredholm then we can proceed similarly. In this case 
codim Ran T 2 < codim Ran Ti + codim Ran T 2 = codim Ran T. 

Again, after a finite number of steps we obtain the required decomposition. □ 
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17 Construction of Sadovskii/Buoni, Harte, Wickstead 

In this section we introduce a construction which is very useful in the study of 
Fredholm operators and essential spectra. 

Let X be a Banach space. Denote by £^{X) the set of all bounded sequences 
of elements of X. It is clear that i^{X) with the natural algebraic operations and 
with the norm ||(xi)^i|| = sup^^p^ ||xi|| is a Banach space. 

For X — (xi) G i^{X) let q{x) be the infimum of all £ > 0 such that the 
set {xi : z G N} is contained in the union of a finite number of open balls with 
radius e. 

It is easy to see that q{x) =0 if and only if the set : i G N} is totally 
bounded (i.e., its closure is compact). So ^ is a “measure of non-compactness”. 
Let further m(X) = {x G ^'^(X) : q{x) = O}. 

The basic properties of q and m(X) are given in the next lemma. 

Lemma 1. Let X be a Banach space. Then for all x,y G ^^(X) and A G C we 
have: 

(i) q{x) < ||i||; 

(ii) q{x Ty) < q{x) -f q{y), q{Xx) = |A|^(x) (so q is a seminorm on £^(X) ); 

(iii) m(X) is a closed subspace of £"^{X); 

(iv) m(X) is the closure of the set of all sequences (x^) G £°^{X) such that 
dim\/{xi : z G N} < oo; 

(v) q{x) = inf{||x -h fh\\ : m G m(X)}. 

Proof. Straightforward. □ 



Lemma 2. Let M, N be closed subspaces of a Banach space X and let M c N. 
Then: 

(i) if dim N/M < oo, then L^{M) -f m(X) = £^{N) -h m(X); 

(ii) if dim N/M = oo, then dim (£^{M) T m{X)) / (^£^{N) m{X)) = oo. 



Proof, (i) Let P : N M he a bounded projection onto M. U h = (n^) G T^(N) 
then (ui) = (Prii) + ((/ — P)ni), where (Pui) G £^{M) and ((/ — P)ni) G 
^^(KerP) C m(X). 

(ii) By Lemma 15.8, there exist vectors xi,X 2 ,... in N such that ||x/c|| < 
2 and dist{x/c+i, M V {xi, . . . , x/c}} = 1 for every k. Consider the sequences 
^ _ _ g £~{JV) defined by = {xk+i,Xk+ 2 , ■ ■ •)• 

We show that these sequences are linearly independent modulo £^{M) + 
m(X). Suppose on the contrary that for some k there are m = (m^) G 
I = (k) G m(X) and ai, . . . ,ak-i G C such that x^^^ = fh T I T 
Equivalently, 

k-l 



-E 






i=l 



Ij — X/-_|_j 777- j 
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for all j > 1. Thus for 1 ^ ^ < j' we have 




k—l 



k-1 



i=l 



i=l 



> V {xi, . . . > 1, 



and so I ^ m{X), a contradiction. 



□ 



For a Banach space X write X = £^{X)/m{X). Thus the elements of X can 
be viewed as bounded sequences of elements of X with the new norm q{x)] we 
identify x and y if q{x — y) = 0. 

Let X, y be Banach spaces and let T : X T be an operator. Define 
rpoo : £^(^x) by T"^{xi) = (Txi). It is easy to see that 



and so T^m{X) C m{Y). 

Let T : X — > y be the operator defined by T{x + m{X)) = T°^x + m(Y). 
Lemma 3. Let T G B{X, Y), S G B{Y, Z). Then: 

(i) ll^ll < mi; 

(ii) sf = sf; 

(iii) if Ix is the identity operator on X, then Ix — ^x ', 

(iv) T = 0 if and only if T is compact. 

Proof. Straightforward. □ 

Lemma 4. Let T : X Y be an operator with closed range. Then RanT®° = 
^~(RanT). 

Proof. It is clear that RanT^ C £^{RanT). The opposite inclusion is a conse- 
quence of the open mapping theorem. □ 

Theorem 5. Let X, Y be infinite-dimensional Banach spaces and let T : X Y 
be an operator. Then: 

(i) if T is onto, then f is onto. More precisely, k{T) > k{T), where k is the 
surjectivity modulus; 

(ii) if T is bounded below, then T is bounded below. More precisely, j{T) > 
|j(T), where j is the injectivity modulus; 

(iii) if Ran T is closed, then Ran T is closed. 



q{T<-{i))<\\T\\-q{x) {xei°°{X)) 
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Proof, (i) If T is onto then T is onto by the preceding lemma. Let y {yi) e t^{Y) 
satisfy q{y) < 1. Then there are a finite number of elements zi,. . . ,Zn G Y such 
that dist{?/i, {zi, . . . , Zn}} <1 (i G N). For every j — 1, . . . , n choose Uj G X 
such that Tuj = zj. For i G N find j{i) G {1, . . . ,n} such that \\yi — Zj(^i^\\ < 1 
and Vi e X such that Tvi = yi — Zj(^i^ and |fyi|| < k{T)~^. Set x = (x^), where 
Xi = Vi-\- Uj(^iy Then Txi = yi and distj^^, {ui, . . . ,Un}} < \\xi - Uj(^y\\ = |fy^|| < 
k{T)~K Thus q{x) < k{T)-^ and k{f) > k{T). 

(ii) Let (xi) G t^{X) and let q{{Txi)) < 1. Then the set {Txi : z G N} can 

be covered by a finite number of balls Bi, ..., Bn of radius 1 . We can assume that 
each ball Bj contains at least one element Txi.. Then : z G N} C Uj=:i{y ^ 
Y : \\y-Tx,^\\ < 2}. We have {x, : z G N} C ^ ^ < 2j(r)-i}, 

and so q{{xi)) < 2j(T)“h Hence j(f) > ^j{T). 

(iii) Let RanT be closed. Then T can be expressed as the composition T = 

T 2 T 1 , where Ti : X RanT is induced by T, and T 2 : RanT ^ T is the natural 
embedding. By (i) and (ii), Ti is onto and T 2 is bounded below. Thus T = T 2 T 1 , 
and so RanT = T 2 RanTi, which is closed. □ 

The factor 1/2 in Theorem 5 (ii) is really necessary, see Example 23.6. 

Theorem 6. Let T : X Y. The following statements are equivalent: 

(i) T is lower semi-Fredholm (i.e., codim RanT < 00 ); 

(ii) T is onto; 

(iii) T is lower semi-Fredholm; 

(iv) RanT is dense in Y. 

Proof. Suppose that T is lower semi-Fredholm. Since Ran T is closed and of finite 
codimension, we have ^'^(RanT) + m{Y) = P^{Y) by Lemma 2. Thus T is onto. 

Conversely, suppose that T is not lower semi- Fredholm. By Theorem 16.19, 
there exists T\ G B{X,Y) such that T — T\ is compact and codim Ran Ti = 00 . 
Then T\ = T, RanTf^ C ^^(RanTi) and, by Lemma 2, 

dim^^(y)/(^^(RanTi) +m(T)) = oc. 

Thus codim Ran Ti = 00 and T is not lower semi- Fredholm. 

Also, there exists a sequence y = {yi) G f^{Y) such that \\yi\\ < 2 and 
distj^i, RanTi V {yi, . . . = 1 for all z G N. Thus for all x G t^{X) and 

i ^ j we have \\{yi - Tix^) - {yj - TiXj)|| > 1, and so q{y - (Tf^x)) > 1/2. Hence 

y + m{Y) ^ RanTi = RanT and RanT is not dense in Y. □ 

Lemma 7. Let (x^) G m{X). Then there exist numbers 1 < rzi < rz 2 < • • • with the 
property that 

dist{xi,{xi ,...,Xn,}} < 2 

for all k,i eN. 
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Proof. We construct the numbers rik inductively. Let A; G N. There exists a finite 
set F C X such that dist{xj,F} < for each i. We can assume that F 

is a minimal set with this property. For every f ^ F choose if E N such that 
11^2/ — /II ^ 2^' C^ho^se rik > max{z/ : / G F} such that rik > rik-i. Obviously, 
distjxi, {xi, . . . ,Xnfc}} < 2“^ for each i. □ 



Lemma 8. Let T : X Y be an operator with closed range, let (xi) G £^(X) 
and (Txi) G m(Y). Then there exists a sequence (x') G m{X) such that x^ — x' G 
KerT (i G N). In particular, KerT = ^"^(KerF) -h m{X). 

IfT is onto, then T°°m(X) = m{Y). 

Proof. Let (x^) G £°^{X) and (Txi) G m(T). Let 0 < s < 7(T). By Lemma 7 , 
there exist numbers 1 < ni < n2 < * * • such that 



dist{Txi, {Txi, . . . ,Txnfc}} < 2 ^ {k,ieN). 

We construct inductively points x' G X such that Tx[ = Tx{ and 

dist{a;',{rEi,...,a;^J} < {k,i £ N,nk < i < Uk+i). (1) 



For i <ni set x' = x^. 

Suppose that k > 1 and the points x'^,...,x^^ satisfying (1) have already 
been constructed. For each i, rik < i < there exists j{i) < rik such that 

||Txi — Fxj(i)|| < 2 “^. Find ui E X such that Tui = Txi — Txj(^i^ and |fyi|| < 

Set x' = + Ui. Then Tx'- = Txj(^i^ + Tui = Txi and we have ||x' — x'^^^|| = 

Ifyill ^ Thus x' satisfy ( 1 ) and we can continue the induction. 

Note that the sequence (x') satisfying ( 1 ) also satisfies 

dist{x-, {k,i£N). (2) 



This is clear for i < n/c+i. Let ni < i < n/4-1 for some / > A: + 1 . Then there 
exists ji < rii with ||x' — x' J| < and we can construct inductively indices 
j/-i < ••• ^ such that ||x'. —x' " ^ w ^ 1 

Thus 

1 



3i 



31-1 I 



< 



\^i-^3k\\ < 



+ 



s - 2^-1 s - 2^-2 

Clearly, ( 2 ) implies that (x') G m(X). 



+ ••• + ■ 



1 






— s-2^ • 



. 2 k 



< 






□ 



Theorem 9. Let T E B{X, Y). The following conditions are equivalent: 

(i) T is upper semi-Fredholm; 

(ii) T is one-to-one; 

(iii) T is bounded below; 

(iv) T is upper semi-Fredholm. 
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Proof. Suppose that T is upper semi- Fredholm. Then Ran T is closed. By Lemma 
8, KerT = {Ker T) m{X) = m{X). So T is one-to-one and therefore bounded 

below. 

Conversely, if T is not upper semi-Fredholm, then there exists a compact 
operator K : X ^ Y such that Ti = T + K satisfies dimKerTi = oo. Clearly, 
KerTf^ = i^{KerTi) and, by Lemma 2, dim(KerTf° + m{X)) /m{X) = oo. So 
dimKerTi = oo. Thus T — Ti is neither one-to-one nor upper semi- Fredholm. □ 

Theorem 10. Let X, T, Z be Banach spaces, let T : X Y, S : Y Z be 
operators such that ST = 0. The following conditions are equivalent: 

(i) dimKer5/RanT < oo and Ran 5 is closed; 

(ii) RanT = Ker5; 

(iii) dim Ker S / Ran T < oo . 

Proof. Suppose that (i) is true. Then RanT is closed and 

RanT^ -h m{Y) = l^fRanT) -h m(Y) = i^{KerS) P m{Y) = Ker -h m{Y). 

Thus RanT = Ker 5 by Lemma 8. 

Conversely, suppose that (i) is false. Suppose first that dim Ker 5/ RanT = 
oo. By Theorem 16.19, there exists Ti : X Y such that T — T\ is com- 
pact, RanTi C Ker S' and dim Ker S/Ran Ti = oo. Thus RanTf° + miy) C 
-^^(RanTi) P m{Y) and 

dim(^'^(KerS) + m(T)))/(^^(RanTi -h m{Y))) = oo. 

So dim Ker S / Ran T = dim Ker S/ Ran T^ = oo. 

Suppose now that dim Ker S/ RanT < oo and RanS is not closed. Then 
RanT is closed. Consider the operator S' : F/RanT ^ Z induced by S. Since 
RanS' = RanS, which is not closed. S' is not upper semi- Fredholm and there 
exists operator S'l \Y/ RanT ^ Z such that S' — S{ is compact and dim Ker S{ — 
oo. Let P '. Y y/RanT be the canonical projection and Si = S(P. Then 
SiT = 0, dim Ker Si / Ran T = oo and S — Si = (S' — S'i)P, which is compact. 
Hence dim Ker S / Ran T = dim Ker Si / Ran T — oo. □ 



18 Perturbation properties of Fredholm and 
semi- Fredholm operators 

In this section we give quantitative stability results for Fredholm and semi-Fred- 
holm operators. 



Lemma 1. Let T e d^{X, Y). Then T ^ Y) U $_(X, Y). 
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Proof. Let Tn G B{X^Y) be a sequence of Fredholm operators that converges in 
the norm topology to T ^ ^)- Then the operators Tn are invertible, fn~^T 

and T is not invertible, and so T is neither one-to-one nor onto. Thus T is not 
semi-Fredholm. □ 

Corollary 2. Let T G B{X^ Y) tea semi-Fredholm operator. Then there exists e > 0 
such that T -f 5 is semi-Fredholm and ind(T S) = indT for every S G B{X^ Y) 
with ||5|| < e. 

Proof. If T is Fredholm then the result was proved in Theorem 16.17. Suppose 
that T G y) \ y). Then indT = — oo. Since the set of all upper 

semi-Fredholm operators is open and, by Lemma 1, T is not a limit of Fredholm 
operators, ind(T + 5) = — cxd for every S with norm small enough. 

The same argument can be used for lower semi-Fredholm operators. □ 

Corollary 3. The index is constant on every component of connectivity of 

#+(x,y)u#_(x,y). 

Proof. Let G be a component of connectivity of ^+(X, y)U^_(X, Y). Fix To G G. 
By Corollary 2, function T indT is continuous on G. Therefore the set {T G 
G : indT = indTo} is both open and closed, and thus it is equal to G. Hence the 
index is constant on G. □ 

Theorem 4. If T e B{X,Y) is semi-Fredholm and S G B(X,Y) satisfies ||5|| < 
7 (T), then T -h S is semi-Fredholm, ind(T -h S) = indT, a(T + 5) < a(T) and 
/^(T-hS) <^(T). 

Proof. Suppose that T is upper semi- Fredholm and \\S\\ < 7 (T). 

By Lemma 10.12, ^(Ker(T -h5),KerT) < 7(T)“^||5|| < 1, and so, by Corol- 
lary 10.10, a{T S) = dimKer(T S) < dimKerT = o;(T). 

For the same reason dim Ker(T +S-\~K) < dim Ker T < oc for every compact 
operator K with ||K|| < 7 (T) — ||5||. By Theorem 16.18 we conclude that T + 5 
is upper semi- Fredholm. 

By Corollary 3, ind(T P S) = indT. 

For lower semi-Fredholm operators the statement follows by duality. □ 

Proposition 5. Let T G $+(X, y). Then 

7 (T) = sup{5 > 0 : a{T + 5) < a(T) for every S with ||*S|| < sj. 
IfTe^-(X,Y), then 

7 (T) = sup{5 > 0 : (3{T + S') < P{T) for every S with ||S|| < s}. 

Proof Let T G y) U $_(X, y) and £ > 0. We show that there exists 

S G B{X,Y) such that ||S|| < 7 (T) + £, Ker(T-hS) D KerT, Ran(T-f-S) C RanT 
and both inclusions are strict. 
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By the definition of the reduced minimum modulus there exists xq G X 
such that distjxo, Ker T} = 1 and ||Txo|| < 7(T) + s. Let x* G (KerT)-*- satisfy 
(xo,x*) = 1 and ||x*|| = dist{xo, KerT} = 1. Let S be defined by Sx = — (x,x*) • 
Txo (x G X).Then||5|| - ||x*|H|Txo|| < 7(T)+e and Ker(T+6') D KerTu{xo}. 

Furthermore, Ran(T + S') = (T + S)Kerx* V {(T + S)xq} = TKerx* and 
RanT = TKerx* V {Txq}. 

We show that Txq ^ TKerx*. Suppose on the contrary that there is an 
x' G Kerx* such that Tx' = Txq. Then xq — x' G KerT and 

1 = (xo,a;*) = (a;o - x',x*) = 0, 

a contradiction. Thus Ran(T + S) is strictly smaller than Ran T. □ 

Remark 6. In general, it is possible that 7(T) is strictly smaller than the number 
sup{s > 0 : T + S G ^+(X, Y) for every S with ||S|| < s]. Consider the diagonal 
operator diag(l, 2, 2, 2, . . .) on a separable Hilbert space. Then 7(T) = 1 and T + S 
is Fredholm for every S with ||S|| < 2. 

By Theorem 4, semi- Fredholm operators are inner points of the set of all 
operators with closed range. Conversely, if T : X K is not semi-Fredholm and 
£ > 0, then using the technique of Theorem 16.18 it is possible to construct an 
operator S : X Y with \\S\\ < e such that the range of T — S' is not closed. 

Theorem 7. (punctured neighbourhood theorem) Let T G ^+(X) U $_(X). Then 
there exists e > 0 such that the functions a{T — z) and (3{T — z) are constant for 
0 < |z| < £. 

Proof. Let X = Xi 0 X2 be the Kato decomposition of T, i.e., dimXi < 00, 
both Xi and X2 are invariant with respect to T, T|Xi is nilpotent and T|X2 is 
Kato. Let Ti = T|Xi and T2 = T|X2. By Corollary 12.4, there exists e > 0 such 
that dimKer(T2 — z) and codim Ran(T2 — z) are constant for jz] < e. Also, for 
2: 7^ 0, Ti - z is invertible. Thus for 0 < |z| < £, a{T - z) = dimKer(T - z) = 
dimKer(T2 — z) const and /3{T — z) = codim Ran(T2 — z) = const. □ 

Theorem 8. Let T G B(X) be upper semi-Fredholm. Then limn^oo 7(T^)^/^ exists 
and is equal to 

sup{s > 0 : T — z G ^+(X) and a{T — z) is constant for 0 < |z| < s}. 

An analogous statement is true for lower semi-Fredholm operators (with a 
replaced by /3). 

Proof. Let T G ^-|_(X). By Theorem 16.21, there exists a decomposition X = 
Xi 0 X2 such that dimXi < oo,Ti = T|Xi is nilpotent and T2 = T|X2 is Kato 
and upper semi-FYedholm (the Kato decomposition). Let P be the projection with 
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RanP = X2 and KerP = Xi. Let X2 G X2. For n > dimXi we have 



dist{x2,KerT2"} = inf{||x2 - 2 / 2 II : 2/2 e X2,T2V2 = 0} 

< ||P||inf{||j/i © {X2 - 2/2)11 : 2/1 e Xi,t/2 e X2,T^V2 = 0 } 
= ||F||dist{x2,Kerr”} < ||P|| dist{x2,KerT2"}. 



Then 

7(7?) 



and 



7(T" 



= ‘”'{di 

< inf I 
= inf I 



\\T^X2\\ 



< 



dist{x2,KerP^} 

I|t^x2|| 

dist{x2, Ker T'^} 

\\T^{x,ex2)\\ 

dist{xi 0X2,KerT’^} 

i„f{- 

fdl; 



: X2 G X2\KerT2" 

: X2 € X2\KerT” 

: xi ©X2 e X\KerT”| = 7(T”) 



< llPllinfIjj 



X2 G X2\KerT2”} 



dist{x2,Ker T'^} 
\\T^X2\\ 



Hence limn-^oo'l{T^V^'^ = linin^oo 

By Theorem 12.26, the limit r = lim(7(T2^))^/'^ is equal to 

sup{s > 0 : T2 — 2: is Kato for every z G C, |z| < s}. 



For 0 < |z| < r we have a{T — z) = dimKer(T — z) = dimKer(T2 — z), which is 
constant. Denote this constant by a. 

On the other hand, there exists w G C with \w\ = r such that T2 — w is not 
Kato. We prove that either T — w ^ ^^{X) or a{T — w) > a. Suppose on the 
contrary that T — w is upper semi- Fredholm. Then T2 — w — {T — w)\X2 is also 
upper semi-Fredholm. Since T2~wis not Kato, the Kato decomposition of T2 — it; 
is non-trivial, and so a(T2 — w)> lim^-^o ol{T2 — w-\-z) = a. Hence a{T — w)>a. 

The statement for lower semi-Fredholm operators follows by duality. □ 



19 Essential spectra 

We assume in this section that X is an infinite-dimensional Banach space (for 
finite-dimensional spaces all results would be trivial). 

In Section 16 we showed that the sets of all Fredholm, upper (lower) semi- 
Fredholm and left (right) essentially invertible operators in X form regularities. 
Recall that the corresponding spectra - the essential spectrum, essential approxi- 
mate point spectrum, essential surjective spectrum and left (right) essential spec- 
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trum - were defined by 



ae{T) = {AgC:T-A^$(X)}, 

a^e(T) = {AgC:T-A^$+(X)}, 
crse{T) = {AeC:T-A^$_(X)}, 
crie{T) = {A G C : T — A is not left essentially invertible}, 
(Jre{T) = {AgC:T — Ais not right essentially invertible}. 



The essential spectra satisfy the same relations as the one-sided and approximate 
point spectra: 



Proposition 1. Let T G B(X). Then cr.j^e(T) C aie{T), crse{T) C are{T), cfe{T) = 
Crie{T) U (Jre{T) = ^T7re(T) U (J5e{T), 5(Je(T) C O-^e(T) fl (T5e{T). 

Proof. All statements with the exception of the last one are trivial. The inclusion 
dae{T) C (JTTe{T) n crse{T) follows from Lemma 18.1. □ 

Definition 2. Let T e B{X). The essential spectral radius of T is defined by r*e(T) = 
max{|A| : A G (Te{T)] and the essential normhy ||T||e = inf{||T+i^|| : K G /C(A)}. 

Clearly, ||T||e is the norm of the class T + /C(X) in the Calkin algebra 
jB(X)//C(X), and cTe{T) is the spectrum of the class T + /C(X) in this algebra. 

CoroUary 3. Let T e B{X). Then re{T) = lim„^oo \\T^V^ = inf„ ||T”||y". 

Since re(T) = r{f), we also have re{T) = limn-^oo = infy ||T^||^/^. 

Theorem 4. Let T e B{X), let G be a component of C\ deiT). Then either 
G C cr(T) or G n cr(T) consists of at most countably many isolated points. 

Proof. Let A G G Pi <j(T). By the punctured neighbourhood theorem, there is an 
open neighbourhood U of X such that either U D cr(T) = {A} or U C cr{T). 

Denote by Go the union of all open subsets of G which are contained in cr{T). 
Obviously, Go is both open and relatively closed and therefore either Go = G (in 
this case G C cr{T)) or Go = 0, so G Pi cr{T) has no limit point in G. □ 

Remark 5. The punctured neighbourhood theorem implies similarly that if G is a 
component of C\ (<j 7 re(T') P<J5e(7')), then both a{T - z) and (3{T - z) are constant 
in G with the exception of at most countably many isolated points of G. 

In particular, either G C (Jt,{T) or G P (Jt^(T) consists of at most countably 
many isolated points. An analogous statement is also true for as. 



Clearly all spectra CTg, ^JTre, cr/e and are are invariant with respect to 
compact perturbations. Thus: 



«.{T) C (-){ o{T -V K) ■ K e K.{X))- 
c„{T) c ni". {TTK)-.K elC{X)}- 
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ase{T) C f]{as{T + K) : K e K{X)}- 
<^ie{T) C f]{ai{T + K) : K e )C{X)}- 
areiT) C f]{ar {T + K) : K e JC{X)}. 



In general, the opposite inclusions are not true. The next result characterizes the 
above intersections. 



Theorem 6. Let T e B{X). Then T can be expressed as T = S K, where 
S^K G B{X), K is compact and S is invertible (bounded below, onto, left in- 
vertible, right invertible) if and only if T is Fredholm with indT = 0 (T upper 
semi-Fredholm with indT < 0, T lower semi-Fredholm with indT > 0, T is left 
essentially invertible with indT < 0, and T is right essentially invertible with 
indT > 0, respectively). Thus: 



f]{a(T + K):KeX(X)} = 
(T + K) : K e X(X)} ^ 
(T cts(T + K) : K G /C(X)} = 

ai(T + K) : K e X(X)} = 
(TFK):KeX(X)} = 



ae(T) U {A G C : ind(T - A) ^ O}; 
(Tne(T) U {A G C : ind(T — A) > O}; 
ase(T) U {A G C : ind(T - A) < O}; 
aie(T) U {A G C : ind(T - A) > O}; 
are(T) U {A G C : ind(T - A) < O}. 



The compact operators in all statements can be replaced by Unite-rank operators. 

Proof. If T = S K where S is invertible and K compact, then T is Fredholm 
and ind T = ind = 0. 

Conversely, suppose that T is Fredholm and indT = 0. Then dimKerT = 
codim Ran T < oo. Let P G B{X) be a projection onto KerT. Let x\,...,Xn 
be a basis in Ker T and let yi, ... ,Vn be linearly independent vectors in X such 
that RanT V {yi, . . . ,yn} = X. Let U : KerT X he the operator defined by 
Uxi — yi {i — 1 , ... ,n) and let F = UP. Then T is a finite-rank operator and 
T -f F is invertible. 

The remaining statements can be proved similarly. □ 



The sets described in the previous theorem do not satisfy in general the 
spectral mapping property; for their properties see C.19.6 and C.19.7. 

Recall that the essential spectrum of an operator T G B{X) is equal to the 
ordinary spectrum of the class T + /C(X) in the Calkin algebra B{X)/K[X). This 
suggests the following definition: 

Definition 7. Let Ti, . . . ,T^ be a commuting n-tuple of operators on X. Denote 
by Q : B{X) B{X)/K{X) the canonical projection. We define the left (right) 
essential spectrum of (Ti , ... ,Tn) by 

are{Tu- ■■,Tn)= <t.(Q(Ti), . . . ,Q(T„)). 
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The essential Harte spectrum of Ti , . , . , is defined by 

O’HeiTi, . . . , Tn) = (JiJ (Q(Ti), . . . , Q{Tn)) = CFle{Ti, . . . , T^) U CTre(Ti, . . . , T^). 

We say that (Ti , . . . ^Tn) is left essentially invertible if and only if there are K G 

/C(X) and operators Si^. . . ^Sn ^ such that S\Ti H h S'nTn = I K. The 

right essentially invertible n-tuples are defined analogously. 

The following properties of the essential spectra follow easily from the defi- 
nition. 



Theorem 8. cr/e,cTre a He upper semicontinuous spectral systems. 

For a commuting n-tuple T = (Ti, . . . ,Tn) G B{X)'^ the sets aie(T), <Jre(T) 
and aHe{T) are non-empty compact subsets of , aie{T) C cri{T), (Tre{T) C (Tr{T) 
and (JHe{T) C (Jh{T). 



Although in general T{X) ^ X{X), Theorem 16.13 gives for Ti G B{X) that 
An analogous equality also holds for n-tuples of operators. 



Theorem 9. Let T = (Ti , ... ,Tn) be a commuting n-tuple of operators on a Banach 
space X. Then 



3{X)/K{X) 






_ 3{X)/r{X) 

- 






The same equalities are also true for Gr and gh- 

Proof. It is sufficient to show that (0,...,0) ^ <j/e(Ti, . . . , if and only if 

If (0, . . . , 0) ^ (Jze(Ti, . . . , Tn) then there exist operators Si, . . . ,Sn G B{X) 
and K G X{X) such that = f T X. By Theorem 16.13, there ex- 

ist operators A G B(X) and F G F(X) such that A{I K) — I F. Thus 

T.7=i(ASi)Ti = A(I + K) = I + F a.nd (0, . . . ,0) i . . . ,Tn). 

The opposite implication is clear. □ 



Definition 10. Let T — (Ti,...,Tn) be a commuting n-tuple of operators in a 
Banach space X. We say that the n-tuple T is upper semi- Fredholm if there exists 
a subspace M C A of finite codimension such that 

inf|^ \\Tix\\ : X e M, \\x\\ = l| > 0. 

M=i 1 

T is called lower semi-Fredholm if codim(Ti A + h T^A) < co. 
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Clearly, T = (Ti, . . . ,T„) is upper semi-Fredholm if and only if the operator 
5t • X X'^ defined by 5tx = (Tix, . . . , T^x) is upper semi-Fredholm. Similarly, 
the n-tuple T is lower semi-Fredholm if and only if the operator r]T : X^ X 
defined by . . . , x„) = ^2^=1 lower semi- Fredholm. As in the proof of 

Corollary 9.14 we get: 

Corollary 11. Let T = (Ti, . . . ,T^) he a commuting n-tuple of operators on a 
Banach space X. Then: 

(Ti, . . . , Tn) is upper semi-Fredholm ^ (T*, . . . , T*) is lower semi-FYedholm; 

(Ti, . . . , Tn) is lower semi-Fredholm (T^, . . . , T*) is upper semi-Fredholm. 

In the following we use the construction T e B{X) T G S(X), which was 
defined in Section 17; for this purpose it is more convenient to consider the space 
X'^ in the definition of operators St and tjt with the norm. 

With this convention £'^{X'^) can be identified with {i^{X))^ and X^ with 
X"^. Thus Stx = {fix, . . .,fnx) and r^(xi, .,.,Xn) = Yfi=i 

Using the corresponding results for the operators St and r]T (Theorems 17.6 
and 17.9) we get: 

Corollary 12. An n-tuple T = (Ti, . . . ,T„) is upper semi-Fredholm if and only if 
inf{Er=i ■■ X e X, ||i|| = 1} > 0. T is lower semi-Fredholm if and only if 
fiX + ^--FTnX = X. 

Definition 13. The essential approximate point spectrum and the essential surjec- 
tive spectrum of T = (Ti , . . . ,Tn) are defined by 

a-j^e{T) = {AgC^:T — Ais not upper semi-Fredholm}, 
ase{T) = {AgC^:T — Ais not lower semi- Fredholm}. 

Theorem 14. Let T = (Ti , . . . , T^) be an n-tuple of commuting operators acting on 
a Banach space X. Then a^e{Ti , . • . , T^) ^ a^{Ti, . . . , Tn) and (Jse{Ti , . . . , T^) = 
(Ts{fi,...,fn). 

In particular, and ase are upper semicontinuous spectral systems. 

Proof. Follows from Theorems 17.6 and 17.9. □ 

Corollary 15. Let T = (Ti, . . . ,Tn) be an n-tuple of commuting operators on a 
Banach space X. Denote by V{n) the algebra of all polynomials in n variables. 
Then T{aHe{T),V{n)) C cr^e{T) fl ase{T). In particular, the polynomially convex 
hulls of cFHe{T), cr^e{T) and ase{T) coincide. 

Theorem 16. An n-tuple T = {Ti, . . . ,Tn) is left essentially invertible if and only if 
T is upper semi-Fredholm and the operator 6 t has complemented range. T is right 
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essentially invertible if and only if T is lower semi-Fredholm and the operator pr 
has complemented kernel. 

Proof. Let K G JC{X) and , 5^ G B{X). Then SiTi + • • • + SnTn = I + K 

if and only if ps^T — I -f where ps : X^ X is defined by , Xn) = 

Sr=i Theorem 16.14, St is essentially left invertible if and only if St is 

upper semi-Fredholm and Ran(5r is complemented in X^. 

The second statement can be proved similarly. □ 

For a single operator Ti the set cr(Ti) \ cre(Ti) can be easily described, see 
Theorem 4. For n-tuples of operators the situation is more complicated. 

Theorem 17. Let T = (Ti, . . . ,Tn) he an n-tuple of commuting operators on an 
infinite-dimensional Banach space X. Let A = (Ai,...,An) G cfh{T) \ aHe{T). 
Then: 

(i) A is an isolated point of aniT); 

(ii) A is a joint eigenvalue of operators Ti, . . . , of finite multiplicity, i.e., 

n 

1 < dim Pi Ker (Ti — A^) < oo. 

2=1 

In particular, \ aHe(T) is at most countable. 

Proof, (i) Let A G aH(T)\aHe(T). Then there exists a polynomial p of n variables 
such that |p(A)| > max{|p(/i)| : p G CFHe(T)}. By the spectral mapping theorem 
for the Harte spectrum we have p(A) G a(p(T)) and 

max{|/i| ; fj, e ae{p{T))} = max{|p(/x)| : p e (THe{T)} < |p(A)|. 

Thus p(A) lies in the unbounded component of C \ ae(p(T)), and so it is an 
isolated point of a(p(T)). This means that there is a neighbourhood Uq of A such 
that p((7h(T) n Uq) = {p(A)}. 

Let ^ be a sufficiently small positive number, so that 

|gi(A)| > max{|q'j(/i)| : p G (THe{T)} {i = 1,.. .,n), 

where qi are polynomials of n variables defined by 

qi{zi,...,Zn) =p{zi,...,Zn) + ezi. 

Repeating the same considerations for instead of p, we get that there are 
neighbourhoods Ui of A such that qi(cFH(T) H Ui) = {^^(A)} (i = I,. . .,n). Let 
W = nr=o ~ (/^i’ * • • ^ ^h(T) n W . Then p(p) = p(\) and 

p(p) + epi = qi(p) = q^(\) = p(\) + eA^. 

So Pi = Xi (i = 1, ... ,n) and p = X. Hence A is an isolated point of (Th(T). 
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This implies that the set cfh{T) \ aneiT) is at most countable. 

(ii) Let p be the polynomial constructed in part (i) such that 

|p(A)| > max{|p(//)| : fx e (THe{T)}. 

So there is an open neighbourhood V of dneiT) such that |p(A)| > sup{|p(p)| : 
e V). By (i), <th{T)\V is a finite set, (Th(T) \ (F U {A}) = {A^^), . . . , A^'')}. 
Find polynomials q\,. . . ,qn such that = 0 7 ^ 9 i(A) (i = I, . . . ,k). Then, 

for a positive integer s large enough, the polynomial h = p^qi — -qk satisfies 

|/i(A)| > sup{|/i(p)| : ^leV} = sup{lh(p)| ; p € aniT) \ {A}}. 

Thus A G T{aH{T),V{n)). By Corollary 9.13 and Theorem 8.8, A G cFtt{T), and 
so the operator 8t-\ : X — > defined by St-xx = ((Ti — Ai)x, . . . , (T^ — Xn)x) 
is not bounded below. Furthermore, A ^ crHe{T), and so St-x is upper semi- 
Fredholm. In particular, KerJ^-A = Ker(T^ — A^) is finite dimensional and 
RanSr-x is closed. Thus Ker S t~x / {0}- 

This completes the proof. □ 



20 Ascent, descent and Browder operators 

Let T be an operator on a Banach space X. It is easy to see that Ker T C KerT^ C 
Ker C • • • and Ran T D Ran D • • • . 

Lemma 1. If A: > 0 and KerT^+^ = KerT^, then KerT^ = KerT^ for every p > k. 
Similarly, if Ran = RanT^, then RanT^ = RanT^ {p > k). 

Proof. We show the implications KerT^+^ = KerT^ KerT^+^ = KerT^+^ 
and RanT^+^ == RanT^ ^ RanT^+^ — RanT^+^; the rest follows easily by 
induction. 

Suppose that KerT^“^^ = KerT^ and let x G KerT^+^. Then Tx G 
KerT^"^^ — KerT^, and so x G KerT^'^^ 

Similarly, if RanT^+^ = RanT^ and x G RanT^+\ then x = for 

some y G X and T^y G RanT^ = RanT^+^. So x = T{T^y) G RanT^"^^. □ 

Definition 2. Let T e B{X). The ascent of T is defined by 
a{T) - min{n : KerT^ = KerT^+^} 

(if no such n exists then we set a{T) = oo). Similarly, the descent of T is defined 
by 

d(T) = min{n : RanT^ = RanT’^'^^}. 



The following simple lemma is useful in many situations. 
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Lemma 3. Let T G 3{X,Y), let M he a closed subspace of Y such that both 
M + Ran T and M fl Ran T are closed. Then Ran T is closed. 

Proof. Write for short N = M C\ RanT and L = T~^N . Clearly, L is a closed 
subspace of X. Let ^ : {X/ L)^{M /N) {KanT-\-M)/N be the operator defined 

by 

$((x + L) 0 (m + N)) = {Tx Tm) Y N. 

It is easy to check that the definition of ^ is correct, ^ is onto and one-to-one. 
Thus $ is bounded below and so ^{X/L) is closed. 

Let Q : RanT + M ^ (RanT + M)/N be the canonical projection. Then 
RanT = (RanT/7V) = Q~^^{X/ L), and so RanT is closed. □ 

Theorem 4. Let T e B{X), k > 0 and suppose that KerT^^^ = KerT^ and 
RanT^+^ = RanT^. Then RanT^ is closed and X = KerT^ 0 RanT^. 

Proof. We must show that RanT^ n KerT^ = {0} and RanT^ + KerT^ = X. 

Let X G RanT^flKerT^. Then x = T^y for some y G X and 0 = T^x = T‘^^y. 
Thus y G KerT^^ = KerT^ and x = T^y = 0. Hence RanT^ fl KerT^ = {0}. 

Let X e X. Then T^x G RanT^ = RanT^^, and so T^x = T‘^^y for some 
y e X. Consequently, x = T^y + (x — T^y) where T^y G RanT^ and x — T^y G 
KerT^. 

Lemma 3 for the operator T^ now implies that RanT^ is closed. □ 

Corollary 5. Let T e B{X) and let a{T) < oo and d{T) < oo. Then a{T) = d{T). 
If k = a{T) = d{T) then X = KerT^ 0 RanT^ 

Proof. Let k = max{a(T), d(T)}. By Theorem 4, X = KerT^ 0 RanT^ and 
both RanT^ and KerT^ are invariant with respect to T. Write Ti = T| KerT^ : 
KerT^ ^ KerT^ and T 2 = T|RanT^ : RanT^ ^ RanT^. Then RanT 2 = 
TRanT^ = RanT^+^ = RanT^. Further, if x G KerT 2 then x = T^y for some 
y e X, so y ^ KerT^+^ = KerT^ and x = T^y = 0. Thus T 2 is invertible. 
Furthermore, Tf = 0. Hence 

a(T) = a(Ti) = min{n : Tf = 0} = d{Ti) = d(T). □ 

Definition 6. We say that an operator T G B{X) is upper semi- Browder if it is 
upper semi-Fredholm and has finite ascent. 

Similarly, T is lower semi- Browder if it is lower semi-Fredholm and has finite 
descent. An operator T is Browder if it is both lower and upper semi-Browder. 
Equivalently, this means that T is Fredholm and has both finite ascent and finite 
descent. 

By Section 15, any operator of the form K-\- XI where X : X X is compact 
and A ^ 0 is Browder. 
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Theorem 7. Let T ^ 3{X). Then: 

(i) T is upper semi-Browder ^ T* is lower semi-Browder; 

(ii) T is lower semi-Browder T* is upper semi-Browder; 

(iii) T is Browder T* is Browder. 

Proof. Follows from the corresponding results for semi-Fredholm operators and 
Theorem A. 1.14. 

Recall that R^{T) = fin RanT^ and N^{T) = KevT^. 

Proposition 8. Let T G B{X). Then: 

(i) T is upper semi-Browder RanT is closed and dim A'°®(T) < oo; 

(ii) T is lower semi-Browder codim R°°(T) < oo; 

(iii) T is Browder dim A/'^(T) < oo and codim R^(T) < oo. 

Proof. If T is upper semi-Browder then RanT is closed and k = a(T) < oo. Since 
T^ is upper semi- Fredholm, we have dim N^{T) = dimKerT^ < oo. 

Conversely, if RanT is closed and dim A^^(T) < oo then T is upper semi- 
Fredholm. Further, KerT C KerT^ C • • • C N^{T), and so there exists k with 
KerT^+i = KerT^. Hence a(T) < oo. 

The remaining statements can be proved similarly. □ 

Lemma 9. Let T G B{X) be upper semi-Browder and Kato. Then T is hounded 
below. If T is lower semi-Browder and Kato, then T is onto. 

Proof. Suppose that there exists a non-zero vector xq G KerT. Since KerT C 
RanT, there exists xi e X such that Txi = Xq. Further, xi G KerT^ C RanT 
and we can construct inductively vectors Xi E X satisfying Tx{ = xi-i {i > 1). 
It is easy to show that the vectors Xi are linearly independent and xi G N^{T)^ 
a contradiction with Proposition 8. 

The second statement can be proved by duality. □ 

Theorem 10. An operator T G B{X) is upper semi-Browder (lower semi-Browder, 
Browder) if and only if there exists a decomposition X = Xi 0 X 2 such that 
dimXi < 00 , TXi C X{ (i = 1, 2), T|Xi is nilpotent and T\X 2 is bounded below 
(onto, invertible, respectively). 

If T is upper semi-Browder, then the space Xi is uniquely determined and 
Xi = 7V^(T). IfT is lower semi-Browder, then X 2 = R^ {T). IfT is Browder, 
then the decomposition is unique: N"^(T) © R^(T). 

Proof. Suppose that T G B{X) is upper semi-Browder and let X = Xi 0 X 2 be the 
Kato decomposition, i.e., dimXi < 00 , T|Xi is nilpotent and T 2 = T|X 2 is Kato. 
Evidently, T 2 is upper semi-Browder, and so T 2 is bounded below by Lemma 9. 
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Clearly, Xi C Furthermore, if T^(xi 0 x 2 ) = 0 for some n then T^X 2 = 0, 

and so X 2 = 0. Thus KerT’^ C Xi for all n and hence Xi = N"^{T). 

In the opposite direction, it is easy to see that an operator that can be written 
as a direct sum of a finite-dimensional nilpotent and an operator bounded below 
is upper semi-Browder. 

The statements for lower semi-Browder and Browder operators can be ob- 
tained similarly. □ 

Corollary 11. If T is upper semi-Browder, then indT < 0. If T is lower semi- 
Browder, then indT >0.IfTis Browder, then indT = 0. 

Proof. Let T G B{X) be upper semi-Browder, and let X = Xi 0 X 2 be the 
decomposition from the preceding theorem: dimXi < 00 , TX^ c X^ {i — 
1,2), T|Xi nilpotent and T|X 2 bounded below. Then indT = ind(T|X 2 ) = 
— dimX2/RanT2 < 0. 

The statements for lower semi-Browder and Browder operators can be proved 
analogously. □ 

It is not difficult to show that the Browder and upper (lower) semi-Browder 
operators form regularities. Our aim is to prove a stronger result and to extend 
these notions to commuting n-tuples of operators. 

We discuss the lower semi-Browder case; the upper case will be dual. 

Let T = (Ti , . . . ,Tn) be an n-tuple of mutually commuting operators on a 
Banach space X. 

For A: = 0, 1, 2, ... set Mk{T) = RanTj^ H h RanT^ and let M'^{T) be the 

smallest subspace of X containing the set |J{RanT^ : a G Iff, |a| = A;}. Clearly, 
X = Mo(T) 0 Mi(T) D M 2 (T) 0 • • • and X = M^(T) 0 M[{T) 0 M'(T) 0 • • •. 
Furthermore, 

K(fc-i)+i(r) C M,(T) C Ml{T). (1) 

Indeed, if a = {ai,..., an) G If and |a| = n{k — 1) + 1 then there exists i, 
1 < i < n, such that ai > k. So RanT^ C KanTf C MkiT). This proves the first 
inclusion of (1) and the second inclusion is clear. 

Let i?-(T) = nr=o MkiT) = f]Zo Kin 

If M'^{T) = M^_^j(T) for some k then it is easy to see by induction that 
for every m> k, and so R^{T) — Mj^{T). 

We say that T = {Ti, . . . ,Tn) is lower semi- Browder if codim i?°°(T) < 
00 . It is clear that the lower semi-Browder n-tuples are contained in $^^(X), 

where ^^^(X) denotes the set of all lower semi- Fredholm n-tuples of commuting 
operators on X. 

Define the corresponding lower semi-Browder spectrum by 

cfb_ (T) = {A G : T — a is not lower semi-Browder}. 

By Theorem 19.15, (Ti, . . . ,T„) e if and only if (Tf , 

Thus codim Ml (T) < oo implies codim M/e(T) < oo for all k. 
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Theorem 12. Let T = (Ti, . . . , T^) be an n-tuple of mutually commuting operators 
on a Banach space X. The following statements are equivalent: 

(i) T is lower semi-Browder; 

(ii) T G and there exists k such that 

(iii) T G and there exists k such that Mk{T) — M/e+i(T); 

(iv) there exists a closed subspace Y C X invariant with respect to all Ti (i = 

1 , . . . , n) such that codimF < oo and TiY H h TnY = Y . It is possible to 

takeY = R^{T). 

Proof, (iii) => (ii): Let Mk{T) = Mk-{-i{T) for some k. Using the same argument 
as in the proof of (1) it is possible to show that 

(ii) (i): Let M'(T) = for some k. Then Mfc(T) C M'f{T) = 

R^(T). Moreover, T G ^^^(X), which implies that codim M^(T) < <x), and so T 
is lower semi-Browder. 

(i) (iv): Set Y = R^{T). Clearly Y is invariant with respect to Ti {i = 

1, . . . ,n), codimF < oo and Y = Mk{T) = Mk-\-i{T) for some A:. If y G F then, 
for some xi , . . . , G X, we have 

n n 

y = Y = Y r{T^Xi) e TiT + • • • + T„y. 

2=1 2=1 

(iv) (iii): Since Mi(T) D Mi{T\Y) = F, we have codim Mi (T) < oo, and 
so T G ^^^(X). Further, R^{T) D F, and so codim i?^(T) < oo. □ 

Theorem 13. Let T = (Ti , . . . ^Tn) be a lower semi-Browder n-tuple of operators 
on a Banach space X. Then there exists e > 0 such that S is lower semi-Browder 
for every commuting n-tuple S = (*Si, . . . , Sn) € B(X)^ with XlILi 11*^^ “ 

Proof. Choose k such that Mk{T) = R^{T) and codim i?^(T) < k. Then 
(j.fc+1, , T^+i) ^ ^^^(X). Consider the operator r/ : X’^ — > X defined by 

77(0:1, . ..,Xn)= iy=i Clearly, 

codim Ran 77 = codim Mfc+i(T) = codim /?°°(T) < k. 

By Theorem 16.11, there exists u > 0 such that codim Ran 77' < k for each operator 
T]' : X X" with II77' - 77II < 7/. If 5 = (5i, . . . , 5„) is a commuting 77-tuple of 
operators in X close enough to T, then . . . , 5*“'“^) € $^^(X) and 

codim Ml (S’f'*' \ . . . , < codim 77 < k. 

Since Mi (5) D M2(5) D D Mk+i{S) and codimMfc+i(5) < k, there exists 
j < k such that Mj{S) - Mj+i{S). Consequently, S is lower semi-Browder. □ 
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Proposition 14. Let Ti, . . . ,Tn, Si, . . . , Sn be mutually commuting operators on X 
such that XlILi ~ T'iien the n-tuple (Ti, . . . , T^) is lower semi-Browder. 

Proof. Clearly Mi{Ti, . . . ,Tn) = X = Mq{Ti, ..., Tn), and so (Ti, . . . , T^) is lower 
semi- Browder. □ 



Lemma 15. Let To, Ti , . . . , be mutually commuting operators on a Banach space 
X. Suppose that codim (Ti , . . . ,Tn) = oo and let k e N. Then there exists a 
complex number X such that 

codim(Ran(To - A)^ -h RanTf -h • • • + RanT^) > k. (2) 



Proof. Using condition (iii) of Theorem 12, we can distinguish two cases: 

(a) Let {Ti, . . . ,Tn) ^ By the spectral mapping property for the 

essential surjective spectrum (Theorem 19.14), there exists A G C such that (To — 

Thus 

codim(Ran(To - A)'' + RanTf + • ■ • + RanT*) 

> codim (Ran(To - A) -h RanTi H h RanT^) = oo. 



(b) Suppose that T = (Ti, . . . ,T^) G 4>^^(X) and codim R"^(T) = oo. Then 
codim Mj(T) < oo for all j. Since codim R°°(T) = oo, we have Mj{T) ^ Mj^i{T) 
for all j > 1. 

Fix k e N. Then there exists i,l < i < n such that RanT^^“^ (f Mk{T) 
(otherwise Mk-i{T) = Mk{T)). Let Y = X/Mk{T), and let 5 : T T be defined 
by S{x -h Mk{T)) = TiX + Mk{T). Clearly, dim Y" < oo, 5^ = 0 and S^~^ ^ 0. 

Consider the operator U :Y defined by 7/(x + Mk{T)) = Tqx -h Mk{T). 
Obviously, US = SU. Let Z be a subspace of Y satisfying Z 0 Ker*?^"^ = Y. In 
this decomposition U can be written as 



U = 



(Uii 

\Ui2 




Choose an eigenvalue A of Un — A and let 2: G Z be a corresponding eigenvector; 
so z 7 ^ 0 and {U — A)z G KeriS^”^. Since z G Yer S^ \ KerS'^“^, we have 

S^-^z G Ker S^ \ Ker S^~^ {j = I,..., k). 



Furthermore, 

(U - X)S^-^z = S^-^{U - X)z G S^-^ Ker 5^-1 c KerS'^-^ 

Let I < j < k and write M = KerS'-^’"^ V {S^~^z}. Then M C Ker 5-^ and 
{U - XyM C{U- xy-^ KerS^-^ C M. We have 

dim(Ker5V(C/ - A)^' Ker 5^) = dimKer((C/ - A)^|Ker5^) 

> dimKer((C7 - A)^ |M) = dim (M/(C/ - A)^M) 

> dim(M/(U - A)^-^Ker 5 ^-^) = dim (Ker 5^-7 (U - A)^~^Ker + 1 , 
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since ^ z ^ Ker Thus, by induction, 

dim(Ker5V(/7- Ay Ker5^) >j {j = 

In particular, dim{Y/{U — A)^y) > k. Consequently, 

codim (Ran(To - A)'') + RanT/= + ■ • • + RanT„^) > k. □ 



Corollary 16. Let Tq,Ti, . . . ,T^ be mutually commuting operators on a Banach 
space X. Suppose that codim (Ti , . . . ^Tn) = oo. Then there exists A G C such 
that 

codim (To — A,Ti, . . . ,T^) = oo. 

Proof. For each A: > 1 we can find A^ G C such that 

codim (To - A/^, Ti, . . . , T„) 

> codim(Ran(To — Xk)^ + RanT^^ H + RanT^) > k. 

It is clear that Xk G cr(To) for every k. Thus we may assume (by passing to a 
subsequence if necessary) that the sequence (A/e) is convergent. A/e ^ A G cr(To). 
We have 

lim codim (To — A/e,Ti, . . . ,T^) = oo. 

k—^oo 

By Theorem 13, this implies that codim (To — A, Ti, . . . , T„) = oo. □ 

Corollary 17. (Jb_ is an upper semicontinuous spectral system. 

Upper semi-Browder n-tuples can be defined similarly. Let T = (Ti, . . . , T^) 
be an n-tuple of commuting operators on a Banach space X. Recall that T is upper 
semi-Fredholm if the mapping St ' X X^ defined by Stx = {Tix^ . . . ,T^x) is 
upper semi-Fredholm. We say that T is upper semi-Browder if T is upper semi- 
Fredholm and dim N°^{T) < oo, where 

oo 

N°°{T) = y (KerTj'' n • • • n KerT^). 

k=l 

We say that T is Browder if it is both upper and lower semi-Browder. 

Write T* - (T*, . . . ,T*) G B{X*)^. 

Theorem 18. Let T = (Ti, . . . , Tn) he an n-tuple of mutually commuting operators 
in a Banach space X. Then: 

(i) T is lower semi-Browder 4=^ T* is upper semi-Browder; 

(ii) T is upper semi-Browder 4=^ T* is lower semi-Browder; 

(iii) T is Browder <=> T* is Browder. 



20. Ascent, descent and Browder operators 



179 



Proof. The corresponding equivalences for semi- Fredholm n-tuples were proved 
in Corollary 19.12. Furthermore, 

KerTf n • • • n KerT^ = -^(RanTi*'' + • ■ • + RanTy). 

and 

(RanTj'' + • ■ • + RanT^)-^ = KerTj*'' n • • • n KerT^ . 

The statement of Theorem 18 is now an easy consequence of these identities. □ 

For a commuting n-tuple T = {Ti, . . . ,Tn) G we define the upper 

semi-Browder spectrum of T by 

o'B+iT) = {A G : T — A is not upper semi-Browder} 

and the Browder spectrum 

^b{T) = {A G : T — a is not Browder} = cfb_{T) U gb^{T). 

By the previous theorem, it is easy to see that cjb^ and gb satisfy the same 
properties as <jb_ • 

From the general theory of spectral systems it is easy to deduce the following 
properties: 

Theorem 19. 

(i) cfb_, ctb^ and ctb dire upper semicontinuous spectral systems. 

(ii) (spectral mapping property) If (Ti , . . . , T^) is a commuting n-tuple of opera- 
tors on a Banach space X and p = {pi, . . . ,Pm) is an m-tuple of polynomials, 
then: 



(Tb+{p{Ti,. . . ,Tn)) = p((Jb+(Ti, . . . ,Tn))] 

{p{Ti, . . . ,Tn)) = p{crB- {Ti,. . . ,Tn)); 

o-b{p{Ti, . . . ,Tn)) = p{(Tb{Ti, . . . ,Tn)). 

(hi) (continuity on commuting operators) If {T/e}^^ C B(X), T G B{X), 
limT/c = T and T^T = TTk, k — 1,2, . . ., then: 

A G (T) there exist Xk G aB_ {Tk) such that Xk X; 

A G (Jb+(T) there exist Xk G (TB+{Tk) such that Xk X; 

A G (7b{T) there exist Xk G (TB{Tk) such that Xk A. 

(iv) (property (PI) of Section 6) Let T,S e C{X), TS = ST. Then TS is lower 

semi-Browder (upper semi-Browder, Browder) if and only if both T and S 
have the same property. 
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(v) dae(T) C aB^(T)(laB^(T). In particular, max{lz\ : z G aB^(T)} = max{|2:| : 
^ ^ o'B- (T)j = max{|2;| : 2: G crs(T)} = re(T) for all T G B{X). 

(vi) Let T,S e C{X), TS = ST. Then: 

A(aB_(T),as_(5)) <re(T-5); 

A{aB 4 T),aB^{S)) <re{T ~ Sy, 

A{aB{T),aB{S)) <re{T-S), 

where A denotes the Hausdorff distance and Te the essential spectral radius. 

(vii) If T G B(X) is upper semi-Browder (lower semi-Browder, Browder), U G 
B{X), UT = TU and re{U) = 0 then T U is upper semi-Browder (lower 
semi-Browder, Browder, respectively). 

In particular this is true if U is either quasinilpotent or compact. 

For single operators we have another characterization of the Browder and 
semi-Browder spectrum. 

Denote by accL the set of all accumulation points of a set L C C. 

Corollary 20 . Let T G B{X). Then: 

(^b{T) = cTe(T) U acC(j(T); 

ctb+It) = a^e{T)Uacca^{T)] 

(^b^{T) = a^e(T) U acco-^(T). 



Proof. We prove the statement for the Browder spectrum; the remaining state- 
ments can be proved similarly. 

Suppose that A ^ gb{T), so T — A is Browder. Let X = ATi 0 X2 be the 
Kato decomposition of T — A, so (T — A)|ATi is a finite-dimensional nilpotent, and 
(T — A) 1X2 is invertible. Clearly, T — pis invertible for all /x / A close enough to 
A. Thus A is not an accumulation point of cr{T). Also, A ^ (^eiT) since T — A is 
Fredholm. 

Conversely, let A ^ (Je(T)Uacccr(T). Then T— A is Fredholm. Let X = X10X2 
be the Kato decomposition of T- A, so (T- A)|Xi is a finite-dimensional nilpotent 
and (T - A)|X2 is Kato. By assumption, T — p is invertible for all p sufficiently 
close to A, /X 7^ A, and so (T - p)\X2 is invertible. Since (T - A)|X2 is Kato, 
(T — A) 1X2 is also invertible. Thus T — A is Browder. □ 

Theorem 21. Let T G B{X). Then: 

( 7 b. (T) = + K):Ke K{X), TK = KT]- 

<tb^ (T) = + K)-.Ke K{X), TK = KT)-, 

aB{T) = fl{CT(r + K)-.Ke K{X), TK = KT). 
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Proof. By Theorem 19 (vii), (Jb_{T) = (T+/C) C ct 5{T PK) \i K \s a compact 

operator commuting with T. Thus cr^_(T) C f]{as{T K) : K e JC{X),TK = 
KT}. 

Conversely, let A ^ crj 5 _ (T); so T — A is lower semi-Browder. Let X — Xi 0 X 2 
be the Kato decomposition of T — A satisfying dim Xi < 00, TXi C Xi (i = 1, 2), 
(T — A)|Xi is nilpotent and (T - A)|X 2 onto. Set K = / 0 0. Clearly, K is a 
compact (even finite-rank) operator commuting with T and T — X K is onto. 
Thus A ^ cr^(T 0 K). 

The statements for the upper semi-Browder and Browder spectrum can be 
proved similarly. □ 

Clearly, the compact operators in the last theorem can be replaced by finite- 
rank operators. 



21 Essentially Kato operators 

Recall that an operator T G B(X) is Kato if RanT is closed and KerT C R^{T). 
For equivalent conditions see Theorem 12.2. 

In this section we study an essential version of this class of operators. 

For subspaces M, N of X we write McN (M is essentially contained in N) 
if there exists a finite-dimensional subspace F C X such that M c N F. 
Similarly, we write M=N if both McN and NcM. 

We recall one simple algebraic result. 

Lemma 1. Let M, N be subspaces of a vector space X . Then dimM/(M n N) = 
dim{M + N)/N. 

Proof. The identity operator induces an isomorphism from M/ (M n N) onto 
{Md-N)/N. □ 

e 

We summarize the basic properties of the relation C. 

Proposition 2. Let M, N, L be subspaces of a Banach space X. Then: 

(i) McN dimM/(M n N) < 00 dim(M 0 N)/N < 00 <0 there is a 
finite-dimensional subspace F C M such that M C N F; 

(ii) McN, NcL ^ McL; 

(hi) McN, LcN ^ M 0 L C 
(iv) McN, McL ^ McN n L. 



Proof. A simple verification. 



□ 
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Theorem 3 . Let T ^ B{X) he an operator with closed range. Then the following 
conditions are equivalent: 

(i) KerTci^^(T); 

(ii) KerTci?^(T); 

(iii) N^(T)cRanT; 

(iv) N^{T)cR^{T); 

(v) (Kato decomposition) there exists a decomposition X = Xi Q X2 with the 
properties that TX\ C X\, TX2 C X2, dimXi < 00, T\Xi is nilpotent and 
T\X2 is Kato; 

(vi) KerTcV./oKer(T-z); 

(vii) RanTD - z); 

(viii) dim(KerT/iV(T')) < 00, where N{T) is the set of all x E X such that 
there are complex numbers Xi (i = 1 , 2 ,...) tending to 0 and elements 
Xi e Ker(T — A^) such that x = limi^oo (clearly, N{T) C KerTj; 

(ix) dim(R(T)/RanT) < 00 where R{T) is the set of all x E X such that x = 
lim^^oo for some xi E Ran(T — A^) and some ^ 0 (clearly, RanT C 
R{T)). 

Proof. The implications (v)^ (iv), (iv) => (i) and (iv) => (iii) are clear. 

(i) => (v): By Lemma 16 . 20 , there exists a decomposition X = Yi ^¥2 such 
that 1 < dimLi < 00, TYi C Yi {i — 1 , 2 ) and T|Ti is nilpotent. Write Ti = 
T\Yi {i = 1 , 2 ). We have dim(Ker T/(KerT n R'^(T))) < 00, R^{T) = R^{T2) 
and KerT = KerTi 0 KerT2; so 

dimKerT/(KerTHR^(T)) = dimKerTi +dim KerT2/(Ker T2 fl R^(T2)). 

Thus dimKerT2/(KerT2nR‘^(T2)) < dimKerT/(KerT n R^(T)). 

Using the construction of Lemma 16.20 for T2 repeatedly, after a finite num- 
ber of steps we obtain a decomposition X — X\ ^ X2 such that dimXi < 00, 
TXi C Xi, TX2 C X2, T\Xi is nilpotent and Ker(T|X2) C R^(T|X2), i.e., T|X2 
is Kato. 

e , 

(iii)=>(v): We prove by induction on k that KerTc RanT^. This is clear for 
k = 1 . Let A: > 1 and suppose that the statement is true for all / < k. Thus there 
are finite-dimensional subspaces Fi C Ker T such that Ker T C Ran + F/ {I = 
1 , . . . , A:). We prove the statement for A: + 1 . We have Ker RanT, so there 

is a finite-dimensional subspace G such that KerT^+^ c RanT + G. So 

KerT C (Ker T n RanT^) + Fk=T^ KerT^+^ + C RanT^+^ + T^G + F^. 

Hence KerTc RanT^"^^, which completes the induction step. 
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By Lemma 16.20, there is a decomposition X = Yi ® Y 2 such that 1 < 
dimli < 00, TYi C Yi and T\ — T\Y\ is nilpotent. Write Ti = T\Yi (i = 1,2). 
Since dimN^(T)/(N^(T) n RanT) < 00 and N^(T) = Fi 0 N^(T 2 ), we have 

dimiV^(T)/(Ar^(T) HRanT) 

= dim Yi / Ran Ti + dim (T 2 ) / ( (T 2 ) H Ran T 2 ) , 

so dimA^^(T 2 )/(A^^(T 2 ) HRanT 2 ) < dim iV°^(T)/(AT^(T) n RanT). 

Thus, using the same construction for T 2 , after a finite number of steps we 
obtain the required decomposition X = 0 X 2 . 

(v) ^ (viii): Since N(T\X 2 ) = Ker(T|X 2 ) by Theorem 12.2, and N(TjXi) = 
{0}, we have 

dim(KerT/7V(T)) = dimKer(T|ATi) < 00. 

(viii)=^ (vi): Clearly, KerTciV(T) C Ker(T - z). 

(vi) ^ (ii): It is easy to see that Ker(T — z) C R"^{T) for z / 0. Thus 

KerTc \J Ker(T - z) c R°°{T). 

zyo 



(ii)^(i): By Lemma 16.20 (i), R{T^) is closed for all fc, and so is R^{T). 
(v)^ (ix): Since T|X 2 is Kato, we have R{T\X 2 ) = RanT|X 2 , and so 

dim R(T)/ RanT < dimXi < 00 . 

(ix)=> (vii): Clearly, ^ T(T)cRanT. 

(vii)=^ (iii): Let x G KerT^ and z ^ 0. Then 

(T - z){T^-^ 0 zT^-^ 0 • • • 0 z^-^)x = {T^ - z^)x = -z^x, 

and so X G Ran(T — z). Thus N^{T) C — z)c RanT □ 

Definition 4. We say that an operator T G B{X) is essentially Kato if RanT is 
closed and T satisfies any of the equivalent conditions of Theorem 3. 



Clearly, any semi-Predholm operator is essentially Kato. 

Theorem 5. Let T G B{X). Then: 

(i) if T is essentially Kato, then is essentially Kato for every n; 

(ii) T is essentially Kato if and only ifT* G B(X*) is essentially Kato. 
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Proof, (i) Let X = Xi^X 2 he the Kato decomposition of T (see condition (v) of 
Theorem 3). The same decomposition is clearly also the Kato decomposition of T'^. 

(ii) Suppose that T is essentially Kato, so N"^{T) c RanT + F for some 
finite-dimensional subspace F C X. Then RanT’^ and RanT*^ are closed for all 
n and 

OO OO CXD 

R°°{T*) = Pi RanT*” = Q (KerT”)-^ "= ( U KerT"^ 

n=l n=l n=l 

= N^{T)^ 3 (RanT + F)^ = (RanT)-^ n f = KerT* n . 

Since codim < oo, we have Ker T*cR®°(T*), and T* is essentially Kato. 

Conversely, if T* is essentially Kato, then RanT^ and RanT*^ are closed 
for all n and T** € is essentially Kato; so Ker Further, 

KerT - KerT**nX and RanT^ = RanT**^nX for all n, so R^{T) = R^(T**)n 
X andKerTcR^(T). □ 

Theorem 6. Let B{X), AB = BA. If AB is essentially Kato, then A and 

B are essentially Kato. 

Proof. We have Ker A C Ker {AB)cR^ {AB) C R"^{A), so it is sufficient to prove 
that Ran A is closed. 

There exists a finite-dimensional subspace F C X such that Ker (AB) C 
Ran{AB) + F. We prove that Ran^ + F is closed. Let Vj G X, fj G F and Avj + 
fj u. Then BAvj -h Bfj Bu and Bu G Ran{AB) + BF since Ran{AB) + BF 
is closed. Thus Bu = ABv + Bf for some v e X and / G T; so 

Av f — u e KerB C Ker{AB) C Ran{AB) F F c Ran A + F. 

Hence u G Ran Af F and Ran Af F is closed. 

The closeness of Ran^ follows from Lemma 16.2. □ 

The following lemma is an analogue of Theorem 12.21 for essentially Kato 
operators: 

Theorem 7. Let T G S(X). The following conditions are equivalent: 

(i) T is essentially Kato; 

(ii) there exists a closed subspace M C X such that TM = M and the operator 
T : X/M X/M induced by T is upper semi-Fredholm; 

(iii) there exists a closed subspace M C X such that TM C M, T\M is lower 
semi-Fredholm and the operator T : X/M X/M induced by T is upper 
semi-Fredholm . 

IfT is essentially Kato, then it is possible to take M = R"^{T) in (ii) or (iii). 
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Proof. (i)=^(ii): Let T be essentially Kato. Set M = R"^{T). If X = X\ ^ X 2 is 
the Kato decomposition of T (dimXi < oo,TXi C Xi,TX 2 C X 2 ,Ti = T\X is 
nilpotent and T 2 — T\X 2 Kato) then M = R^{T 2 ) C X 2 and TM = T 2 M = M. 
If a: = 0X2 satisfies Tx G M then T 2 X 2 G M, and so X 2 G M. Thus x G Xi + M 

and KerT C Xi + M. Hence dimKerT < dimXi < 00 . 

Let Q : X X/M he the canonical projection. Since M C RanT and 
RanT = {Tx + M:xgX} = Q RanT, the range of T is closed. Thus T is upper 
semi-Predholm. 

(ii) =^(iii): Clear. 

(iii) =^(i): We first prove that RanT is closed. Let Q : X X/M be the 
canonical projection and let F be a finite-dimensional subspace of M satisfying 
M = TM F. Clearly, RanT C Q“^RanT. If y e X and Qy G RanT then 
y G RanT + M C RanT -f F. Thus RanT is a subspace of finite codimension of 
the closed space Q~^ RanT. By Lemma 16.2, RanT is also closed. 

Since QKerT C KerT and dimKerT < 00 , we have KerTcM. Thus there 
is a finite-dimensional subspace F\ C KerT such that KerT C Fi + (Ker T fl M). 
Thus 

KerT C Fi + KerT|McR^(T|M) c R^{T). 

Hence T is essentially Kato. □ 

Theorem 8. Let T G B{X) be essentially Kato. Then there exists e > 0 such that 
T F S is essentially Kato for every S G B{X) with TS = ST and H5H < e. 

Proof. Set M = R^{T). By Theorem 7, TM = M and the operator T \ X/M ^ 
X/M induced by T is upper semi-Fredholm. If S' G B{X) is an operator commuting 
with T whose norm is small enough, then SM C M, (T + S)M = M and the 
operator T 0 S is upper semi-Fredholm (where S : X/M ^ X/M is the operator 
induced by S). Thus T + S is essentially Kato. □ 

Theorem 9. Let T^Ae B{X),TA — AT, let T be essentially Kato and let A be 
either compact or quasinilpotent. Then T F A is essentially Kato. 

Proof. Let T be essentially Kato and let A be an operator commuting with T. Let 
M = R^{T),Ti = T|M and let T : X/M — > X/M be the operator induced by T. 
Since AM c M, we can define the operators Ai ^ A\M and A : X/M X/M 
induced by A. Suppose that A is either compact or quasinilpotent. Then both Ai 
and A have the same property, and consequently, T\ F A\ is lower semi-Fredholm 
and T F A is upper semi-Fredholm. Thus T F A is essentially Kato by Theorem 
7. □ 

Theorem 10. The set of all essentially Kato operators in X is a regularity satisfying 
(P3) (upper semicontinuity on commuting elements). 

Proof. By Theorems 5, 6 and 6.12, it is sufficient to show that if A,B,C,D G 
B{X) are mutually commuting operators satisfying AC + BD = I and A,B are 
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essentially Kato then AB is essentially Kato. By Lemma 12 . 8 , we have Ran{ AB) = 
Ran A n RanB, and so Ran{AB) is closed. Further, Ker AcR^ (A) and KerA C 
R^{B]. So KerAcR^iA) n R^{B) = R^{AB). By symmetry, we also have 
Ker^Ci^^(A^), and thus Ker{AB) = Ker^l + KerBcR^{AB). Hence AB is 
essentially Kato. □ 

Denote by 

o'Ke{T) = {A G C : T — A is not essentially Kato} 
the corresponding spectrum. 

Theorem 11 . Let dimX = oo and T G B{X). Then: 

(i) CTKe{T) C ctk{T) and cfk{T) \ (TKe{T) consists of at most countably many 
isolated points; 

(ii) GKe{T) is a non-empty compact set; 

(hi) dae{T) C (JKe{T) C a^e{T) n ase{T) C (Te{T); 

(iv) (TKe{f{T)) = f{(JKe{T)) for every function f analytic on a neighbourhood of 
a{T). 

Proof, (i) Let A G cfk{T) \ crKe{T). Then T — A is essentially Kato, so there 
exists a decomposition X = Xi ^ X2 with TXi C Xi, TX2 C X2, dimXi < oc, 
(T — A)|Xi nilpotent and (T — A)|X2 Kato. Then (T — z)\X2 is Kato for all .z in a 
certain neighbourhood U of X and (T — z)\Xi is Kato (even invertible) for every 
z ^ X. Thus T — 2: is Kato for 2: G (7 — {A} and A is an isolated point of <Jic(T). 
Clearly, (Tk{T) \ < 7 Ke{T) is at most countable. 

(ii) By Theorem 8 , ( 7 Ke{T) is closed. 

The non-emptiness of (JKe{T) follows from the inclusion dae{T) C cFKe(T)^ 
which will be proved next. 

(hi) Suppose A G dae{T) and A ^ (jKe{T). Then T — A is essentially Kato, 
so Ran(T — A) is closed and there exists a decomposition X = X\® X2 such that 
dim ATi < 00, TXi c X\, TX2 C X2, (T — A)|Xi is nilpotent and (T — A)|X2 is 
Kato. Choose a sequence A„ ^ A such that An ^ <^e( 7 "), i.e. T — An is Fredholm. 
We have 

dimKer(T — An)|-AT2 < dimKer(T — An) < 00 
and, since T|X2 is Kato, we conclude that 

dimKer(T — A)|X2 < 00 

and dimKer(T - A) < (X). 

Similarly, we can prove that codim Ran(T — A) < 00, so T — A is a Fredholm 
operator and A ^ cre(T), a contradiction. 

Thus dcFe{T) C GKe{T). 

Since semi- Fredholm operators are Kato, we have (JKe{T) C cFT,e(T)f\ase{T). 
(iv) If X = Xi 0 X2 and T, G B{Xi) {i = 1 , 2 ) then aKe(Ti 0 T2) = 
^Ke{Ti) U (JKe{T2). The non-emptiness of gkc and Theorem 6.8 imply (iv). □ 
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Theorem 12. Let T G B{X) be essentially Kato. Then liiiin^oo exists 

and 



lim = max{r : T — A is Kato for 0 < |A| < r} = distjO, crx(2^)\{0}}. 

Proof. Let X = Xi ® X 2 he a decomposition of X satisfying dimXi < 00 , 
TXi C Xi, TX 2 C X 2 , Ti = T\X I is nilpotent and T 2 = T\X 2 is Kato. As in the 
proof of Theorem 18.8 we can show that 

lim 7 (T") 1 /” = lim 

n — >-oo n — >•00 

By Theorem 12.26, this limit is equal to dist{0, ctk(T 2 )}. 

If A ^ 0 then T — A is Kato if and only if T 2 — A is Kato. Then 

max{r : T — A is Kato for 0 < |A| < r} = distjO, ctk(^ 2 )} 

- lim 7 (T^)^/^. □ 

n^oo 

Theorem 13. Let T e B{X) be essentially Kato and let F e B(X) be a Unite-rank 
operator. Then T -h F is also essentially Kato. 

Proof. Clearly, it is sufficient to consider only the case of dim Ran F = 1 . Thus F 
is of the form Tx = f{x)v for some v e X and / G X*. 

Since Ran(T + F)=RanT, Ran(T -h F) is closed and it is sufficient to show 
only the algebraic condition in the definition of essentially Kato operators for 
T + F. 

Since T is essentially Kato, RanT^ is closed for all k. The existence of the 
Kato decomposition implies that there exists d G N such that Ker T fl Ran T^ C 
R^(T). Let M = RanT"^ and Ti = T\M . Then KerFi = KerT n RanT^ C 
R^{T) = F^(Ti), and so Ti is Kato. 

It is sufficient to show that 

KerTiCF^(T + F). (1) 



Indeed, since 



Ker Ti = Ker T n RanT^= Ker(T + K) n Ran(T + Ff, 
(1) implies that 

Ker(T + F) n Ran(T + FfcR^{T + F). 



Consequently, 

Ker(T + F)= KerTc Ker T H RanT^^ Ker(T + F) n Ran(T + FY^R^{T + F) 
and T + F is essentially Kato. 
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To prove (1), we distinguish two cases: 

(a) Let N^{Ti) C Ker/. 

Let xq G KerTi. Since Ti is Kato, there exist vectors xi,X2, . . . , G 
such that Txi = Xi-i for all i. By assumption f{xi) = 0, and so Fx{ = 0 for all i. 
For n G N we have 

(T + = (T + = ■ ■ . = (T + F)xi = xo, 

and so xq G Ran(T + F)^. Since n was arbitrary, KerTi C + F). 

(b) There exists k>l such that KerT^ Ker f. Choose the minimal k with this 
property, so KerT^^“^ C Ker / and there exists u G KerT/ with f{u) = 1. 

Denote by Y the set of all vectors xq G Ker Ti fl Ker / for which there exist 
xi, . . . , Xk-i G M n Ker / satisfying Txi — Xi-i (z = 1, . . . , A: — 1). 

Clearly, Y = Ker Ti , and so it is sufficient to show Y C (T + F) . 

Let Xo G T. We prove by induction on n the following statement: 

There exist Xn^M such that T^Xn = XQ and T^Xn^Ker/ (i = 0,...,n— 1). (2) 

If (2) is proved then of course 

(T + F)^Xn = {T + F^-^Txn = • • • = (T + F)T^-^Xn = xo, 

and so xq G Ran(T 4- F)^ for all n. Thus Y C + F) and the theorem is 

proved. 

Statement (2) is clear for n < fc — 1. 

Suppose (2) is true for some n > /c — 1, so there is an Xn G M such that 
T^Xn = Xo and T^x^ G Ker/ {i = 0, ...,n — 1). Since Ti is Kato, we can 
find x^^i G M such that = Xn- Set Xn+i = x^_^i - f{x'^j^^)u. Clearly, 

T’^+^Xn+i = T'^Xn — = Xo and /(x^+i) = 0. For z > 1 we have 

f{T^Xn+i) = f{T^-^Xn) - f{x'„+^)f(T^u) = 0 since TW € KerT^i c Ker/. 

This finishes the proof of (2) and also of the theorem. □ 



22 Classes of operators defined by means 
of kernels and ranges 

In this section we give a systematic survey of various classes of operators that 
are defined by means of kernels and ranges of powers of an operator. Some of the 
classes were already introduced; we mention them here for the sake of completeness 
of the survey. 

For an operator T G B{X) we have already defined a{T) = dim Ker T 
and f3{T) = codim Ran T. More generally, for every n > 0 we define numbers 
ctn(T) = dimKerT^+VKerT’" and (3n{T) = dimRanT^/ RanT^+L In this no- 
tation ao{T) = ct{T) and Po{T) = j3{T). 

Write further kn{T) = dim (Ran fl KerT)/ (RanT’^'^^ H KerT). 
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Lemma 1. Let T G 13{X) and n > 0. Then OLn{T) = dim (Ran n KerT) and 

(3n{T) = codim (Ran T H- KerT’^). 

Proof. Clearly, induces an isomorphism from Ker KerT^ onto the space 

RanT^ H KerT. Thus an{T) = dim (Ran fl KerT). 

In the same way, induces an isomorphism from X/(RanT + KerT’^) onto 
Ran T^Z RanT’^^^ and so (3n{T) = codim (Ran T + KerT^). □ 

To characterize the numbers kn{T), we need the following elementary lemma. 

Lemma 2. Let U, V and W be subspaces of a Banach space X and let U C W. 
Then {U TV)nW = U T{VnW). 

Proof. A simple verification. □ 



Lemma 3. Let T be an operator on a Banach space X and n > Q. Then kn{T) 
defined by kn{T) = dim (Ran T’^ fl Ker T)Z (RanT’^^^ n KerT) is equal to any of 
the following quantities: 

(i) the dimension of the kernel of the operator 

f : RanT^ZRanT^+^ — . RanT^+V RanT^+^ 

induced by T; this operator is onto; 

(ii) the codimension of the range of the operator 

T' : KerT^+VKerT^+i — . KerT^+VKerT^ 

induced by T; this operator is one-to-one; 

(iii) dim (Ran T + Ker T^+^)/ (Ran T + Ker T^) . 



Proof. Clearly, T is onto and T' is one-to-one. By Lemmas 2 and 21.1, we have 



dim Ker T = 



dim(T“^ RanT^+2 fl Ran T^)Z Ran T^+^ 
dim( (Ker T -f Ran T^+^) n Ran T^) j Ran T^+^ 
dim ( (Ker T H Ran T^) + Ran T^+^) j Ran T^+^ 
dim (Ran T^ n Ker T)Z (Ran T^+^ n KerT) = kn{T). 



Similarly, 

codim Ran T' 



dim Ker T^+V(T Ker T^+2 + KerT’") 
dimKerT"’+V((RanT n KerT"^+^) + KerT’") 
dim Ker T"^+ V ( (Ran T + Ker T’" ) H Ker T”+ ^ ) 
dim (Ran T -h Ker T”+^) Z (Ran T + Ker T"") . 



Finally, T’" induces an isomorphism from 



KerT"’+V((RanTnKerT”+i) -hKerT"^) 

onto the space (RanT’" fl Ker T)Z (RanT’^+^ n KerT). As we have proved above, 
the former space is isomorphic to (RanT + KerT’"+^) f (RanT -f- KerT’"). □ 
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Corollary 4. Let T G B{X). Then ao(T) > ai(T) > a 2 (T) > ••• and /^o(^) > 
0i(T) > • • •• Ifan{T) < oo, then kn{T) = an{T) - an+i(T). Similarly, if (3n{T) < 
oo for some n>0, then kn{T) = (3n{T) — /?n+i(^)- 

Proof. The inequality /3n+i(T) < Pn{T) follows from the surjectivity of the op- 
erator T. If (3n{T) < oo then kn{T) — Pn{T) — Pn-\-i{T) by Lemma 3 (i). The 
analogous statements for an follow from Lemma 3 (ii). □ 

Note that if an(T) = an-\-i{T) = oo then kn{T) can be arbitrary. For an 
example, let 0 < m < oo and where S is the backward 

shift on a separable Hilbert space and is a shift on an (n + 1) -dimensional 
space. Then an{T) — an+i(T) = oo and kn{T) = m. 

In general, direct sums of various shift operators can serve as model examples 
for all classes considered in this section. 

Sequences ai{T),(3i{T) and ki{T) give rise to three families of reasonable 
classes of operators. 

A. Descent 

We start with the numbers A(T). Recall that the descent of T is defined by 
d(T) = min{n : Pn{T) = 0}. Similarly we define the essential descent de{T) = 
min{n : (3n{T) < oo} = min{n : RanT’^'^^^ RanT^}. If d = de{T) < oo then 
Ran Ran for all n > d (of course RanT^=R'^(T) is not true in general; 
an example is the unilateral shift). 

The following two lemmas enable an easy verification of axioms of regularity: 

Lemma 5. Let T G B{X), m > 1, n > 0. Then f3n{T^) — /3mn-\-i{T). In 

particular, 

f3mn{T)<Pn{Tn<m-f3rnn{T). 



Proof. We have 

Pn{T^) = dim(RanT^^/RanT^^+^) 

m— 1 m— 1 

= Y, dim(RanT"‘”+VRanT'"”+'+i) = Y 0mn+i{T) . □ 

2=0 2=0 

Lemma 6. Let A,B,C,D be mutually commuting operators on a Banach space X 
satisfying AC A BD = I and let n >0. Then 

max{Pn{A),Pn{B)} < Pn{AB) < Pn{A) A Pn{B) . 

Proof We first prove f3n{A) < j3n{AB). This is clear if j3n{AB) — oo. Suppose that 
(3n{AB) < oo. Set m = /3n{AB) -h 1 and let xi,. . .,Xm be arbitrary elements of 
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Ran^’^. Then B^Xi G Ran (z = 1, . . . , m), and so there exists a non-trivial 

linear combination 

m 

'^CiB^Xi e Ran(^"+^S”+i). 

2=1 

By Lemma 12.8, we have 

m 

Y,CiXi G Ran(A"+iB) +KerS" C Ranyl”+^ 

2=1 

Since the vectors xi, . . . , Xm were arbitrary, we conclude that 
f3n{A) = dim(Ran RanA^"^^) < 

This implies the first inequality. 

The second inequality is clear if Pn{^) + Pn{^) = oo. Let (5u{A) + Pn{B) be 
finite. If m > Pn{B) and xi, . . . , Xm are arbitrary vectors in Ran{A^B'^) — 

RanA’^ n RanB^, then there exists a non-trivial linear combination such that 
CiXi G Ran and Xll^i ^ RanB^^+^. By Lemma 12.8, Qx^ G 
Ran(A^+iB^+i), Hence pn{AB) < Pn{A) + Pn(B). □ 

Let us consider the following classes of operators: 

(1) R^ = {Te B{X) : d{T) = 0}. 

Equivalently, T G RJ Po{T) = 0 Pn{T) = 0 for all n is onto. 

(2) = {T G B{X) : d{T) < oo and 4(r) = 0}. 

Equivalently, Po{T) < oo and there exists d G N such 

that Pd{T) = 0 T is lower semi-Fredholm and T has finite descent ^ T is lower 
semi- B r owder . 

(3) m = {Te B{X) : de{T) - 0}. 

Equivalently, /5o(^) < co <(=> Pn{T) < oo for every n <=^ T is lower semi- 
Fredholm. 

(4) R3 = {T G B(X) : d{T) < oo}. 

Equivalently, there exists d G N such that j3n{T) =0 {n > d) ^ T has finite 
descent. 

(5) - {T G B{X) : de(T) < oo}. 

Equivalently, there exists d G N such that /3n{T) < oo {n > d) ^ T has 
finite essential descent. 

In case of ambiguity we write Ri(X) instead o^ Rf (i = 1, . . . , 5). 

It is easy to see, by Lemmas 5 and 6, that the sets R^,. . . ,R^ are regularities. 
So the corresponding spectra satisfy the spectral mapping theorem (for locally 
non-constant analytic functions). 

The conditions defining the sets Rf,. . . ,R^ are purely algebraic (therefore 
we use the upper index a). We could define these classes for linear mappings in 
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an arbitrary vector space. The spectral mapping theorem would remain true (of 
course, for non-constant polynomials only). 

An operator T e B{X) with codim RanT < cx) has automatically closed 
range (and in this case RanT^ is also closed for every n). This is not the case for 
operators with finite descent. 

Example 7. Let H he a separable Hilbert space and let K G B{H) be an operator 
with non-closed range. Consider the operator T : 0 ^q ^ 0So ^ defined by 
T(/io, /ii, • • •) = {Khi,h 2 ^h 3 , . . .). Clearly, RanT^ = RanT and RanT is not 
closed. 

From the point of view of operator theory it is more interesting to combine the 
algebraic conditions defining regularities and with a topological condition - 
closeness of Ran T^. It is easy to see that if f3d{T) = dim(RanT"^/ RanT^+^) < cx) 
then RanT^ is closed if and only if RanT^+^ is closed. Thus, by induction, if 
/3d{T) < oo and RanT^ is closed for some n > d, then RanT^ is closed for every 
i > d. 

The classes of operators which we are really interested in are the follow- 
ing ones (the first three sets remain unchanged since the topological condition is 
already implicitly contained in the definition; we repeat them only in order to 
preserve the symmetry with the subsequent situations): 

Ri = {T e B{X) : T is onto}; 

R 2 = {T e B{X) :T is lower semi-Browder}; 

Rs - (/>-(X); 

R 4 = {T G B{X) : d{T) < 00 and RanT^^^^ is closed}; 

R 5 = {T G B(X) : de{T) < 00 and RanT^®^^^ is closed} . 

Obviously, R\ C R2 = R3 ^ R4 C R3 U R4 C R^. 

It is easy to see that the sets Ri,...,R^ are regularities. The first three 
of them were already studied and it was shown that they can be extended to 
commuting n-tuples of operators. The classes R4 and R^ are new. 

Denote by (i = 1, . . . , 5) the corresponding spectra. 

Corollary 8. Let T e B{X) and let f be a function analytic on a neighbourhood 
ofa(T). Then: 

{i) a4f{T)) = f{ai{T)) (i = 1,2,3); 

(ii) if f is non-constant on each component of its domain of dehnition, then 
a4f{T)) = f{ai{T)) (i = 4,5). 



B. Ascent 

Similar considerations apply to the dual situation. 

Recall that the ascent of T is defined by 

a(T) = inf{n : a„(T) = 0} = inf{n : KerT”+^ = KerT"}. 
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The essential ascent is defined similarly by 

ae{T) = inf{n : a„(T) < 00} = inf{n : Ker T’"+i = KerT”}. 

As in Lemmas 5 and 6 it is possible to show that 

anm{T) < < m ^nm (T) (m>l,n> 0) 

and, for commuting A, B, C, D satisfying AC + BD = 7, 

max{an{A),an{B)} < an{AB) < an{A) an{B) . 

The dual versions of the regularities are the following classes: 



Txa 

Hq 


= [Te B{X) 


T is one-to-one}; 


R? 


= [Te B{X) 


dimKerT < 00 and a{T) < 00 


Txa 

Kg 


= [Te B{X) 


dimKerT < (X)}; 


Txa 

Kg 


= {Te B{X) 


a{T) < 00}; 


■na 

^10 


= {Te B{X) 


ae{T) < 00} . 



It is easy to see that the sets , Riq are regularities. So the correspond- 

ing spectra satisfy the spectral mapping theorem (for locally non-constant analytic 
functions). Note that Rq defines the point spectrum (= the set of all eigenvalues). 

If we consider the topological versions of these regularities, there is a small 
difference from the dual case, since the ranges of operators in Rq, Rj and 7?g need 
not be closed. The dual versions of 7 ?i, . . . , i?5 are: 

Rq = {T e B{X) : T is bounded below}; 

Ry = {T G B{X) : T is upper semi-Browder}; 

Rs = 

Rs = {Te B{X) : a{T) < oo and RanT“(^^+i is closed}; 

Rio = {Te B{X) : ae{T) < oo and RanT“'(^)+^ is closed}. 

Obviously, Rq C R7 = Rg D Rg C Rs^ Rg C R\o- 

To explain the exponents in the definitions of Rg and T^io we need the fol- 
lowing lemma: 



Lemma 9. Let T he an operator on a Banach space X with ae{T) < 00. Then the 
following two statements are equivalent: 

(i) there exists n > ae{T) + 1 such that RanT^ is closed; 

(ii) RanT^ is closed for all n > ae{T). 
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Proof. The implication (ii)=^ (i) is trivial. 

(i)=^ (ii): Let n > ae{T) + 1 and let RanT’^ be closed. We first prove that 
RanT’^"^ is also closed. To see this, note that RanT’^ fl KerT is closed and 
kn-i{T) = an-i{T) - an{T) < oo. 

Thus Ran fl Ker T is of finite codimension in Ran n Ker T by Lemma 
3, and so RanT^“^ D KerT is closed. Further, RanT’^"^ + Ker T == T“^(RanT’^) 
is closed. By Lemma 20.3, we conclude that RanT^“^ is closed. 

Repeating these considerations, we get that RanT^ is closed for all i with 

cie{T) < i < n. 

Furthermore, T| RanT^~^ is an upper semi- Fredholm operator; so 
Ranr = Ran((T|RanT^-i)^-’"+^) 



is closed for all i > n. □ 

It is easy to see that the sets R{ (i = 6 , ... , 10) are regularities; so the 
corresponding spectra cr^(T) = {A : T — X ^ Ri} satisfy the spectral mapping 
theorem (in the case of 2 = 6, 7, 8 for all analytic functions; in the case of i = 9, 10 
for analytic functions which are locally non-constant). 

Further, T G I 3 {X) belongs to Ri{X) [i = 1 ,..., 5) if and only if T* G 
R,+5(X*). Similarly, T G Ri{X) (2 = 6, . . . , 10) if and only if T* G Ri-^{X^). 

Moreover, since the intersection of two (or more) regularities is again a reg- 
ularity, we can obtain the spectral mapping theorem for a large number of com- 
binations of i?i, . . . , R\q. Of particular interest are the symmetrical combinations 
Ri n Ri+5 (2 = 1 , ... ,5). 

Clearly, RiH Rq = R^C] Rq is the set of all invertible operators, R2 H R7 = 
R2 n Rj is the set of all Browder operators, and R3 H Rs = R^ C\ Rg is the set of 
all Fredholm operators. We characterize the remaining combinations R4 Pi Rg and 

R5 n Rio- 



Theorem 10. Let T be an operator on a Banach space X. The following statements 
are equivalent: 

(i) T G R/i n Rgj 

(ii) T G n R^; 

(iii) a{T) < 00 and d{T) < 00; 

(iv) T can be written as T\ 0 T2 where Ti is nilpotent and T2 invertible; 

(v) either T is invertible or 0 is an isolated point of a (T) and T\Xi is nilpotent, 
where Xi is the spectral subspace corresponding to {0}; 

(vi) either T is invertible or the resolvent z {T — z)~^ has a pole at 0; 
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(vii) there are S G B{X) and n e N such that ST = TS, STS = S and T^ST = 
(such an operator T is sometimes called Drazin invertible; the operator 
S with properties described here is called the Drazin inverse ofT); 

(viii) there are S G B{X) and n G N such that ST — TS and T'^-^^S — T^. 

Proof. The implication (i)=>(ii) and the equivalence (ii)<^^(iii) are clear. 

(iii)=^(i): Follows from Theorem 20.4. 

(iii) :=4>(iv): By Theorem 20.4, we have X = KerT^ 0 RanT’^ where n = 
a(T) = d(T), and RanT’^ is closed. Let T\ = T|KerT”^ and T 2 = T\RanT^. 
Then Tf = 0. Since KerT’^^^ = KerT^ and RanT’^^^ = RanT’^, it is easy to see 
that T 2 is invertible. 

(iv) ==^(v): li X = Xi ^ X 2 with T\Xi nilpotent and T|X 2 invertible, then 
either T is invertible or 0 is an isolated point of a (T). It is easy to see that the set 
X\ = {x ^ X : rx{T) = 0} is the spectral subspace corresponding to {0}. 

The implication (v)=>(iv) is clear. 

(iv)^(vi): In a punctured neighbourhood U of 0 we have 

00 

(T - z)~^ = (Ti - z)-^ © (T 2 - z)-^ = © (T 2 - z)-\ 

i=0 

where (T 2 — is analytic in U U {0}. Thus the resolvent 2 : 1 -^ {T — z)~^ has 
pole at 0 of order n = min{j : T( =0}. 

The implication (vi)^(v) can be proved similarly. 

(iv)=^(vii): Set 5 = 00 Tff^ and let n satisfy Tf = 0. Then S satisfies (vii). 
(vii) (viii): Obvious. 

(viii)=^(iii): We have RanT^ = Ran(T^+i5) C RanT^+L So d{T) < n. 

Let X G KerT^+h Then T^x = = 0, so x G KerT’^ and a(T) < n. 

□ 

Lemma 11. Let T G B{X) satisfy ae(T) < 00 and de(T) < 00. Then ae(T) = de(T) 
and RanT^^ is a closed and complemented subspace of X. 

Proof. Let n = max{ag(T), de(T)}. The operator from Ker KerT’^ to 
KerT’^ H RanT’^ induced by T^ is onto, so 

dim(Ker fl Ran T^) < dim Ker Ker 

2n — 1 2n— 1 

= dimKerT'+VKerT* = Y 

i=n i=n 

Similarly, the operator from X/ (Ran 0 Ker T") to Ran T'^ / Ran induced by 

T'^ is one-to-one, and so codim(RanT^ 0 KerT^) < dim Ran T^/ Ran < 00. 
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Let F be a finite-dimensional subspace satisfying F0(RanT"^-hKer T^) = X. 
Lemma 20.3 for the spaces RanT’^ and KerT’^ -\-F implies that RanT^ is closed. 

Let L be a closed subspace satisfying L 0 (RanT’^ fl KerT’^) = KerT^. It 
is easy to see that RanT^ Q L — RanT^ 0 KerT’^ and X = RanT’^ 0 (F 0 L). 
Hence Ran is a complemented subspace. 

It remains to show that ae{T) = de{T) = n. This is clear if n = 0 . Sup- 
pose that n > 1 . We have OLn{T) < oo, ^n{T) < oo, and an-i(T) — an{T) = 
kn-i{T) = (dn-iiT) - Pn{T). Thus an-i{T) < oo ^ Pn-iiT) < 00. Since 
n = max{ae(T),de(T)}, we conclude that ae{T) = n = de{T). □ 

Next we characterize the intersection fl Fio- Operators in this class are 
sometimes called B- Fredholm. 

Theorem 12 . Let T be an operator on a Banach space X. The following statements 
are equivalent: 

(i) T G F5 n Fio; 

(ii) T G F5 n Riq; 

(hi) ae{T) < 00 and de(T) < 00; 

(iv) there exists n such that RanT^ is closed and T\ RanT^ is Fredholm; 

(v) (Kato decomposition) there are closed suhspaces Xi, X2 such that X = X\^ 
X2, TXi C Xi (i = 1 , 2 ), T\X\ is nilpotent and T|X2 Fredholm. 

Proof. The implication (i)=0(ii) and the equivalence (ii)<^=^(iii) are clear. The im- 
plication (iii)=0(i) follows from Lemma 11 . 

(v)^(iv): Let X = 0 X2, TXi C Xi {i = 1 , 2 ), T^\Xi = 0 and let T|X2 

be Fredholm. Then RanF’^ = RanT^|X2, which is of finite codimension in X2. 
Therefore RanT’^ is closed. It is easy to see that T| RanT’^ is Fredholm. 

(iv)=>(iii): Let RanF’^ be closed and T2 = T\ RanT’^ Fredholm. Then 
an{T) = dimKerT Pi RanT’^ = o;(T2) < 00 



and 

Pn{T) = dim Ran T^/ Ran = /3(T2) < 00. 

Hence ae{T) < 00 and de{T) < 00. 

(iii)^(v): Since ctj{T) and Pj{T) are finite for all j sufficiently large, and these 
sequences are non-increasing, there exists n G N such that ocj{T) — an{T) < 00 
and l 3 j{T) = Pn{T) < 00 for all j > n. Therefore kj{T) = 0 for j > n and 
Ker TfiRanT’^ C R"^{T). By Lemma 11 , RanT’^ is closed. By Lemma 12.1 for the 
restriction T\ RanT’^, we also have N^{T\ RanT’^) = X°°(T)n Ran C R^{T). 

Ifn = 0 then T is Fredholm and the decomposition is trivial. In the following 
we assume that n > 1. 
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Since dim(RanT^ fl KerT) = an{T) < oo, there exists a closed subspace L 
such that X = L 0 (RanT’^ fl KerT). 

We define closed subspaces Nj {j = 0, ... ,n) inductively by Nq = {0} and 
{j<n). 

Clearly, TNj^i C Nj fl RanT. Conversely, let x G Nj flRanT. Then x = Tu 
for some u e X. Express u — I v with I G L and v G KerT fl RanT’^. Then 
u — V = I ^ L and T{u — v) = Tu = x. Thus u — v e Njj.i and x G TNj-^i. 

Hence 

TNj^i = Nj n RanT {j < n). 

We prove by induction on j that Nj C Nj^\. The statement is clear for j = t). 
Suppose that i > 0, Xj C Njj^i and let x G Njj^\. Then Tx G Nj C X^+i, and so 
X G T~^Njj^\. Since x G Xj+i C L, we conclude that x G Njj-2- 
Hence 

NjCNj+i (j = 0, 1, . . .,n - 1). 

One can see easily that Nj C KerT-^ for all j. 

We now prove by induction on j that 

KerT^' C Nj + (KerT^’ n RanT^). (1) 

The inclusion is clear for j = 0. For j = 1 we have KerT = (Ker Tfl L) + (Ker Tfl 
RanT^) = Ni (KerT D RanT^). Let j > 1, KerT-^ C Nj + (KerT-^ fl RanT’^) 
and let x G KerT-^"*”^. Then Tx G KerT-^ , and so Tx = v\ V2 for some v\ G Nj 
and V2 G KerT-^ fl RanT’^ = KerT-^ n RanT^+^ = T(KerT-^“^^ Pi RanT^). Thus 
v\ G Nj n RanT = TNj^i and 

X G iV,+i + (Ker T^'+^ n Ran T^) + Ker T 

= Nj^i + (Ker T-^+^ n Ran T^) 0 (Ker T n T) + (Ker T n Ran T^) 

- Nj^i + (KerT-^+^ n RanT^). 

Hence (1). 

Finally, we prove by induction that NjP\ Ran T'^ = {0}. This is clear for j = 0. 
Let j > 0, Nj n RanT’^ = {0} and let x G Nj^i fiRanT’^. Then Tx G Nj fiRanT’^ 
and so, by the induction assumption, Tx = 0. Thus x G KerT n RanT^ and 
X G Nj-\-i C T, and so x = 0. Hence 

Nj n RanT^ = {0} (j < n). 

Set N = Nn. Then TX C X and X c Ker T^. Further, X+RanT^ D KerT^ 
by (1), and X fl RanT^ = {0}. Note also that X + RanT’^ = Ker T’^ + RanT^ = 
T“^ Ran(T^^), which is closed, since RanT^’^ is closed by Lemma 9. 

Consider the dual operator T* G B{X*). It is easy to see that Ran(T*-^) is 
closed, Oij{T*) = /3j{T) and Pj{T*) = aj{T) for all j > n. Thus we can use the 
same construction for T*. 
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Since dim(KerT* D RanT*’^) = an{T*) = (3n{T) < oo, there exists a closed 
subspace G C X of finite codimension such that -^(KerT* fl RanT*’^) 0 G = X. 
Set V = G^. Then V is a u;*-closed subspace and V 0 (KerT* Pi Ran T*^) = X*. 

Define subspaces Mq C M[ C • • • C M'^ C X* by Mq = {0} and = 

T*~^Mj n L'. By induction, Mj is u;*-closed for all j. 

Set M' = M^. As above we have T*M' C M' C KerT*^, M'nRanT*^ = {0} 
and KerT*’^ C M' 0 RanT*’^. Moreover, M' 0 RanT*’^ is a closed subspace. 

Set M = ^M'. Then TM C M and M = ^M' D ^ KerT*^ = RanT^. 
Further, 

Ran ^ Ker T*^ 0 ^ (M' 0 Ran T*^) = n Ran T*^ = M H Ker 

and M 0 KerT’^ = 0 RanT*^ = (M' fl RanT*’^) = X (the last equality 

follows from Theorem A. 1.1 3). 

Thus 

M + NdM + RanT" + NdM + RanT” + KerT” = X 

and 

MnN cMnKerT^nN c RanT" n Af = {0}. 

Hence X = N ® M, TN C N, TM C M and (T|iV)" = 0. 

Let T 2 = T\M. We have 

KerTs = KerT n M C KerT" n M = -^(RanT*" + M') 

= -^(RanT*” + KerT*") = KerT" n RanT" C R°°{T). 

Thus fcj (T 2 ) = 0 for all j > 0. Hence the sequences OLj{T 2 ) ^nd (3j{T2) are constant. 
Since an{T 2 ) = OLn{T) < oo and Pn{T 2 ) == (in{T) < oo, we conclude that q;(T 2 ) < 
00 and (I{T 2 ) < oo. So T 2 is Fredholm. □ 

C. Kato, essentially Kato and quasi-Predholm operators 

In this section we replace the numbers /3n{T) = dim Ran Ran and 

an{T) — dimKerT’^+V^^^^^’^ t>y the numbers 

kn{T) = dim(Ranr 0 KerT’"+^)/(RanT 0 KerT’^) 

= dim(KerT n RanT^)/(KerT n Ranr’"+^). 

Note that kn{T) = 0 if and only if KerT fl RanT’^ C RanT’^'^^ Similarly, 
kn{T) < 00 if and only if KerT fl RanT’^c RanT^+^ 

We start with an analogue of Lemmas 5 and 6. 

Lemma 13. Let A, G, D be mutually commuting operators on a Banach space 
X satisfying AC BD = I and let n > 0. Then: 

(i) Ran(A^B^) H Ker(AJ5) = (Ran n Ker A) 0 (Ran B^ n Ker B) ; 

(ii) max{kn{A),kn{B)} < kn{AB) < kn{A) -\-kn{B). 
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Proof, (i) By Lemma 12.8, we have 

Ran{A^ B^) n Ker{AB) = Ran Pi RanR^ n (KerA + KerR) 

D (Ran A^ Pi Ran B^ fl Ker A) + (Ran A'^ fl Ran B^ fl Ker B) (2) 
= (Ran A'^ fl Ker A) + (Ran B^ fl Ker B ) . 

On the other hand, if x G Ranyl^ fl RanR^ fl (Ker^l + KerR) then x = y + z 
for some y G Ker A c RanR^ and z G Ker 5 C Ranyl^. Thus we also have 
y = X — z G Ran A^ and z = x — y G Ran B^ . So 

X G (Ran fl Ran B^ fl Ker A) + (Ran A^ fl Ran B^ fl Ker B) 

and we have equality in (2). 

(ii.a) We prove kn{A) < kn{AB). If xi,...,Xm G Ran^L^ D Ker A where m > 
kn{AB), then B^^xi G Ran(74’^R’^) fl Ker A C Ran{A'^B'^) n Ker{AB) for all i = 

l, . . . , m. Thus there exists a non-trivial linear combination 

m 

e Ran(^”+^S”+i) c R"RanA”+^ 

i=l 

So 

m 

Y,CiXi e Ranyl"+1 + KerS” C Ran^”+^ 

i=l 

Hence kn{A) = dim (Ran n Ker T)/(Ran^’^“^^ DKerT) < kn{AB). 

(ii.b) To prove the second inequality, let xi,...,Xm G Ran(A^B^) nKer{AB) 
where m > kn{A) + kn{B). By (i), we can write xi = yi -\- zi (z = 1, . . . ,m) 
for some yi G Ran fl Ker^ and zi G RanR^ n KerR. Thus there exists a non- 
trivial linear combination such that YlT=i ^ Ran^’^+^fiKer and ^ 

RanR’^'^^ nKer B. Hence ^ Ran(^^“^^B’^+^) nKer(ylH) and kn{AB) 

m. This proves the second inequality. 

Lemma 14. Let T G B{X), n > 0 and m>l. Then 

kn(T^) = kmn(T) 2kmn+l(T) 3kmn+2(T) mk-mn+m-l(T) 

-|- (m l)/C777,n+m(T) “!“••• + /u77T,n+2m — 2 (T) . 

In particular, 

kmn{T) < kn{T^) < Vn? maX kmn+i{T). 

Q<i<2m—2 

Proof. Consider the mapping 

fj : RanTVRanT^+™ ^ RanT^'+VRanT^'+”^+i 

induced by T. By Lemmas 2 and 21.1, we have 

dim Ker fj = dim (T“ ^ Ran T-^+'"+ ^ n Ran ) / Ran 

= dim((KerT + RanT^+'") nRanT^)/RanT^+’” 



□ A 
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= dim((KerTnRanT^) +RanT^+™)/RanT^+™ 

= dim(Ker T n Ran T ^)/ (Ker T n Ran 

m—1 

i=0 

Since the mapping RemT^^/ ReniT^^+^ Ran Ran 

duced by is equal to the composition Tjnn-\-m-iTmn+m -2 • • • ^mn and all these 
mappings are onto, we have 

mn+m— 1 mn-i-m—1 m—1 

fc„(T'")= dimKerf, = ^ ^ fc,+,(T), 

j=mn j=mn 2=0 

which gives the statement of the lemma. □ 



We now define the classes of operators analogous to . . . , 



Tia 

Uii 


= {TeB(X): 


: kn{T) = 0 for all n > 0}; 

oo 


TDa 

^12 


u; 

II 


3 

A 


T^a 

-^13 


= {TeB{X) 


kn{T) < oo for all n > 0}; 


Tja 

ili4 


= {TeB{X) 


there exists d G N such that 


r^a 

^15 


= {TeB{X) 


there exists d G N such that 



kn{T) = 0 for all n > d}; 
kn{T) < oo for all n > d}. 



The condition in means that 

KerT^KerTHRanT-KerTflRanT^ = ••• = KermR^(T), 



and so - {T : KerT C R^(T)}. 

Similarly, ^ ^ means that there is a d G N such that 

Ker T= Ker T fl Ran T= Ker T fl Ran • • • = Ker T H Ran = Ker T n R^ (T) , 

and so R\ 2 ^= {T : KerTcR^{T)} . The condition defining R^^ can be rewritten 
as Ker T’^C RanT’^ for all m, n G N. The condition in R^^ is equivalent to Ker Tfl 
RanT^ C R^{T). 

It follows from Lemmas 13 and 14 that the sets • • • Rf^ are regularities; 
so the corresponding spectra satisfy the spectral mapping theorem (for locally 
non-constant analytic functions). 

Before we introduce the topological version of Rii , . . . , R^^ we state several 
simple lemmas. 



Lemma 15. Let T G B{X), m > 0 and n > i >1. If Ran + KerT^ is closed, 
then RanT^~^ + KerT’^'^^ is closed. 
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Proof. It is sufficient to show that 

Ran + Ker = T~^ (Ran + Ker T^) . (3) 

The inclusion C is clear. Conversely, suppose that T^z G RanT’^ + KerT’^, 
so T^z = T^x + u for some x G X and u G KerT"^. Then u G RanT% and so 
u = T^v for some v G KerT’^“*“\ Consequently, 2 : — T^~^x — v ^ KerT\ Thus 
2 : G RanT’^”^ + Kerr"^+^ + KerT^ = RanT’^"* + KerT^+^ and we have equality 
in (3). □ 

Lemma 16. Let T G B{X) and let n > 0. If Ran is closed and RanT + KerT’^ 
is closed, then RanT^+^ is closed. 

Proof. Let Uj e X {j — 1,2,...) and let z as j ^ 00 . Then 

2 : G RanT^, 2 : = T^u for some u e X and T^{u — Tuj) 0. 

Consider the operator \ Xj KerT^ X induced by . 

Qearly, is one-to-one and has closed range, therefore it is bounded below, 
and T"^{u — Tuj -h KerT"^) 0 {j ^ 00 ) implies u — Tuj KerT^ 0 in 
X/KerT’^. Thus there are elements Vj G KerT’^ such that Tuj vj ^ u and so 
ueRanTP Ker T^. Hence 2 = T^u G Ran □ 

Lemma 17. Let T G B{X), d e N and let ki{T) < 00 for every i > d. Then the 
following statements are equivalent: 

(i) there exists n > d 1 such that Ran T'^ is closed; 

(ii) Ran T'^ is closed for all n > d; 

(hi) RanT^ -h KerT"^ is closed for all m, n with m-\-n> d. 

Proof. Clearly, (ih)^ (b)^ (i). The implication (ii)^ (iii) follows from Lemma 
15. 

(i)=> (ii) : If Ran is closed then, bj Lemma 15, RanT-t-Ker is closed. 
Since Ran T -h Ker T'^-^c. Ran T + Ker c • • • , we get that Ran T + Ker is closed 

for every i > n. Thus, by Lemma 16, we get inductively that RanT^ is closed for 
every i > n. 

To show that RanT^ is closed for alH, d < i < n, we can proceed exactly as 
in the proof of Lemma 9. □ 

We use the following notation: 

= {T G B(X) : KerT C R^{T) and RanT is closed}; 

- {T G B{X) : KerTcT^(T) and RanT is closed}; 

Ti 3 = {T G B{X) : kn{T) < 00 for every n G N and RanT is closed}; 

Ri 4 = {T G i?(X) : there exists d G N such that 

kn{T) = 0 {n> d) and RanT^^^ is closed}; 

Ti 5 = {T E B{X) : there exists d G N such that 

kn{T) < 00 (n > d) and RanT^"^^ is closed} . 
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The sets Ru and R 12 are the classes of all Kato and essentially Kato operators, 
respectively. The operators in R 14 are called quasi- Fredholm. 

Clearly, Ru C R12 = R13 ^14 C -R13 U R14 C -R15, Ri U Rq C 

R2 U Rj C Rs U Rg c Ri2i R 4 U Rq C R14 and R^ U Riq C Ris- 
It is easy to see that the sets Ru — • Ru are regularities. 

Let cTi (i = 11 , . . . , 15) be the corresponding spectra defined by <Jz(T) = 
{A : T — A ^ Ri}. If X — Xi 0 X 2 is a decomposition of X with closed Xi,X 2 
and if Ti G H(Xi), T 2 G B{X 2 ) then 

a^{T^ 0 T 2 ) = a,(Ti) U ai{T 2 ) (i = 11, . . . , 15) . 

Since crn(Ti) ^ th ^ X\ ^ {0}, and (Ji{Ti) 7 ^ 0 dimXi = 00 for i — 12, 13, we 
have the following spectral mapping theorems: 

Theorem 18. Let T G B{X) and let f be a function analytic on a neighbourhood 
ofcr{T). Then 

a,{f{T))^f{a,{T)) (i = 11, 12, 13). 

If f is non-constant on each component of its domain of definition, then 

= f{(Ti{T)) {i = 14, 15). 

Examples 19. Let Sn be the shift in an n-dimensional Hilbert space. A typical 
example of an operator in the class jRi 3 is T = 0^i Sn] then kn{T) = 1 for all 
n > 0 . 

An example of a quasi- Fredholm operator (class R 14 ) is T' = ©^1 Sn^ where 
n G N is fixed. Then kn-i{T') = 00 and ki{T') = 0 {i ^ n — 1). 

The operator T" = T 0 T' is an example of an operator in the class Ru. 

23 Measures of non-compactness and related 
operator quantities 

The basic operator quantities connected with an operator T £ B{X) are the norm, 
the injectivity modulus j{T) and the surjectivity modulus k{T). 

In this section we study various essential versions of these quantities. 

We start with the Hausdorff measure of non-compactness: 

Definition 1. Let O be a bounded subset of a Banach space X. The Hausdorff 
measure of non- compactness of Ll is defined by 

qx{Ll) = inf{£ > 0 : there exists a finite set F C X such that C F 0 eBx}- 

If no confusion can arise then we write simply q{Q) instead of qx{Ll)‘ 

For sequences this definition coincides with the norm in the space X, see 
Section 17. 
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Proposition 2. Let be bounded subsets of X, let c > 0. Then: 

(i) q{Q) = q{n); 

(ii) q{Q) = 0 ft is compact; 

(iii) ifO, C then q{Lt) < g(^); 

(iv) q{cLl) = cq(Q); 

(v) q(Q + ^)<q(Q)Tqm. 

Proof, (v): Let J > 0. There are finite subsets F^F'cX such that Q C F-\-{q{fl)-\- 
S)Bx and ^ C F' F {q{^) pS)Bx. Thus C {F F F') F {q{n) Fq{^) F26 )Bx 
and q{Q + ^) < q{Ll) F q{"^) F 2(5. Letting (5-^0 yields (v). 

The remaining statements are straightforward. □ 

Proposition 3. Let X be a closed subspace of a Banach space Y and let Q C X be 
a bounded set. Then qy(Q) < qx(^) < 2gy(f7). 

Proof. The first inequality is clear. 

Let s > gy (Q) and let F C T be a finite set such that fl C F F sBy- We can 
assume that F is a minimal set with this property. So for each f ^ F there is an 
Xf E fl with 11/ — X/ II < s. Set F' = {xf : / G F}. Clearly, F' is a finite subset of 
X. Let X e Lt and let / G F satisfy ||x — /|| < s. Then 

dist{x,F'} < ||x-x/|| < ||x-/|| + II/-X/II < 2s. 

Thus qx{f^) < 2s. Letting s ^ qy{Ll) yields qx{f^) < 2gy(f7). □ 

Later we give an example that the estimates given in Proposition 3 are the 
best possible. 

Proposition 4. If X is an infinite- dimensional Banach space, then q{Bx) = 1. 

Proof. Clearly, q{Bx) < 1. Suppose on the contrary that q{Bx) < s < 1. Then 
there exists a finite set F C X such that Bx C F F sBx- Thus Bx C F + s(F + 
sBx) C (F + sF) + s^Bx, and so q{Bx) < Since s > q{Bx) was arbitrary, we 
have q{Bx) < {q{Bx))^> Hence q{Bx) = 0, and so Bx is compact, a contradiction 
with the assumption that dimX = oc. □ 

Proposition 5. Let Q C X be a bounded set. Then 

sup{q{C) : C Cfl,C countable} > 

Proof. Let r < q{ft). Choose xi G arbitrarily. Since {xi}+rFx 7^ Lt, there exists 
X 2 G O such that ||x 2 — xi || > r. We can construct inductively a sequence xi, X 2 , . . . 
of points of Q such that \\xi — Xj\\ > r for all i,j eN,i ^ j. Set C = {xi, X 2 , . . .}. 
Since every closed ball of radius r/2 contains at most one point of C, C cannot 
be covered by a finite number of closed balls of radius r/2. Hence q{C) > r/2. □ 
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Example 6. Let I be an uncountable set and let 

X = [f : I ^ C : supp/ countable, sup \f{i)\ < cxd}. 

Clearly, X with the sup- norm is a Banach space. Let Q = {ci : i e I}. Then 
q{H) = 1 and q{C) = 1/2 for each countable subset C cH. Thus the estimate in 
Proposition 5 is the best possible. 

Let Y be the Banach space of all bounded functions / ; / C with the sup- 
norm. Let y he the constant function y{i) = 1/2 {i E I). Then ||a; — y|| = 1/2 
for all u e Q] so ^y(O) = 1/2 = l/2^x(^)- Thus the estimate in Proposition 3 is 
also the best possible. 

Let M be a closed subspace of X. Denote by Jm the natural embedding 
Jm : M X and byQM - ^ XjM the canonical projection. 

Definition 7. Let T G B{X,Y). We consider the following quantities: 
||r||e-inf{||T + i^||:XG/C(X,T)}; 

llhl; 

||T||^ = inf{||TJM|| : M c X,codimM < oo}; 

||T||, = inf{||Qjvr|| : AT c y,dimJV < oo}. 

It is easy to see that all these quantities are seminorms. 

The first quantity ||T||e = dist{T, /C(X, Y")} is the essential norm of T. 
Clearly, ||T||e = 0 if and only if T is compact. Also, ||T|| = 0 T is compact 
||T||^ = 0 by Lemma 17.3 and Theorem 15.5. It will be shown later that the latter 
three seminorms are equivalent. Thus, in particular, ||T||g = 0 T is compact. 

For this reason the quantities defined in Definition 7 are usually called mea- 
sures of non-compactness. 

The first result gives the connection with the Hausdorff measure of non- 
compactness: 

Proposition 8. Let T G B{X,Y). Then \\T\\q = q{TBx)- 

Proof. Let £ > 0 and let F C Y be a finite set such that distjTx, F} < q{TBx) + 
e {x E Bx)> Let N be the subspace of Y spanned by F. Then 

IIQatTII = sup inf ||rx-hti|| < sup dist{Tx,F} < q{TBx) 
xex xex 

IkiNi INlHi 

Thus ||T||g < q{TBx) + and letting £ — > 0 yields \\T\\q < q{TBx)- 

Conversely, let £ > 0 and let A" be a finite-dimensional subspace of Y. Let 
F be a finite £-net in the ball in N with radius ||(5 a/^T|| -f £ + ||T||. Let x E Bx 
and y = Tx. Then HQvyll = ||QArTx|| < \\QxT\\, and so there exists u E N with 
||y— u|l < WQnTW+e. Clearly, lltxll < ||y-w|l + ||2 /H < ||<5jvT||+£+| 1T|1, and so there 
exists y' £ F with ||y' — u|| < e. Thus Hy — 2/'|| < ||j/ — u|| + ||ti — y'|| < ||Q;vT|| +2e. 
Hence qiTBx) < HQivT’H + 2e. Since e and N were arbitrary, we conclude that 
q{TBx) < liril,. □ 
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Proposition 9. Let T G B{X,Y). Then 

llfll = sup{g(C) : C C TBx,C countable}. 

Consequently, HfH < ||T||, < 2Hf||. 

Proof. By definition, ||T|| = sup{q(rC) : C C X,C countable ,q{C) < 1} > 
sup{g(TC) ; C C Bx,C countable}. 

On the other hand, if C = {x\,X 2 , ■ ■ ■} is a countable subset of X with 
q{C) < 1, then there are a sequence C = {x-} C Bx and a finite set F C X such 
that Xi — x[ & F for all i. Thus q{TC) C q{TC + TF) = q{TC) and we have the 
equality HTH = sup{ 5 (C) : C C TBx,C countable}. 

The second statement follows from Proposition 5. □ 

Theorem 10. Let T € B{X, Y). Then: 

(i) ||T*||, = n; 

(ii) IIT1U < ||T||, < 2||T1U. 

Proof. We have 

||T||,^ = inf{||TJM|| : Me X,codimM<oo} 

= inf{||Jjt^T*|| : M C X,codimM < oo} 

= inf{ IIQ m-lT* II : M C X, codim M < oo} 

> inf{||QwT*|| : N C X*, dim AT < oo} = ||r*||g. 

Similarly, 

||r|i, = inf{||QivT|| :XcT,dimX<oo} 

= inf{jjrV;v-L|| : X C F,dimAT < oo} 

> inf{||T*JL|| : L C F*,codimL < oo} = ||T*||^. 

Further, ||T||^ > ||T*||, > ||T**||^. If M" C X** andcodimM" < oo,thenM"nX 
is a subspace of finite codimension in X and 

||T**||^ = inf{||T**JM"|| : M" C X**, codim M" < oo} 

> inf { i|r JM"nx II : M" C X**, codim M" < oo} > ||T||^. 

Thus ||T*||, = ||T|U. 

Finally, 

= \\T**\\<, = qY-{T**Bx..) > gy(TSx) 

>\qy{TBx) = \wT\U. □ 

Theorem 11. Let T G B{X,Y) and S G B{Y,Z). Then ||ST||q < ||5||, • ||T|i, and 
\\ST\\,<\\S\\,-\\T\\,. 
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Proof. Let £ > 0 and let Fy C Y,Fz C Z be finite sets satisfying TBx C 
Fy + (||T||, + s)By, SBy cFz + (I|5||, + e)Bz. Then 

STBx C S{Fy + (||T||, + s)By) C SFz + (||T||, + e){Fz + (||5||, + e)Bz). 

Thus ||5T||, < (||T||, + £)(||5||, + e). Letting £ ^ 0 gives ||5T||, < ||5||,||T||,. 
Further, 



||5T|U = ||T*5*||, < ||T*||,||5*||, = ||5|U|T|U. □ 

Theorem 12. Let T e B{X,Y)- Then ||r||, < 2||T||^ < 4||T||,. 

Proof. \\T\\q < 2||T||^: Let £ > 0 and let M c X be a closed subspace of finite 
codimension such that ||TJm|| < \\T\\^ + e. Let P be a projection onto M. 

Since I — P is compact, there exists a finite set F C Bx such that 

min{||(/ - P)(a; - a;o)|| : a:o € F} < £. (1) 

for every x G Bx- Let x G Bx and find xq e F satisfying (1). We have 

||F(x-xo)|| < \\x-xo\\ + \\{I - P){x - Xo)\\ < ||x-Xo|| + £ < 2 + £ 



and 



||T(x-Xo)|| < ||TP(x-xo)|| + ||T(7-P)(rr-xo)|| 

< (||T|U + £).||P(x-xo)|| + ||T||.£ 

< || T || • £ + (|| T ||;^ + £)(2 + £). 

Thus dist{TPx)^P} ^ ^ll^llAi P ^(ll^ll P + 2 + £). Letting £ — >■ 0 gives 
\\T\\q = q{TBx)<2\\T\\,. 

||T|fy < 2||T||g: By Theorem 10 and the preceding inequality, we have 

||T|U = ||T*||,<2||T*|U<2||T||,. □ 

The essential versions of the injectivity modulus of an operator T G B{X, Y) 

are: 

je(T) = sup{j(T FK):Ke /C(X, T)}; 

an 

j^{T) = sup{j(TJm) : M C X, codim M < oc}. 



The first two quantities do not depend on compact perturbations. The same 
is true for j^: 



Lemma 13. Let T,K e P(X, T) and let K he compact. Then j^{T + X) = j^i{T). 
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Proof. Let e > 0 and let M c X be a closed subspace of finite codimension 
such that j{TJM) > — e. By Theorem 15.5, there exists a closed subspace 

M' C X of finite codimension such that ||XJm'|| ^ Thus 



j((T + X) Jmdm') > j(TTmdm') - WKJmhm'W > J/i(T) 2e. 

Letting e ^ 0 yields j^{T K) > jf_i{T) and the opposite inequality follows by 
symmetry. □ 

Theorem 14. Let T G B{X,Y). Then 

m < UT) < j^{T) < 2j{f) < 4j^(T). 

Proof j(r) < je(r): Clear. 

je{T) < j^{T): For every K G /C(X, Y) we have j{T + K) < j^{T T K) = 
j^{T), and so je{T) < j^{T). 

< 2j{T): Let M C X be a closed subspace of finite codimension. Then 
Jm : M — > X is bounded below and onto, and so, by Theorem 17.5, j{TJM) < 
2j{fjM)<2j{f)\\JM\\<2j{f). 

j{T) < 2j^(T): Let s > J^(T). Then for every closed subspace M C X with 
codim M < oo there exists x e M with ||x|| = 1 and \\Tx\\ < s. Choose xi G X 
with ||xi|| = 1 and ||Txi|| < s. Let x* G X* be a functional satisfying ||x*|| = 
1 = (xi,x*) and set Mi = KerxJ. Clearly, codim Mi = 1 < oo, so there exists 
X 2 G Ml with ||x 2 || = 1 and ||Tx 2 || < s. Further, \\x 2 ~ xi\\ > \{xi -X 2 ,xl)\ = 1. 
We can construct inductively a sequence {xi,X 2 ,...} C X such that ||xi|| = 1, 
<5 (i G N) and \\xi — Xj\\ >1 {i ^ j). Let x = (x{) G X. It is easy to 
see that q(x) >1/2 and q(Tx) = q{{Txi)) < s. Thus j{T) < 2s. Since s > 
was arbitrary, we have j{T) < 2j^{T). □ 

Theorem 15. Let T G B{X,Y). Then: 

(i) Jij^{T) > 0 ^ j{T) > 0 ^T is upper semi-Fredholm; 

(ii) je(T) > 0 T is upper semi-Fredholm and indT < 0. 

Proof, (i) The first equivalence follows from Theorem 14. The second one was 
proved in Theorem 17.9. 

(ii) Clearly, je{T) > 0 if and only if T can be written as T = S K where 
S is bounded below and K is compact. By Theorem 19.6, this is equivalent to the 
condition that T is upper semi-Fredholm and indT <0. □ 

Theorem 16. The quantities je, j(f) and are super multiplicative, i.e., je{ST) > 

je{S)je{T), j{Sf) > j{S)j{f) and j^{ST) > j^{S) • j^{T) for all T G B{X,Y) 
and S 6 B{Y, Z). 
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Proof. The first two statements follow immediately from the supermultiplicativity 
of the injectivity modulus j. 

To prove the third inequality, let M C X and L cY he closed subspaces of 
finite codimension. Set M' = M D T~^L. Then codim M' < oo and 

j{STJM')>j{TJM)’j{SJL). 

Since M and L were arbitrary, we have ji_^{ST) > j^{S) • j^{T). □ 

The essential versions of the surjectivity modulus of an operator T G Y) 

are: 

ke{T) = snp{k{T + K) : T e IC{X,Y)}; 
k{f)- 

kg{T) = sup{fc(QjvT) : N c y,dimAT < oo}. 

It is easy to see that the first two quantities are supermultiplicative and do not 
depend on compact perturbations. The same is true for kq. 

Proposition 17. 

(i) IfTe B{X, Y) and K G X(X, Y), then kq{T E K) = kq{T). 

(ii) IfT G B{X,Y) and S G B{Y,Z), then kq{ST) > kq{S)kq{T). 

Proof, (i) Let s > 0. Let F C Y he a finite set such that distjXx, F} < s for all 
X G Bx- Let N be the subspace generated by F. Then \\QnK\\ < e and 

kg{T + K) = sup{k{QN'{T + K)) : N' c N c Y,dimN’ < 00} 

> sup{k{QN'T) - WQn'KW -.N'cNc y, dim at' < 00} > kg{T) - e. 

Letting e 0 gives kq(T F K) < kq{T) and the second inequality follows by 
symmetry. 

(ii) Let N cY and X' C ^ be finite-dimensional subspaces. Then 

kq{ST) = sup{fc(QF*S'T) : F C Z,dimF < 00} 

= snp{j{T*S*JM) : M C N ^ D S*~\N-^), codim M < 00} 

> = k{QNT)k{QN'S). 

Taking the supremum over all N and N', we obtain the required inequality. □ 

Theorem 18. Let T s B{X,Y)- Then 

k{T) < ke{T) < kq{T) < k{f) < 2fc,(T). 



Proof. k{T) < ke{T): Clear. 
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^e(T) < kq(T): For every compact operator K : X ^ Y we have k(T K) < 
kq(T + K) = kq(T), and so ke(T) < kq(T). 

kq(T) < k(T): Let N C Y, dim AT < oo. Then Qjv : Y ^ Y/N is an isometry 
onto Y/N, by Theorem 17.5, and so k{QNT) < k{QNT) = k{T). 

k{T) < 2kq{T): Let 5 > 0 and let s be a number satisfying kq{T) < s. 

Let C T be a finite-dimensional subspace. Then k{QNT) < s or, equivalently, 
j{T*J^±) < s. 

Find G Y* such that ||y*|| = 1 and ||T* 2 /*|| < s. Choose yi G T such 
that 1 1 2 / 1 II = 1 and ( 2 / 1 , 2/*) > 1 — We construct inductively vectors y* G 

{yi, ■ ■ • ,2/i-i}-^ and yiEY such that ||j/*|| = 1 = || 2 /i||, \\T*y*\\ < s and {yi,y*) > 

1 — £ for all i G N. Set y = (yi). Clearly, q(y) < 1. Let x = {xi) ^ X satisfy 
Tx — y. Thus there exists a totally bounded sequence {ui) G such that 

Txi — Ui — yi {i eN). Passing to a subsequence if necessary, we can assume that 
the sequence (ui) is convergent, and so |fy^ — i/^ || < e for all i,j sufficiently large. 
For i > j we have 



■Xj\\ > • 

Jll- llr*y*ll 



{yi~yj,yt) + (ui-uj,y*) 



> 



l-2s 



and q{x) > Consequently, k{T) < yz|j. Letting e — + 0 and s — » kg{T) yields 

k{f) < 2kg{T). □ 



Theorem 19. Let T € B{X, Y). Then: 

(i) kq{T) > 0 k{T) > 0 is lower semi-Fredholm; 

(ii) ke{T) > 0 T is lower semi-Ffedholm and indT > 0. 

Proof, (i) The first equivalence follows from the preceding theorem. The second 
one was proved in Theorem 17.6. 

(ii) Clearly, ke{T) > 0 if and only if T can be written d^s T = S -\- K where 
S is onto and K is compact. By Theorem 19.6, this is equivalent to the condition 
that T is lower semi- Fredholm and indT = indS >0. □ 



Theorem 20. Let T G 8{X,Y). Then kq{T*) ^ j^i{T) and kq{T) < j^{T*) < 
l^kq{T). 

Proof. We have 

j/j,{T) = sup{ j(T J m) : M C X, codim M < oo} 

= sup{A:((3^_lT*) : M C X, codim M < oo} 

< sup{A:((57vT*) : N C X*,dimX < oo} = kq{T*). 

Similarly, 

kq{T) — sup{A:(Q 7 vT) : X C Y, dimX < oo} 

= sup{i(T*JAT_L) : X C Y,dimX < oo} 

< sup{fyT*JM') : M' c Y*,codimM' < oo} = j^(T*). 
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Further, j^{T) < kq{T*) < If M" is a subspace of X** of finite codimen- 

sion then M" nX is of finite codimension in X. Thus 

= sup{j(T**JM") : M" C X**,codimM" < 00} 

< sup{j(rjM-nx) : M" C X**,codimM" < 00} 

< sup{j(TJM) : M C X, codim M < 00} = j^{T). 

Hence j^(T) = A:,(T*). 

The remaining inequality jfx{T*) < 16kq{T) is clear if T is not lower semi- 
Fredholm, see Theorems 15 and 19. 

Suppose that T is lower semi-Fredholm, let To : X/KerT ^ T be the op- 
erator induced by T and let Q : X X/KerT be the canonical projection. 
Then To is invertible, and so j^{To) < 2j{To) = 2k{To) < Akq{To). Similarly, 
j^(To*) < 4/c(To*). We have T = TqQ and T* = Q*Tq, where Q* is the em- 
bedding of (X/KerT)* = (KerT)-*- == RanT* into X*. It is eaisy to see that 
j/.(T*) = j/,(To*) and, by Theorem 9.6, 

kq{T) = sup{k{QNToQ) : N cY,dimN < 00 ] 

= sup{k{Q nTq) : N C Y',dimX < 00} = kqiTo). 



Hence 



3,{T^) = j^{n) < 4A:,(To*) = 4j^(To) < 16/c,(To) = 16/c,(T). □ 



Comments on Chapter III 

C.15.1. The results in Section 15 are classical. The definition and basic properties 
are due to Hilbert [Hi] and Riesz [Ri2j. Theorem 15.4 (T* is compact T is 
compact) wais proved by Schauder [Sdj. 

C.15.2. A Banach space X is refiexive if and only if Bx is compact in the weak 
topology. 

If X is a refiexive Banach space, Y a Banach space and T G S(X, T), then 
TBx is a convex weakly compact subset of Y and therefore it is closed in the 
norm topology. 

Consequently, for refiexive Banach spaces it is not necessary to take the 
closure TBx in the definition of compact operators. 

C.15.3. For a long time it was an open question whether each compact operator 
T G S(X) is a norm-limit of finite-rank operators. This is true for Hilbert spaces 
and for most naturally defined Banach spaces (including all Banach spaces having 
a Schauder basis). The problem was solved by Enflo [ Enl] w ho constructed an 
example of a separable refiexive Banach space X where T(X) ^ /C(X). 
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C.15.4. Let X, Y be Banach spaces, let T : X X be a linear mapping. Denote by 
w the weak topology. The following statements are equivalent, cf. [Hall, Problem 
130]: 

(i) r : (X, II • II) (y, II • ID is continuous; 

(ii) T : (X, w) (Y, w) is continuous; 

(iii) T : (X, || • ||) ~^ is continuous. 

Further, T : (X, w) (Y, || • ||) is continuous if and only if T is of finite rank. 

C.15.5. If X is refiexive then T G B{X^ Y) is compact if and only if T maps weakly 
converging sequences to convergent sequences, cf. Corollary 15.6 (this was the 
original definition by Hilbert of compact operators in operators satisfying this 
condition are sometimes called completely continuous). 

C.15.6. The ideal X(X) is the smallest ideal in B{X). Every left, right or two-sided 
ideal in B{X) contains the ideal of finite-rank operators. 

C.15.7. If H is a separable Hilbert space then /C(X) is the only non- trivial closed 
two-sided ideal in B(X), see Calkin [Caj. The same is true for the spaces (1 < 
p < oo) and cq, see Gohberg, Markus, Fel’dman [GMF]. 

On the other hand, there are Banach spaces with a rich structure of closed 
two-sided ideals in B(X), see [CPY, p. 80]. 

C.15.8. In general, the Calkin algebra B(X)/X{X) is not semisimple. An example 
is the Banach space L^{m) of all Lebesgue integrable functions / on (0,1) such 
that |/|dm < oo, see [CPY, p. 33]. 

Operators T with the property that T + /C(X) G radS(X)/X(X) are called 
inessential. Clearly, the set /(X) of all inessential operators is a closed two-sided 
ideal. 

The ideal /(X) can be characterized by T G I{X) ^ T -h ^(X) C ^(X). 

C.15.9. An operator T : X — » Y is called strictly singular if T|M is not bounded 
below for each closed infinite-dimensional subspace M C X. 

Denote by S{X) the set of all strictly singular operators acting on X. Then 
S'(X) is a closed two-sided ideal in B(X) and X(X) C S{X) C /(X). 

If X is a Hilbert space then /C(X) = S{X) = /(X). In Banach spaces the 
inclusions can be strict, see [CPY, p.lOl]. 

C.15.10. There is an example of a Banach space X with the property that each 
operator T e B{X) can be written as A7-I-X for some A G C and a strictly singular 
operator X, see [GwM]. 

It is an open problem whether there is a Banach space X with the property 
that each operator on X can be expressed as a sum of a scalar multiple of the 
identity and a compact operator. 
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C.15.11. A particular case of Theorem 15.11 is called the Fredholm alternative: if 
T G B{X) is compact and A 0, then either T — A is both one-to-one and onto, 
or it is neither one-to-one nor onto (in the notation of Section 15,a(T — A) = 
^(T-A)=0). 

C.15.12. An operator T G Y) is called weakly compact if the weak closure 
of TBx is compact in the weak topology of T. By [DS, VI-4], an operator T G 
B(X, Y) is weakly compact if and only if 7"**x** C Y (where we identify Y with 
a subspace of V**). If either X or V is reflexive then each operator in B{X, Y) is 
weakly compact. Furthermore, T G B{X, Y) is weakly compact if and only if T* 
is weakly compact. 

For any Banach space X, the weakly compact operators form a closed two- 
sided ideal in B{X). 

C.16.1. The basic ideas concerning Fredholm and semi-Fredholm operators ap- 
peared in [At], [Gohl], [Goh2] and [Yol]. For a survey of results see [GhKl], 
[Kat2], and [GPY]. 

Further results including detailed historical comments can be found in [RN]. 

C.16.2. Many results from the Fredholm theory can be extended to unbounded 
closed operators. For a survey of results in this direction see [GhKl], [Kat2] and 
[Sch2]. 

C.16.3. A generalization of the Fredholm theory to the Banach algebras setting 
was done by Barnes [Bal], [Ba2]. For a survey of results see [BMSW]. 

C.16.4. The characterizations of semi- Fredholm operators given in Theorems 16.18 
and 16.19 are due to Lebow and Schechter [LS]. 

Theorem 16.21 (Kato decomposition) was proved in [Katl]. 

C.17.1. The construction of Section 17 was given in [Sa] and independently in 
[BHW], [HW]. 

A similar construction of the space ^"^(X)/co(X) where cq(X) denotes the 
set of all sequences of elements of X converging to zero was used by Berberien 
and Quigly (we used this construction for Banach algebras, see C.3.1). 

The latter construction can be used for reducing the approximate point spec- 
trum to the point spectrum. 

For properties of these constructions see also [FL]. 

C.17.2. If X is a Hilbert space then it is possible to modify both constructions of 
the previous comment in order to obtain again a Hilbert space. 

Fix a Banach limit and denote it by LIM. Then |||(^n)||| = 
is a seminorm on ^‘^(X). Set N = {(xn) : |||(xn)||| = 0}. Clearly, N D cq(X) 
and the completion of (£"^(X)/X, ||| • ||1) is a Hilbert space (since it satisfles the 
parallelogram law) containing X as constant sequences. 
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As for the construction of Section 17, set |||(a:n)|ir = |||(■^M^n)|||, where 

M C X is a subspace of finite codimension and Pm is the orthogonal projection 
onto M. Clearly, m{X) C {{xn) : |||(^n)|ir = 0} = N' and the completion of 
^ III • III') is a Hilbert space. 

C.17.3. Let X be the C space over the set {e^, /^ : z = 1, 2, . . .}. Let M — \J{ei : 
z G N} and L = \J{e, + : z G N}. Then I^[m) + m{X) = I^{N) + m(X) and 

M n L = {0}. So M is not essentially equal to L. 

Thus the condition M C L in Lemma 17.2 is necessary. 

C.17.4. It is possible that T G B{X) has not closed range but RanT is closed: 
consider any compact operator with non-closed range. 

We do not know whether each operator T with Ran T closed can be written 
as T = S -\- K where Ran S is closed and K is compact. 

C.18.1. The punctured neighbourhood Theorem 18.7 was proved by Gohberg 
[Goh2]. 

C.18.2. Using the linearization technique (cf. C.11.2) it is possible to prove the 
following generalization of the punctured neighbourhood theorem [Mii21]: 

Theorem. Let X, T, Z be Banach spaces, let U be an open subset of C and w e U. 
Suppose that S : U ^ B{X, Y), T : U ^ B(T, Z) are analytic functions satisfying 
T{z)S{z) = 0 (^ € U). Write a{z) = dimKer T(z)/ Ran 6 '( 2 :). Suppose that 

a{w) < oo and RanT(ic) is closed. Then there exist e > 0 and a constant c < a{w) 
such that a{z) = c for all z, 0 < \z — w\ < e. 

Clearly, the classical punctured neighbourhood theorem follows easily from 
this generalization for the sequences 0 — ^ X — and X — ^ 0, respectively. 

C.18.3. Theorem 18.8 was proved in [FK] and [Ze 6 ]. For further results concerning 
the stability of semi-Fredholm operators see [SW] , [RZ] . 

C.19.1. It is clear that ||T*||e < ||T||e for each operator T G B(X). For reflexive 
Banach spaces the equality ||T*||e = ||T||e holds. This is no longer true for non- 
reflexive Banach spaces. By [Ty2], these two quantities are even not equivalent. 

C.19.2. The Calkin algebras S(X)//C(X) were first studied by Calkin [Ca] in the 
most important case of a separable Hilbert space. The Calkin algebras over Banach 
spaces were first studied by Yood [Yo2] 

C.19.3. An operator T G B{X) is called Riesz if (Je{T) = {0}. Riesz operators are 
a generalization of compact operators and exhibit many of their properties. 
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C.19.4. Let T be a Riesz operator on a Hilbert space H. Then there exists a 
compact operator K G JC{H) and a quasinilpotent operator Q G B{X) such that 
T = Q K, (so-called West decomposition [Wesl]) 

The same statement is true for the spaces and it is not known for 
general Banach spaces. 

In general, it is not possible to require that Q and K in the West decompo- 
sition commute. 

C.19.5. The West decomposition is a particular case of the following more general 
result [St], see also [Ap2j: 

Theorem. Let T be an operator on a Hilbert space H. Then there exists a compact 
operator K G IC{H) such that 

a{T + K)= Pi a{T + K') (= aw(T), see below). 

K'£K{H) 

C.19.6. The class of all Fredholm operators with index zero does not form a regu- 
larity, it is only a lower semiregularity in the sense of C.6.3. 

The corresponding spectrum 

(Jw{T) — {A : T — A is not Fredholm or ind(T — A) ^ 0} = <j(T -h K) 

K compact 

is called the Weyl spectrum (sometimes also Schechter’s spectrum, see [Obi], 
[Schl]). The Weyl spectrum satisfies only the one-way spectral mapping theorem 
f{aw{T)) C aw{f{T)). 

C.19.7. Let ^;(X) - {T G $+(X) : indT < 0} and $1(X) = {T G ^-{X) : 
indT > O}. These two classes are also lower semiregularities and so the corre- 
sponding spectra 

{T + K)-.K€ IC{X)} 

and 

^$1 (T) = + K):Ke /C(X)} 

satisfy the one-way spectral mapping property. These spectra were studied in 
[Ra2], [Ra3] and [Ze7] under the names of essential approximate point spectrum 
and essential defect spectrum. 

C.19.8. The set ^^{X) U 4>_(A) of all semi- Fredholm operators forms a lower 
semiregularity. The corresponding spectrum (which is sometimes called the Kato 
spectrum; we do not use this notation) was studied e.g., in [Kat2], [Ob2], [GL]. It 
also satisfies the one-way spectral mapping property. 

C.19.9. By Theorem 16.13, an operator T G B{X) is Fredholm if and only if it is 
invertible modulo the ideal of compact operators. A characterization of one-sided 
inverses in the Calkin algebra was given in Theorems 16.14 and 16.15. 
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If X is a Hilbert space then T G ^+(X) (T G $_(X)) if and only if the class 
T + 1C{X) is not a left (right) topological divisor of zero in the Calkin algebra 
B{X)/JC{X). In general, for Banach space operators there is no relation between 
these notions, see [AT] and [Tylj. 

C. 19.10. Let T G ^^{X). Then there is a finite-rank operator F such that T -h F 
is bounded below. In general, it is not possible to choose F commuting with T, 
cf. Theorem 20.21. It is always possible to find F such that (TF — FT^ = 0, see 
[LW], [Se]. 

Similar statements are true for T G and for the intersection ^_^{X) ft 

= {r G $(X) : indT = O}. 

C.20.1. The ascent and descent were introduced and studied first in [Tay], [La] 
and [Katl]. 

Heuser [He] proved the following relations between the ascent, descent and the 
defect numbers a{T) = dimKerT, /3{T) = codim Ran T of an operator T G B{X): 

Let mm{a{T)^ P{T)} < oo. Then a(T) < oo P{T) > ^{T) and d[T) < oo ^ 
/?(T) < o;(r). Moreover, if a{T) = ^(T) < oo then a(T) = d(T). 

C.20.2. Semi-Browder operators were studied by a number of authors, see [Grl], 
[KV], [Ra2], [Ra5], [Ra6], [Wes2]. The name was introduced in [Ha8]. 

The Browder operators are sometimes also called Riesz-Schauder, cf. [CPY]. 

C.20.3. The extension of the Browder and semi-Browder spectra to commuting 
n-tuples presented in Section 20 was done in [KMR]. 

For a single operator A G B{X) we have ctb{A) = cFe(A) U acca{A) where 
acc<j(A) denotes the set of all accumulation points of cr{A). This equality was 
used by Curto and Dash [CD] for other extensions of the Browder spectrum to 
commuting n-tuples: 

ab{Ai,. . . , An) = aTe{Ai,. . . , An) U aCC(JT(Ai, . . . , An), 

where <jt and are denote the Taylor and essential Taylor spectrum, see Chap- 
ter IV. 

Then defined in this way is also a spectral system, which in general differs 
from aB defined in Section 20, see [KMR]. 

Thus the extension of the Browder spectrum for single operators to a spectral 
system is not unique. 

C.20.4. Lemma 20.3 is due to Neubauer, see [Lab], Proposition 2.1.1. In fact, a 
more general formulation is also true: if Mi, M 2 are paraclosed subspaces of a 
Banach space X (see C.10.5) and both Mi fi M 2 , Mi + M 2 are closed, then Mi 
and M 2 are closed. 

C.21.1.Essentially Kato operators or similar classes of operators were studied by a 
number of authors, see e.g., [Kal], [GIK], [Gr2], [Ra4], [Miil5], [Ko2], [KM3], [BO]. 
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C.21.2. An operator T G B{X) is called essentially Saphar if Ker T(ZR^{T) and 
T has a generalized inverse. 

Clearly, the essentially Saphar operators form a regularity since they are the 
intersection of the classes of essentially Kato and Saphar operators. Consequently, 
the corresponding spectrum satisfies the spectral mapping property. 

C.22.1. The numbers kn{T) were introduced and studied by Grabiner [Gr2]. 

Most of the results in Section 22 are taken from [MM]. 

C.22.2. Let i^i, . . . , i ?5 be the regularities introduced in Section 22. The following 
properties of them and the corresponding spectra were studied in [MM] (to avoid 
trivialities we consider infinite-dimensional Banach spaces X only): 

(A) ai{T) ^ 0 for every T G B(A); 

(B) cTi(T) is closed for every T G B{X)\ 

(G) if T G then there exists 5 > 0 such that T -\-U £ Ri whenever TU = UT 
and \\U\\ < e (this means property (P3), the upper semicontinuity of cii 
on commuting elements); 

(D) if T e Ri and F e B{X) is a finite-rank operator then T + F G 

(E) if T E Ri and A is a compact operator commuting with T then T K E Ri\ 

(F) if T E Ri and Q E B{X) is a quasinilpotent operator commuting with T 

then T Q E Ri. 



These properties for R{ (i = 1, . . . , 5) are summarized in the following Table 1. 





(A) 
o-i ^9 


(B) 

ai closed 


(C) 

small 

comm. 

perturb. 


(D) 

finite-rank 

perturb. 


(E) 

commut. 

comp. 

perturb. 


(F) 

commut. 

quasinilp. 

perturb. 


Ri 

onto 


yes 


yes 


yes 


no 


no 


yes 


R 2 

4>-{X) and 
d{T) < oo 


yes 


yes 


yes 


no 


yes 


yes 


Rs 

4>-(x) 


yes 


yes 


yes 


yes 


yes 


yes 


R4 

d(T) < 00 


no 


yes 


no 


no 


no 


no 


R5 

de{T) < 00 


no 


yes 


no 


yes 


no 


no 



Table 1 



For details we refer to [MM]. 
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Since the properties (A)-(F) considered above are preserved by taking ad- 
joints, the regularities Rq . . . Rio satisfy exactly those properties as , i^ 5 . So 

Table 1 remains valid for , i ^5 replaced by • • • , Rio- 



C.22.3. Drazin invertible operators (class n i^g) were studied e.g., in [RoS] or 
[Kol]. E- Fredholm operators (class R^nRio) were introduced and studied in [Bel] 
and [Be2j. 



C.22.4. The properties (A)-(F) of C.22.2 for regularities Rn, . . . , Ri^ are summa- 
rized in the following Table 2. 





(A) 

(T'i 7 ^ 0 


(B) 

ai closed 


(C) 

small 

comm. 

perturb. 


(D) 

finite-rank 

perturb. 


(E) 

commut. 

comp. 

perturb. 


(F) 

commut. 

quasinilp. 

perturb. 


Rii 

Kato 


yes 


yes 


yes 


no 


no 


yes 


Ri 2 

ess. Kato 


yes 


yes 


yes 


yes 


yes 


yes 


Ri3 


yes 


no 


no 


yes 


no 


no 


Ri4 

quasi- 

Fredholm 


no 


yes 


no 


yes 


no 


no 


Ri5 


no 


no 


no 


yes 


no 


no 



Table 2 

For details see [MM] and [KMMP]. 



C.22.5. Quasi-Fredholm operators (class R 14 ) in Hilbert spaces were introduced 
and studied by Labrousse [Lab] . Equivalently, an operator T on a Hilbert space H 
is quasi- Fredholm if and only if there is a Kato decomposition H = Hi ^ H 2 with 
THi C Hi^ T\Hi nilpotent and T\H 2 Kato. 

The same decomposition exists also for quasi-Fredholm operators on Banach 
spaces under the additional assumption that the subspaces Ker T fl Ran and 
KerT^ + RanT are complemented, see Remark after Theorem 3.2.2 in [Lab]. In 
fact, the proof of Theorem 22.12, (iii)^(v) is a simplified version of the proof of 
Labrousse; without any change it works also for quasi-Fredholm operators. 



C.22.6. If T G B{X), n e N and RanT’^, RanT^+^ are closed then it is easy to 
check (see Appendix A.l) that kn{T*) = kn{T). Thus T* E Ri ^ T e Ri for 
z = 11,...,15. 
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C.23.1. The operational quantities defined in Section 23 were considered by a 
number of authors. The measures of non-compactness ||T||^ and \\T\\q were studied 
in [GGM] , [GIM] and [LS] . For remaining operational quantities and related topics 
see [Sch4], [Ral], [Fa4], [GnMl], [GnM2], [Mb3]. 

C.23.2. Further operational quantities closely related to those studied in Section 
23 are (see [Pi2]): the approximation numbers 

an{T) = inf{||T- L|| : L G T), dimRanL < n}; 

Gelfand numbers 

Cn{T) = inf{||TJM|| • codimM < n}; 

Kolmogorov numbers 

kn{T) = M{\\QfT\\ :dimF<n}; 

Berstein numbers 

Un{T) = sup{ j(TJM) : dimM > n}; 

Mytiagin numbers 



Vn(T) = sup{k{QMT) : codimM > n}. 

All these numbers have lower analogues, see [RZ] and [RZi]. 

C.23.3. The essential version of the reduced minimal modulus 

7e(T) = sup{ 7 (T K) : K compact} 

for operators on Hilbert spaces was studied in [MP]. 

It was shown that the supremum is attained for some compact operator K 
and 7 e(T) = inf ae(T) \ {0}, cf. C.10.6. 



Chapter IV 

Taylor Spectrum 



In this chapter we introduce and study another important spectral system for 
commuting operators - the Taylor spectrum. Although the definition of the Taylor 
spectrum is rather complicated, the Taylor spectrum has a distinguished property 
among other spectral systems, namely the existence of the functional calculus for 
functions analytic on a neighbourhood of the Taylor spectrum. For this reason 
many experts consider the Taylor spectrum to be the proper generalization of the 
ordinary spectrum for single operators. 



24 Basic properties 

Let s = (si, . . . , Sn) be a system of indeterminates. Denote by A[s] the exterior 
algebra generated by si, . . . , i.e., A[s] is the free complex algebra generated by 

Si, . . . , Sn, where the multiplication operation A in A[s] satisfies the anticommu- 
tative relations Si A sj = —Sj A Si (i, j = 1, . . . , n). 

In particular, A 5 * = 0 for all i. 

For F C {1, . . . , n}, F = {zi, . . . , ip} with 1 < zi < Z 2 < • • • < Zp < n write 
sf = A • • • A Sip. Every element of A[s] can be written uniquely in the form 

otpsp 

with complex coefficients ap- Clearly, S 0 is the unit in A[s]. 

For p = 0, 1, . . . ,n let A^[s] be the set of all elements of A[s] of degree p, 
i.e., A^[s, A] is the subspace generated by the elements sp with cardF = p. Thus 
dimA^[s] = Q and dimA[s] = 2 ^. 

Let A be a vector space. Write A[s, A] = A ( 8 ) A[s]. So 
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to simplify the notation, we omit the symbol “0” • Similarly, for p = 0, . . . , n write 
AP[s,X]=X^AP‘, so 

AP[s,X] = | xfSf ; G A:|. 

card F=p 

Thus AP[s,X] is a direct sum of (^) copies of X and A[s, X] is a direct sum of 
copies of X. 

In the following X will be a fixed Banach space. Then A[s,X] can be con- 
sidered to be also a Banach space. For the following considerations it is not es- 
sential which norm we take on A[s,X]; we can assume it to be = 

For j = 1, . . . , n let Sj : A[s, X] — ^ A[s, X] be the operators of left multipli- 
cation by Sj, 

Sj (y^ XFSF) = A Sf = ^ { — ( 1 ) 

F F FC{l,...,n} 

HF 

Clearly, SjSi = -SiSj (i, j = 1, . . . , n). In particular, Sf — 0 for all i. 

For an operator T G B{X) we denote by the same symbol the operator 
T : A[s,X] ^ A[s,X] defined by 

= '^{Txf)sf- 

Obviously, TSj = SjT for all j. 

Let A = (Ai, . . . , An) be an n-tuple of mutually commuting operators on X. 
Denote by Sa the operator 6a : A[s, X] ^ A[s, X] defined by 



n 

5A = Y,AiSi. 

i=l 



Clearly, 

n n 

= = Y. AiAj{SiSj + SjSi) = Q, 

i=l j=l 

and so Ran 5a C Ker 6a (note that we have used the commutativity of the opera- 
tors Ai). 

Definition 1. An n-tuple A = (Ai, . . . , An) of mutually commuting operators on a 
Banach space X is called Taylor regular if KerJ^^ = RanJ^- 
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The Taylor spectrum (Jt{A) is the set of all A G such that the n-tuple 
{Ai — Ai, . . . , An — An) is not Taylor regular. 

Since (5^A^[s, X] C X] (p = 0, 1? • • • 5 ^ ~ 1)? we can define operators 

: A^[s,X] — > A^+^[s,X] as the restrictions of 5a to A^[s,X]. Thus 5a defines 
the sequence of operators 

0 -^ A°[s,X]Aa 1 [s,X]A . . . ^aI>A”[s,X] ^ 0 , ( 2 ) 

where 5^^^5~^ = 0 for each p. A sequence of this type is called a complex; we are 
going to study complexes in more detail in one of the subsequent sections. 
Complex ( 2 ) is called the Koszul complex of A. 

It is easy to see that A is Taylor regular if and only if the Koszul complex is 
exact, i.e., if Ran (5^ = Ker(5^^ for all i, where we set formally 5^ to be the zero 
operators for p < 0 or p > n. 

Remark 2 . (i) Let n = 1. We can identify A°[ 5 ,Ar] and A^[s,X] with X, and so 
the Koszul complex of a single operator A\ E B{X) becomes 

0 ^ X^X 0 . 

This complex is exact if and only if Ai is invertible. Thus for single operators the 
Taylor spectrum coincides with the ordinary spectrum. 

(ii) Let n = 2 and let A = (^ 1 ,^ 2 ) be a commuting pair of operators on X. 
Then the Koszul complex of A becomes 

0 ^ X^X © X^X 0 , 

where and 5\ are defined by 5\x — A\x 0 A 2 X {x G X) and 5\{x 0 p) = 
-A 2 X 0 A 1 P (x.yeX). 

(iii) The most important parts of the Koszul complex of an n-tuple A = 

{Ai , . . . , An) are its ends. The first mapping can be interpreted as : X X^ 
defined by X = er=i AiX {x G X), cf. Section 9. Thus the Koszul complex 
of A is exact at A^[ 5 ,X] if and only if 0 ^ ajc{A). Similarly, 5^~^ : X^ X 
is defined by 5^~^{xi 0 • • • 0 x^) = exactness at 

A^[s,X] means that 0 ^ cr^(A). 

The main result of this section will be that the Taylor regular n-tuples form 
a joint regularity, and so the Taylor spectrum is a spectral system. 

Proposition 3. Let Ai, . . . , A^, Ri, . • . , Rn be mutually commuting operators on a 
Banach space X satisfying AiBi = I. Then the n-tuple A = (Ai, . . . , An) is 
Taylor regular. 

Consequently (Tt{A) c {A) for all commuting n-tuples A. 
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Proof. For j = 1, . . . , n let Hj : A[s, X] A[s, X] be the operators defined by 

^ xpsf)= ^ (3) 

FC{l,...,n} FC{l,...,n} 

jeF 



We have 



{HjSj + SjHj 




= XFSF 

(-l)ca'-d{*e^-<^}F,a:FSfuO} = xfSf 



U e F), 

U i F), 



and so HjSj + SjHj = I {j = ... ,n). 

Further, for i ^ j, we have HiSj ySjHi =0. Indeed, if either j G F or i ^ F, 
then {HiSj F SjHi)xsF = 0. Suppose that j ^ F and i e F. Then 






and 



{^HiSj S j HjfjXSi A S F\^^iy — HiXSj A\ Si /\ SjXSF\^^i^ 

^ -XSj A Sp\{i} + XSj A Sp\{iy = 0. 

Suppose that AiBi = I. As above, denote by the same symbols Bi the 
operators acting on A[s,X]. Let €b • A[s,X] ^ A[s,X] be the operator defined 
by SB - E;=i HjBj. Then 

n n 

= '^^{HjBjSiAi + SiAiHjBj) 

i=l j=l 
n 

= '^{HiSiBiA, + SiFA.Bi) + + SiHj)BjAi 

i=l i^j 

n 

— ^ ^ BjAj = /a[s,x]* 

i=l 

Let -0 G Ker^A- Then -0 = {sb^a + Sa^b)'^ = ^a^b'^i and so -0 G RanJ^- Hence 
Ker 6a — Ran 6 a and the n-tuple A is Taylor regular. □ 

Theorem 4. The set of all commuting Taylor regular n-tuples is relatively open in 
the set of all commuting n-tuples. 

Consequently (Tt{A) is a closed subset ofC'^. 

Proof. Consider the sequence 

A[s,X]^A[s,X]-^A[s,X] 



and apply Lemma 11.3. 



□ 
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Lemma 5. Let be Banach spaces, let B \ Z\ Z\, D : Z\ Z 2 and 

C : Z 2 Z 2 he operators satisfying DB = CD, see the following diagram: 




Suppose that DZi ^ Z 2 . Then there exists a complex number A such that DZ\ + 

{C-\)Z2^Z2. 

Proof. We reduce the statement of Lemma 5 to the projection property of the 
surjective spectrum. Consider the Banach space Z = Z 2 0 0 0 • • • (for 

example with the D norm) and operators U,V ^ B{Z) given in the matrix form 
by 



/ 0 Z? 0 0 •••\ 




/coo ■\ 


0 0/0 




0 B 0 


0 0 0 / 


and V = 


0 0 B 


: ■■■) 




\ ■ 



It is easy to check that UV = VU. Furthermore, UZ ^ Z since DZi ^ Z 2 . By 
the projection property for the surjective spectrum, there exists A E C such that 
UZ {V — \)Z / Z. Since UZ D 0 0 Zi 0 Zi 0 • • •, this is equivalent to the 
condition DZi 0 (C — A)Z 2 ^ ^ 2 - □ 

To prove the projection property for the Taylor spectrum we are going to 
investigate the exactness of the Koszul complex in more detail. 

(n) 

For k = 0, . . . ,n denote by F^ ^ the set of all commuting n- tuples of operators 
A = (Ai , . . . , An) E B{X)^ such that the Koszul complex of A is exact at A^{X), 
i.e.. Ran (5^-^ = Ker5\. In agreement with our convention we set formally F^^^ to 
be the set of all commuting n- tuples of operators. 



Lemma 6. Let Aq, Ai, . . . , An he commuting operators on a Banach space X, 
let 0 < k < n and {Ai, . . . , An) ^ Then there exists A E C such that 



Proof Write for short A = {Ai ,. . . , An), A\ = {Aq - X,Ai, , An) (A E C) 



and s = (si, 



, Sn). Suppose that ^4 ^ F^ 
fc-f" 1 

A*-i[s,X] 



(n) 



. We show that there is a A E C such 



that (^0 — X,A) ^ Clearly, AoKerS^ C Ker Consider the diagram 






-1 






^0 

s,X] 



cfc-1 

^A 



Ker<5* 



Ker<5^. 



By Lemma 5, there is a A e C such that Ran <5^ ^ + (Aq - A) KerJ^ ^ KerJ^. We 
prove that Ranh^^ ^ RanKer^y. 
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Let il> e Ker(5^ \ (RanJ^-^ + (Aq - A) KerJ^). Then 

n n 

^^+'50^^ = ((Alo - A)5o + Y,^^Si)Soi> = Y^^i^iSorP = -SoS'Xi’ = 0. 

i=l i=l 

We show that So'ip ^ Ran 5^^ . 

Suppose on the contrary that there is a (p e A^[so,s,X] with S\^(p — So^p. 
Write (f = So(pk-iT(pk for (fk-i G A^~^[s,X], cpk G A^[s,X]. Then So'ip = = 

So{-S’^^(pk-i + {Aq - X)(fk) + Thus ifk G Kerd\ and '0 = -5A<Pk-i + 

{Aq — X)(pk G Ran(5^“^ + {Aq — A) Ker which is a contradiction. □ 

Proposition 7. Let Ai, . . . , be commuting operators on a Banach 

space X, let 0 < k < n. Suppose that (Ai,...,A„) G n Then 

(A,,...,An,An+l)€ri^^^\ 

Proof. Write A = (Ai,...,An), s = (si,...,Sn), and A' = (Ai, . . . , A^, A^+i). 
Suppose that KerJ^“^ = Ran and Ker<5^ = RanJ^“^. We prove that 
Ker5\, C RanJ^7^ (the opposite inclusion is always true). 

Let e Ker5^/. Express 'ip = Pk P Sn-\-iPk-i for some pk G A^[s,X] and 
Pk-i G A^“^[s,X]. Then 

n+l tl 

0 ~ ^A''^ ~ ^ AiSjPk H“ ^ AiSjSn-\-lPk—l ~ ^ A^k T ^n-\-l{,An-\-\Pk ^a Vk—lf 

i=l 2=1 

Thus 5\pk = 0, and so pk = for some ^k-i G A^“^[si, . . .,Sn,X]. Fur- 

ther, 

0 ~ An-^l'f]k ^A Vk—1 — ^A (^n+l^fc— 1 l)? 

and so An+i^^-i - Vk-i = for some ^k -2 G A^“^[s,X]. Hence 

— Pk P ^n-\-lVk—l — ^A ^k—1 T ^n-\-lAn-\-l^k—l ^n-\-l^A ^k—2 

= + S\7^Sn^i^k-2 G Ran 5^7'. □ 

Corollary 8. The Taylor spectrum is an upper semicontinuous spectral system. 

Proof. By Lemma 6 and Proposition 7, the Taylor regular tuples of operators 
form a joint regularity. Thus the Taylor spectrum is a spectral system. The upper 
semicontinuity follows from Theorem 4. □ 

In fact, we have proved more. For a fixed A: > 0 and a commuting n-tuple 
A = (Ai, . . . , An) of operators in X define 
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where A — X = {Ai — Xi^ ^ An — Xn)- Clearly, the condition in the definition of 
as,k nieans the exactness of the Koszul complex of ^ — A at the last k positions. 
By Remark 2 (iii), we have as (A) = cr^,o(^) C as,i{A) C • • • C as,n{A) = ariA). 
Dually we define 

r ^ 

= J A e C" ; ^ - A e Pi and Ran is closed 
'' j=o 

Evidently, a^{A) = C cr^^i{A) C • • • C cr^,n{A) = (Jt{A). 

Theorem 9. as^k 9,nd a-j^^k ^re upper semicontinuous spectral systems for each 
k>0. 

Proof. By Lemma 6 and Proposition 7, as,k and aT^^k are spectral systems. The 
upper semicontinuity follows from Lemma 11.3. □ 

We finish this section with the following duality result: 

Theorem 10. Let A = {Ai, . . . ,An) be a commuting n-tuple of operators on a 
Banach space X and let 0 < k < n. Then: 

( 1 ) as^ki^l 5 • • • 5 ^n) ~ ^TTjki^l 5 • • • 5 ^n)j 
(ii) a^^ki^l 5 • • • 5 ^n) ~ ^S,k{^l 7 • • • ? An). 

Proof. We may identify A[s,X*] with the dual of A[s,X]; the duality is given by 
the formula 



{xSf,X* 




(-l)"(^)(x,x*) 

0 



ifG = {l,...,n}\F, 
otherwise, 



where c{F) = EiefC* ~ !)• ^or 1 < j < n denote by Sj^x the left 

multiplication by sj in A[s,X] and in A[s,AT*], respectively, see ( 1 ). Let x G X, 
X* e X* and F,G c If j € F or G 7 ^ - l,j + l,...,n} \F 

then 



{Sj^XXSF,X*Sc) = 0 = {xSF,Sj^x»X*SG). 



Suppose that j ^ F and G = {1, . . . , j — 1, j + 1, . . . ,n} \ F. Then 



{Sj,xxsf,x*sg) - 

= = {xsf,Sj,x-x*sg). 



Thus {Sj^x)* = Sj^x* and (Sa)* = More precisely, we have (Ap[s,X])* = 
A”-P[s, X*] and (d^)* = 
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Let 0 < k < n. By Lemma 11.2, the following statements are equivalent: 
A is regular; 
the complex 

0^ A°[s,X]^Ai[s,X]^ • • • ^0 



is exact at A-^[s, X] {j < k) and Ran (5^ is closed; 
the complex 



0 



A"ls,X* 



-A 



n— 1 








0 



is exact at A-^ [s, X*] {j > n — k)\ 

A* is (j( 5 ^fe-regular. 

This proves (i). 

The second statement can be proved similarly. 



□ 



Remark 11. The precise name of complex (2) is the cochain Koszul complex of A. 
It is possible to assign to a commuting n-tuple A = (Ai, . . . , G B{X)'^ also 
another “dual” complex (called the chain Koszul complex of A ) . 

As in the proof of Proposition 3, for j = l,...,n define operators Hj : 
A[s,X] ^ A[s,X] by (3) and set sa = ^jHj • A[s,X] A[s,X]. Equiva- 
lently, for 1 < < Z 2 < • • • < ip < n we have 

p 

SAXSi^ ASi^ = ^{-l)^~^Ai^xSi^ A • • • A ^ A • • • A Sip, 
k=l 

where the hat denotes the omitted term. 

It is easy to verify that HjB = BHj for all B € B{X) and HiHj = 
—HjHi (1 < ijj < n). Thus {sa)‘^ = 0. Clearly, 5^A^[s,X] C A^“^[s,X] for 
all p, and so e a defines a complex 

0^A^[s,X]^A^[s,X]<^ • • • "X-'a^[s,X] ^0, (4) 

where is the restriction of sa to A^“^^[s,X] (p = 0, ...,n). Complex (4) is 
called the chain Koszul complex of A. 

The chain complex can also be used for the definition of the Taylor spectrum 
of A (in fact this was the original definition of Taylor). Fortunately, these two 
definitions coincide since the chain Koszul complex of A is exact if and only if the 
cochain Koszul complex is exact. 

To see this, denote by J : A[s,X] A[s,X] the operator defined by 

Jxsf — {-ly^^^xsp (x G X, F C {1, . . . ,n}), 

where c(F) — ~ ^ = {1, . . . .,n}\ F denotes the complement of F. 

It is easy to see that J is an invertible operator. 
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Let X e X and F C {1, . . . n}. If j ^ F then JHjxsf = 0 = SjJxsf] if j G F 

then 



Thus SjJ — JHj {j = l,...,n) and SaJ = J^a- Consequently, Ran 5^ = 
Ran(5A-^) = Ran(Jeyi) = JRane^, Kere^ = Ker(5^J) = J“^Ker5yi and 
KerJyi = JKer^yi. Thus Ker^^i = Ran^^ if and only if Kere^ = Rane^^ and 
the exactness of both Koszul complexes is equivalent. 

Note also that for 0 < p < n the exactness of one of the Koszul complexes at 
A^[s, X] is equivalent to the exactness of the other Koszul complex at X]. 



25 Split spectrum 

In this section we study a variant of the Taylor spectrum. The relation between 
the split spectrum and the Taylor spectrum is analogous to the relation between 
the left (right) spectrum and the approximate point (surjective) spectrum. 

Definition 1. Let A = (Ai , . . . ,An) be an n-tuple of commuting operators on a 
Banach space X. We say that A is split regular if it is Taylor regular and the 
mapping 8 a • A[s,X] A[s,X] has a generalized inverse. 

The split spectrum as {A) is the set of all A = (Ai, . . . , A^) G C such that the 
n-tuple (Ai — Ai, . . . , An — Xn) is not split regular. 



The following result characterizes the split regular n- tuples of operators. 



Proposition 2. Let A = (Ai , ^ An) be an n-tuple of mutually commuting oper- 
ators on a Banach space X. The following conditions are equivalent: 

(i) A is split regular; 

(ii) A is Taylor regular and Ker5^ is a complemented subspace of A^[s,X] for 
each p = 0, . . . , n — 1; 



(hi) there exist operators Wi, W 2 : A[s, X] A[s, X] such that WiSa + 8 aW 2 = 

(iv) there exists an operator V : A[s,X] — > A[s,X] such that V 6 a + SaV = I, 
= t) and KA^[s,X] C A^“^[s,X] {p = 0, ...,n). Equivalently, there 
are operators Vp : A^“*“^[s,X] — ^ A^[s,X] (see the diagram below) such that 
Vp-iVp = 0 and Vp 8 \ + V^-i = Iap[s,x] for every p (for p = 0 and p — n 
this reduces to Vq 8 ^ — /ao [5 x] = fA^[s,x], respectively). 



0 






Vo Vi 



Vn-l 



A"[s,X] ^0. 
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Proof. (iv)=>(iii) is clear. 

(iii)=> (i): If Wi5a + ^aW 2 = I then SaW\6a = so 5a has a gen- 
eralized inverse and KerJyi is complemented. Furthermore, if x G Ker then 
X — SaW 2 X G Ran Jyi, and so Ker(5yi = Ran Hence A is Taylor regular. 

(i) => (ii): Denote by Jp : A^[s,X] ^ A[s,X] the natural embedding, let 
Qp : A[5,X] ^ A^[s,X] be the natural projection and let P : A[s,X] ^ KerJ^ be 
a bounded projection onto KercJ^. 

Clearly, Qp{Kei 5 a) = Ker5^. Then QpPJp is a bounded projection from 
A^[s, X] onto Ker^^. 

(ii) =4>(iv): Let Mp be a closed subspace of A^[s,X] such that Ker(5^ 0 Mp = 
A^[s,X]. The operator 5\\Mp : Mp — > RanJ^ = Ker5^^ is a bijection. In the 
decompositions A^[s,X] = Ker5^ 0 Mp, A^+^[5,X] = Ker5^^ 0 Mp+i we have 



Set 



Then Vp-i 



Ker(5^ Mp 

p _ Ran^^ / 0 5^^\Mp\ 

Mp+i \ 0 0 ;• 

RanJ^ Mp+i 

_ KerJP f 0 0 \ 

'"P Mp 0 )' 

Vp = 0 since RanV^ C Mp C Kerl^_i. For x G Mp we have 



{VpS^A + 

For X G Ker we have 

(Vp^A + = K~'yp-1^ = X. 



Thus Vpd^ + (5^ ^Vp-i = /ap[s,x] for ®ach p (for p = 0 and p = n we set formally 
y_i = 0 and Vn = 0). ’ □ 



Remark 3. For single operators on a Banach space the split spectrum coincides 
with the Taylor spectrum (and with the ordinary spectrum). 

By Proposition 2 (ii), the split spectrum coincides with the Taylor spectrum 
also for n- tuples of commuting operators on a Hilbert space. For other spaces with 
the same property see C.25.1. 



Theorem 4. Let A = (Ai, . . . , A„) be an n-tuple of commuting operators on a 
Banach space X. Then crs{A) c a^^\A). 

Proof. The result was essentially proved already in Proposition 24.3. 

It is sufficient to show that if (0, . . . , 0) ^ (A) then A is split regular. 

Suppose that there are operators Hi , . . . , in the algebra generated by A 

satisfying XlILi ~ The operator sb * A[s,X] A[s, X], see the proof of 
Proposition 24.3, satisfies sb5a + Sa£b = L By the previous theorem, this implies 
that A is split regular. □ 
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More generally, it is possible to define analogues of the partial Taylor spectra 
^TT,k and 

Definition 5. Let A = be an n-tuple of commuting operators on 

a Banach space X , let 0 < k < n. We say that A is cr/^^-regular if Ker(5;^ = 
Ran {j = 0, . . . , /c) and the operators . . . ,6^ have generalized in- 

verses. 

Dually, A is called -regular if Ker 5^^ = RanJ;^”^ {j — n — k, . . . ^n) and 
the operators . . . , have generalized inverses. 

Write 



ai,k{A) = {A e C” 


: (Ai — Ai, . 


..,An~Xn) is not <Ti,fc regular} 


<Jr,k(A) = {A e C" ; 


: (Ai — Ai, . . 


. ,yl„ — A„) is not (Jr,k regular} 



Then ai^k{A) D aT^^k{A) and ar^k{A) D as^k{^)^ and so all the sets ai^k{A) and 
Gr^k are non-empty. Furthermore, 



(Ti{A) = (JiM ^ C • • • C (Ji^n{A) = as{A) 

and 

(Jr {A) = (Jr,o{A) C C • • • C (Jr,n{A) = (75(^1). 

To characterize the spectra ai^k and Gr^k^ we need the following modification 
of Proposition 2: 

Lemma 6. Let X, T, Z be Banach spaces, and let Ai : X ^ Y, A 2 : Y —^Zbe 
operators satisfying A 2 A 1 =0. The following statements are equivalent: 

(i) Ai and A 2 have generalized inverses and RanAi = Keryl 2 ; 

(ii) there exist operators Vi :Y ^ X and V 2 : Z ^ Y such that AiVi + p 2^2 = 

ly; 

(iii) there exist operators Vi : Y X and V 2 : Z ^ Y satisfying V 1 V 2 =0 and 
AiVi + V 2 A 2 = /y. 

Proof, (iii)^(ii): Clear. 

(ii)=^(i): If we multiply the relation AiVi + p 2^2 = ^y by ^2 from the 
left-hand side (by Ai from the right-hand side) then we get ^42^2^2 = A 2 and 
AiViAi — Ai. Thus Ai and A 2 have generalized inverses. 

Furthermore, if y e Ker ^2 then y = AiViy e Ran Ay and so RanAi = 
KerA2. 

(i)=4>(iii): As in the proof of Proposition 2. □ 
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The next result shows the relations between the partial Taylor and split 
spectra of an n-tuple A and left (right) multiplication operators La and Ra- It is 
a generalization of Theorem 9.25. 

Theorem 7. Let A = {Ai, . . . ,An) be an n-tuple of commuting operators on a 
Banach space X. Then, for all k, 0 < k < n: 

(i) (Jr^k(A^ = (JS,k{LA) — (^r,k{LA)j 

(ii) (Jl^k{A) = (J5,k{RA) = (Jr,k{RA)- 
In particular, as (A) = ariLA) = (Ts{La) = cft{Ra) = (Ts{Ra)- 

Proof, (i) For ^ A[s,B{X)] and x G X it is natural to 

define G A[s,X] by = ^fc{i With this notation we have 

{6LAtp)x = SAi'tpx). 

(i.l) Suppose that A is cr^^^-regular and let n — /c < p < n. By Lemma 6, there are 
operators Vp-i : Ap[s,X] and Vp : A^+^[5,X] ^ A^[5,X] satisfying 

= Iap[s,x]^ see the diagram below. 

Ap-1[s,x]^A^[s,X]^Ap+1[s,X]. (1) 

Vp-i Vp 

For q = p — l,p express Vq in the matrix form as 

M E XgSG^ = E E Vf,gxgsf, (2) 

cardG=g4-l card G=g-t-l card 

where Vg,f ^ ^(X) are uniquely determined operators. 

Define operators Wq : A^+^[5,B(X)] ^ A^[s,B(X)] as the multiplication by 
the matrices defining Vq. More precisely, 

w,[ Tgsg)= Y E Vf,gTgsf 

cardG=g+l card G=g+1 card 



for g = p — l,p, Tg G B{X). So {Wq'if)x = Vq{'ifx) for all x G X. It is easy to verify 

that Vp_i + WAIa = F.\s,b(x)V 

Consequently, if A is <Jr>,/c-regular then La is <Jr,/c-regular. So 

^r,k{Af D a) D a^_^k{Jb a) ' 

(i.2) We prove by induction on k that if La is cr^^/e-regular then A is ap^k-^egular. 
For k = 0 this wais proved in Theorem 9.25. 

Let A: > 1 and suppose that La is -regular. By the induction hypothesis, 
A is (Jr, fc-i -regular. In particular, 5'^~^ has a generalized inverse, and so there 
exists an operator Vn-k • A’^“^+^[5,X] — ^ A’^“^[5,X] such that S'^~^Vn-k^A~^ ~ 
S^~^. It is sufficient to show that there is an operator Vn-k-i • A^“^[5,X] ^ 
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^ ^[s,X] (see the diagram below) such that ^ ^Vn-k~i + Vn-k^A ^ ~ 

^ A^-^[s,X] ^ A^"^+ns,A:]. 

Set U = I — Vn-k5^^ : A^“^[5,X] ^ A^“^[s, X]. Express U in the matrix 
form as 

Uxsg= ^ Ug',g^sg' (x G X, cardG = n - A:), (3) 

card G'=n—k 

where Ug',g ^ 

For each G with card G = n — /c set -0G — XI Ug',gsg' G A^[s,S(X)]. 

card G'=n—k 

Then 'ijjGX = U{xsg) for all x G X and (Sl^'iPg)x = = SaUxsg = 0. So 

'ipG ^ Ker(^2^^ — Therefore there is an pG ^ A’^“^“^[s, iB(X)] such 

that = '0G- Let : A^“^[s,X] A’^~^~^[s,X] be the operator 

defined by Vn-k-ixsG = pg^- We have 

Sy^-Wn-k-lXSG = Sl-'^-\riGx) = {Sl-'^-^r]G)x = i>GX = UXSG- 

Thus 5Y’"^'^Vn-k~i = U = I- Vn-kSY^ and A is a^.fc-regular. 

By Lemma 6 and Remark 24.11, this implies that (Jr^k{A) C crs^kiLA)^ which 
finishes the proof of (i). 

(ii) The proof of the second statement is similar to part (i). Since the left spectra 
of A correspond to the right spectra of Ra, we use instead of the cochain Koszul 
complex of Ra the chain Koszul complex, see Remark 24.11. Recall the operators 
: A^+^[s,B(X)] A^[s,B(X)] defined in Proposition 24.3, 

leF 

for T G B{X),F C {1, . . . ,n},cardF = g + 1, 

(ii.l) Let 0 < p < n and suppose that there are operators Vp-\ : A^[5,X] 
AP-^[s,X] and Vp : Ap+1[s,X] ^ Ap[s, X] satisfying (J^Vp-i + VpS^ = 7ap[s,x], 
see (1). Express and Vp in the matrix form (2). For all x G X and G C 
{1, . . . , n}, cardG = p we have 

XSG = ((5^“ Vp_i + Vp6^^)xsG = ^ Vf,gxsf + Vp'^ AiXSi A sg 

cardF=p—l i^G 

= E E AiVF,GXSi A SF + ^ ^VG^^GU{i}M-ir'^‘^^^^^-^^'^XSG' 

i^F card F=p— I card G' =p i^G 

cardG'=p ^ieG' 

i^G ^ 
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so 

ieG' 

+ = I J g = g; 

i^G I ^ • 

Define operators Wp-i and Wp (see the diagram below) by 

WgTsG= TVg,fSf (9 = p-l,p,TeB(X),cardC? = g). 

card F=q-\-l 



W^p_i Wp 

AP-% B(X)] ^ AP[s, B(X)] ^ AP+i[s, B(X)]. 

^Ra 

By (4), we have 

(w^p_i 4-; + 4 ^m^p)T 5 g 

= ^ TVg^fsf 

iEG cardF=:p+l 

card G'=p i^G 

+E E TVG,FAsF\{i}i-ir^'^^^^^-^<^'^ 

iEF card F—p-\-l 

cardG'=p 

i^G' ' 



By (4), the last expression is equal to Tsg, and so Wp-iS^j^J^ +e^j^^Wp = Iap[s,b{x)]‘ 
This implies that (Jr,k{RA) C ai^k{A). 

(ii.2) We prove by induction on k that the cr^^/e-regularity of Ra implies the ai^k- 
regularity of A. For k = 0 this was proved in Theorem 9.25. 

Let A: > 1 and let Ra be cr< 5 ,/e-regular. By the induction hypothesis, A is 
<j/^/c_i-regular. In particular, has a generalized inverse, and so there exists 
an operator Vk-i : A^[s,X] ^ A^-^[s,X] such that S^^-^Vk-iS\-^ = 6\~\ It is 
sufficient to show that there is an operator 14 • A^"^^[s,X] A^[s,X] such that 

Vk^A ~^^A ^^k -1 = ^Afc[s,X]- 

Set U = I — 5^~^I4-i : A^[s,X] A^[s,X]. Express U in the matrix form 

by 

Uxsg— ^ Ug',g^sg' {x e X.caidG = k). 

card G'—k 



( 5 ) 
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For X e X and card F = k — 1 we have 

0 = US^^xsf = U AiXSi A sf 

i^F 

card G'=k i^F 

Hence 

^(_l)cardOeF:,<i}^^, ^ q (g) 

i^F 

for all G', F C {1, . . . , n} with cardG' = k and cardF = k — 1. For each G with 
cardG = k define tpc G A*[s,e(X)] by %1^g = EcardG'=fc Ug,g'Sg'- Then, by (6), 

card G'—k iC:G' 

cardF=fc— 1 i^F 

Thus 'tjja € Kere^“^ = Rane^^ and therefore = ‘>Pg for some tjg = 

J2cardK=k+i Tg,kSk G [s, B(X)] . For each G with cardG = k we have 

Y, Ug,G'SG' = V>g = Sfi^bG = £fi^ Y/ Tg,kSk 

cardG'=fc card iC=/c 4-1 

card K=kFl ieK 

Hence, for all G, G' with cardG = cardG' — A:, we have 

Ug,g' = Y (7) 

i^G' 

Define Ft : A'=+i[s,X] ^ A^s,^] by VkXSK = EcardG=fc Tg,kxsg- For X € X 
and cardG' = fc we have, using (6) and (5), 

VkS'XxSG' = VkY ^ ^G' 

i^G' 

— E E = E Ug,G'XSg = UxSG'- 

cardG=k i^G' card G=k 

Hence VkS^ = U and d^^Vk-i + VkS^ = ^Afc[s,x]* Thus A is cr/,fc -regular. Hence 
cn,k{A) C (J5,k{RA) C (Jr^k{RA), which finishes the proof. □ 

Corollary 8. cFi,k and as sue upper semicontinuous spectral systems for all k, 
0 < k < n. 



Proof. The statement follows from Theorem 7 and from the corresponding state- 
ments for as^k and a-j^^k- □ 
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26 Some non-linear results 

A great advantage of Hilbert spaces is the existence of projections onto all closed 
subspaces. In general Banach spaces it is sometimes possible to use non-linear 
techniques instead of it. We have already used the Borsuk antipodal theorem; in 
this section we give several other results which are based essentially on the Michael 
selection theorem, see Appendix A. 4. Some applications in operator theory will be 
given in this and the subsequent sections. 

Definition 1. Let X,Y be Banach spaces. Denote by ?i(X,Y) the set of all con- 
tinuous mappings f : X ^ Y that are homogeneous (i.e., f{ax) = af{x) for all 
q; G C and x G X). 

Clearly, sup{||/(x)|| : x G X, ||x|| = 1} < oo for each / G H{X,Y). Moreover, 
H{X,Y) with the norm ||/|| = sup{||/(x)|| : x G X, ||x|| = 1} is a Banach space 
containing B{X,Y) as closed subspace. Write for short W(X) instead of 7Y(X, X). 

Lemma 2. Let X, Y be Banach spaces. For each x e X let G{x) C Y be a non- 
empty closed convex set such that the mapping x G{x) is lower semicontinuous 
and U{^(^) • ^ ^ X, ||x|| = 1} is a bounded subset ofY. 

Suppose further that G{ax) = aG{x) for all x ^ X and a G C. Then there 
exists a mapping g G 7Y(X, Y) such that g{x) G G{x) for all x G X. 

Proof. Let Sx be the unit sphere in X. By Michael’s theorem (see Theorem 
A. 4. 5) there exists a continuous selection / : Sx Y satisfying /(x) G G(x) for 
all X G Sx • For x G Sx set 



We have f(e'^^x) G e“^^G(e^^x) = G{x). Since G{x) is closed and convex, g{x) 
(as a limit of convex combinations) also belongs to G{x). Evidently, g : Sx Y 
is continuous by the Lebesgue domination theorem. It is easy to see that g{Xx) = 
Xg{x) for all x G Sx and A G C, |A| = 1. 

Extend ^ to X by ^(0) = 0 and g{x) = \\x\\ • 5^(p][) (^ ^ 0)- If is easy to 

see that g is continuous and satisfies all the conditions required. □ 

Theorem 3 (Bartle-Graves). Let M be a closed subspace of a Banach space X 
and let e > 0. Then there exists h G H{X/M,X) such that ||/i|| < 1 e and 
h{x + M) G X -h M for each class x F M G X/M . 

Proof. For x + M G X/M set 



g{x) = - e 




G{x “j- AI^ — G AC u ^ X AI y ||w|[ (1 “1“£')||^ “1“ -^^11 } 
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Clearly, G{ax + M) = aG{x + M) and G{x + M) is a non-empty closed convex 
subset of X for all x G X and a G C. 

We show that the mapping G is lower semicontinuous. Let x G X and let U 
be an open subset of X with U H G{x -h M) ^ 0. Find u e U such that u e x M 
and \\u\\ <(!-}- ^)||x -h M\\. 

Let 5 be a positive number satisfying {z; G X : ||v — w|| < (5} C U and 
\\u\\ < (1 + ^)(lk + ^11 “ 2^)- If ^ ^ X/M satisfies ||^ — (x -h M)\\ < 5 then there 
exists x' G ^ such that ||x' — x|| < S. Then x' + w — x G ^ and || (x' + u — x) — u\\ = 
\\x' — x|| < S, and so x' u — x e U . Further, 

||x' -f It — x|| < ||u|| + ||x' — x|| < (1 + ^)(lk + ^11 — 2(5) + J 

< (l + ^)(||x + M||-(5||)<(l + ^)||e||. 

Thus x'-hrt — xGf/n G{^) and G is lower semicontinuous. 

By the previous lemma, there exists a homogeneous continuous selection 
h : X/M — > X. Clearly, h satisfies all the conditions required. □ 

Corollary 4. Let M he a closed suhspace of a Banach space X and let s > 0. 
Then there exists a continuous homogeneous mapping p : X ^ M such that 
||x — px|| < (1 + ^) distjx, M} and p{x + m) = p{x) + m for all x ^ X and m G M. 

In particular, pm = m for all m e M, and so p is a (non-linear) projection 
onto M. 

Proof. Let h : X/M X he the mapping constructed in Theorem 3. So h{x -\- 
M) G X + M and \\h{x + M)|| < (1 + £)||x + M\\ for all x + M G X/M. Set 
px = X — hQx where Q : X X/M is the canonical projection. Then ||x — px|| = 
II^Q^II < (1 + ^)IIQ^II = (I + e)dist{x,M}. For x G X and m G M we have 
p{x -h m) = X m — hQ{x + m) = x m — hQx = px m. □ 

Proposition 5. Let X, Y be Banach spaces and letT : X Y be a bounded linear 
operator with closed range. Then: 

(i) if f G H{Y) satisfies f{Y) C RanT, then there exists g G H{Y, X) such that 
f = Tg. In particular, ifT is onto, then there exists g G H{Y,X) such that 
Tg = ly; 

(ii) ifT G B{X,Y) is bounded below, then there exists g G H{Y,X) such that 
gT = ix- 



Proof, (i) Let h : X/KerT — > X be the selection given by the Bartle-Graves 
theorem. Let To : X/KerT — > RanT be the operator induced by T. Set g — 
/iT(TV- For y e y we have Tgy = ThT^^fy = fy, and so Tg = f. 

(ii) Let T G B{X,Y) be bounded below. Let p G HfY) be the non-linear 
projection onto RanT constructed in Corollary 4. Then T~^p G H{Y,X) is the 
required non-linear left inversion of T. □ 
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By the preceding proposition, the operators that are bounded below or onto 
become one-sided invertible if we admit non-linear mappings. In the same way, 
the Taylor regular n-tuples of operators get the split property. 

Proposition 6. Let Xo,...,X^ be Banach spaces, let 6i : X{ ^ {i = 

0, . . . , n — 1) be bounded linear operators and suppose that the sequence 

is exact. Let gi G TL{Xi) {i — t), . . . ,n). The following statements are equivalent: 

(i) ^j9j = 9j+i^j U = 0,...,n- 1); 

(ii) there exist mappings Vj G H(Xj-^i,Xi) (j = 0, . . . ,n — 1) such that 

VjSj + 6j-iVj-i = 9j {j = 1, ... ,n — 1), 

^n—lVn—l = Qri' 

Proof. (ii)=^(i): Suppose that the mappings Vi satisfy (ii). We have 
9j — Sj-iVj-i) — Sj Vj Sj 

and 

gj^,Sj = {Vj^,5j^i+SjVj)Sj = SjVjSj 

(note that the same relations are true also for j = 0 and j — n — 1). Thus 
^j9j = 9j-\-i^j for all j. 

(i)=>(ii): Since 6n-i is onto, there exists W-i such that Sn-iVn-i = gn- 
We construct the mappings Vi inductively. Suppose that I < j < n — 1 and 
that Vj G H{Xj^i, Xj) satisfies Vj-^iSj^i -hSjVj = gj-^i (for j — n — 1 set formally 
Vn = 0 and 6n = 0). We have 

^j{9j ~ ~ 9j-\-i^j ~ ~ 9j-\-i^j ~ {9j-\-i ~ ~ 0* 

Thus {gj — Vj5j)Xj C Ker Sj = RanSj-i and there exists Vj-i G H{Xj,Xj-i) 
such that Sj-iVj-i = gj — VjSj. Thus VjSj -h 6j-iVj-i = gj. 

At the end, suppose that Vb G H{Xi,Xo) satisfies gi = ViSi (5oVb. Then 
== {gi - Vi5i)5o = 5^1 ^0 = ^o 90 ‘ Since Sq is one-to-one, we have Vb^o = 90 ‘ 
This finishes the proof. □ 

The next result is a generalization of Corollary 10.10. 

Theorem 7. Let R,Ri,N,Ni be closed subspaces of a Banach space X and let 
R C N. Suppose that S{R, R\) -h 5{Ni,N) -f- S{R, Ri)S{Ni, N) < 1. Then 

dim A/'i/(i?i n Ni) < dimN/R -h dimRi/{Ri fi Ni). 

In particular, if also Ri C then dim Ni/ R\ < dimN/R. Consequently, 
if R C N, Ri C Ni, 6{R,Ri) < 1/3 and 6{Ni,N) < 1/3, then dimNi/Ri = 
dimN/R. 
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Proof. Suppose on the contrary that S{R, Ri) + S{Ni,N) -\-S{R, Ri)5{Ni,N) < 1 
and 

dimNi/{RinNi) > dim N / R dim Ri / {Ri n Ni) . 

Let £ be a positive number small enough (the exact condition on s will be clear from 
the proof). Let Qr : N N/R and QniHRi ‘ Ri Ri/{Ni^Ri) be the canonical 
projections, let h : Ni/{Ni n R\) ^ Ni he the mapping constructed in Theorem 
3 (in particular, h{rii + {Ni H Ri)) G ni + {Ni C\ Ri) and \\h{rii + (A^i fl -Ri))|| < 
(1 -h ^)||ni + (A^i n i?i)|| for all ni e Ni) and let pn ' X ^ N, pr^ : X Ri 
be the continuous non-linear projections constructed in Corollary 4 (in particular, 
||x — Pnx\\ < (1 + e) dist{rr, TV}, \\x — Pr^x\\ < (1 + e) distja;, i^i} for all x G X). 
Let ^ : Ni/{Ni n Ri) ^ N/R 0 Ri/{Ni H R\) be the mapping defined by 

^(0 = QRPNh{^) 0 QNinRiPRih{^) (C ^ -^l/(^l n Rl)). 

Clearly, ^ is a continuous homogeneous mapping. By the Borsuk antipodal the- 
orem, there exists ^ G A^i/(A^i H R\) such that ||^|| = 1 and ^(^) = 0 . Set 
^ ^ ^1- Then ||x|| <10 5, QrPnx = 0 and QniORiPRi^ = 0 ; so p^x G R 

and pr^ X ^ NiH R\. 

We have 

||x ~pnx\\ < (1 0 5 ) dist{x, < (1 0 5)1|x|15(A/'i, AT) < (1 e)‘^d{Ni, N) 

and llPA^a:|| < ||x|| 0 ||x — Pnx\\ < 1 0 5 0 (1 0 e)‘^S{Ni, N). Thus 

1 = ll^ll =r distjx, Ni n Rl} < \\x — Pr^x\\ <( 105 ) distjx, i?i} 

< (1 -\-£){\\x-pnx\\ dist{pNX, Rl}) 

<(10 efS{Ni,N) 0 (1 0 e)\\pNx\\5{R, Ri) 

< ilPef{SiNi,N)+6{R,Ri)pS{Ni,N)5iR,Ri)) < 1 

for £ small enough. This gives a contradiction. □ 

The assumption R C N in the preceding theorem is not necessary. First, we 
replace this condition by the assumption RcN. 

e 

Theorem 8. Let R, N be closed subspaces of a Banach space X, let RcN. Then 
there exists 5 > 0 such that, for all closed subspaces Ri and Ni of X with 
S(R, Rl) < £ and S(Ni,N) < £, we have 

dimNi/{Ri fl A^i) 0 dimi^/(i? fl N) < dimN/{Rn N) 0 dimi?i/(i?i fl A^i). 

Proof. For R C N this was proved in the previous theorem. We reduce the general 
situation to this case. 

Choose a finite-dimensional subspace F c R such that (RnN)^F = R. Let 
dimF = k < 00 and let /i, . . . , /^ be a basis in F with ||/i|| = • • • = ||/fc|| = 1. 
Clearly, FnN = {0}. 
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For / = ^ifi ^ ^ where G C consider three norms: ||/||, dist{/, N} 
and 1 0 ^ 2 1 . Since these three norms are equivalent, there exists c > 0 such that 

k k k k 

C • ^ \oii\ < dist|^Qi/i,iv| < 

2=1 2 = 1 2=1 2=1 

for all ai, . . . , afc G C. Clearly, c < 1. 

Set ^ = I . Let Ri and Ni be closed subspaces of X such that S{R, Ri) < e 
and 6{Ni,N) < e. 

For z = 1, . . . , /c find elements Qi G R\ such that \\fi — gi\\ < e. Then \\gi\\ < 
1 + e (z = 1, . . . , /c). 

Denote by G the subspace of Ri generated by gi, ... ,gk. 

We prove that the elements gi,. . . ,gk are linearly independent modulo Ni . 
Suppose that ^i9i ^ some G C. Then 



k k ^ k /c X 

X]|Q:i| < c“Mist|^ai/i,7v|<c“M ^|Qi|||/i - gill + distjy^aiS'i, ivj j 

2=1 2=1 '^ f=l 2=1 / 

k k 

< c~^gy~^|Q:i| + c~^|[y^Q:igi|[ -5{Ni,N) 

<- (^^) EKl4tKI. 

2=1 2=1 

and so ai = • • • = o;fc = 0. In particular, dimG = k and G H N\ = {0}. 

Write N' = N -\-F and N[= NiT G. Then N' = N + Rd R. 

We prove that 5{N{,N') < 3/4. Let rzi + Yli=i ^ ^i^ where rzi G A^i, 
Ofi G C (z = 1, . . . , fc), and rzi + J2i=i ^i9i — 1- Then 



k 

ll^ill < 1 + (1 + g) 1^2 

i=l 



There exists n e N such that \\rii — n\\ < s\\ni\\ < g + g(l +e) |<a 2 |. We have 



< 



< 



k k ^ ^ 

cy^ \ai\ < dist 

2=1 
k 

- gi) 

2=1 i=l 

k k k 

s ^ ^ + 1 + g + g(l Tg) ^ ^ 1 0^2 1 ^ 1 + g + 3g ^ ^ |ci!2 1- 

2=1 1=1 2=1 



-^1 < II 2 Z 
2=1 ■ ' 
k 



n 



i=l 

+ \\n-ni\ 
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Thus 



and 



. 1+5 1 

> ^ < T- 



i=l 



K K 

dist|ni T E OiiQi, -/V'l < ||ni - n\\ + 1^ Qi(/i - gi) 

2=1 2=1 

k k 



< g + g(i + e) iQii + gy^ [ q;| < — . 

2=1 2=1 

Hence S{Ni,N') < 3/4 and 

S{N[,N')+S{R,Ri) + d{N[,N')6{R,Ri) < 1. 

By Theorem 7, we have 

dimN[/{Rir\N[) < dimN'/R + dimRi/{Rin N[). 



( 1 ) 



By Lemma 21.1, 

dim A^i / {Ri n Ni) = dim( Ri)/Ri 

- dim(iV^ + i^i)/i^i - dim f1 N[) 



( 2 ) 



and 

dim N/{R nN)= dim(7V + R)/R = dim N'/R. 



Furthermore, 



and 



dim R/{Rr\ N) = k 



dimi?i/(i?i n A^i) = dim(ATi + i?i)/7Vi 

= dim(ATi + Ri)/{Ni + G) + dim(Afi + G)/Ni 
= dim{N[+Ri)/N[ + k 
= dim R\/{Ri n N[) + k. 

Thus, by (l)-(5), we have 



dim ATi/(i?i n iVi) + dim n A^) 

= dimA^^/(i?inATj) + fc 
< dim N'/R + dim Ri/{Ri D N'^) + k 
= dimN/{RnN) + dim/?i/(i?i n A^i). 



( 3 ) 

( 4 ) 

( 5 ) 



□ 



The assumption RcN in the previous theorem can be omitted. To show this, 
recall the construction of Section 17. Let m{X) C i^{X) be the subspace of all 
totally bounded sequences. 
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We need the following lemma. 

Lemma 9. Let M, L be closed subspaces of a Banach space X. Let M = £^{M) + 
m(X) and L = £^{L) + m{X) he the corresponding subspaces of i^{X). Then 
5(M,L) < 2S{M,L). 

Proof. Let x = (xi) G M, ||x|| = sup \\xi\\ = 1. We can write + gi, where 

mi E M and {pi) G m{X). Let e > 0. Then there is a finite set F = {/i, . . . , fn} 
and indices ji G {1, . . . ,n} such that \\gi — fj.\\ < e. Replacing fj by some /j G 
/j + M if necessary, we can assume that \\fj\\ < (l+e) dist{/j, M} {j = 

Thus we have 



WfjiW < (1 + e)dist{/j,,M} < {I + + rriiW 

< (1 + e)(||/jj - 5i|| + Ikill) < (1 + 

and so ||mi|| = UcCj-c/jH < ||a;i|| + ||5i-/jJ| + ||/jJ| < l+e+(l + e)^. Thus there are 
li £ L with \\mi — li\\ < 2(1 + e)‘^5{M^ L). Let y — gi) G £^{L) + m{X). Then 
||x - y\\ = sup \\mi - li^< 2(1 + sfS{M, L) and so J(M, L) < 2(1 + ef6{M, L). 
Letting e ^ 0 gives L) < 2S{M, L). □ 

Theorem 10. Let R, N be closed subspaces of a Banach space X. Then there exists 
£ > 0 such that 

dimNi/{Ri n A^i) + dimR/(AT n R) < dimN/{N D R) -\- dimRi/(Ri n Ni) 
for all closed subspaces Ri,N\ G X with S(R, Ri) < e and S(Ni,N) < s. 

Proof. If RcN then the statement (i) was proved in Theorem 8. 

Suppose that dim R/{N n R) = oo. Let Ni,Ri C X he closed subspaces 
satisfying S{R,Ri) < 1/6 and 5{Ni,N) < 1/6. 

It is sufficient to show that dim N/ (A^TiR) +dim Ri/{NinRi) = oo. Suppose 
on the contrary that RiCA^i and NcR. 

Set 

N = £^{N)-\-m{X), 

R = £^{R) + m{X), 

N^=£^{Ni)Fm{X), 

R^=i^{R^)+m{X). 

By Lemma 17.2, Ri C Ni and TV C R. By Lemma 9, S{R,Ri) < 1/3 and 
S{NuN) < 1/3. Thus 

6{R, N) < J(R, Ri) + d(Ri,N) + S{R, Ri)S{RuN) 

< 1/3 + 4/3 5{Ri,N) < 1/3 + 4/3 5{NuN) < 1/3 + 4/9 < 1. 

^ ^ e g 

Therefore N = R. Since NcR, Lemma 17.2 implies that R=N, a contradiction. 

□ 
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27 Taylor functional calculus 

The most important property of the Taylor spectrum is the existence of analytic 
functional calculus. 

Let A = (Ai, . . . jAn) be an n-tuple of commuting operators on a Banach 
space X. For each z ^ ctt{A)^ the Koszul complex oi A — z — {Ai — zi, . . . , An — 
Zn) is exact and, by Proposition 26.6, it is possible to find non-linear mappings 
Vjj^i : A^[s,X] A-^[5,X] satisfying A = /aj[s,x]- In a simpler 

form, V6a-z + ^a-zV = /a[s x]? where V G H{A[s,X]) is defined by V{A'ipi) = 
{^p^eA%X]). 

Our first goal is to show that it is possible to find such generalized inverses 
depending smoothly on 2 : G \ gt{A). 

Proposition 1 . Let A = (Ai, . . . , An) be an n-tuple of mutually commuting opera- 
tors on a Banach space X. Let G = C^\ (Tt{A). Then there exists a -function 
V :G H{A[s,X]) such that Sa-zV{z) AV{z)Sa-z = Ia[s,x], -and 

V{z)AP[s, X] C X] (z G G, p = 0, . . . , n). 

Proof. Consider the Banach spaces 



n — 1 

Ml = 0w(A+i[.,X],Ai5,X]), 

i=0 

n 

M2 = 0 w(a*[s,X]) and 

i=0 
n— 1 

^3 = 07f(A‘[s,X],M+Ms,^])- 

2=0 

For z G G define mappings ^{z) : Mi M2 and ^(2:) : M2 M3 by 

n — 1 n— 1 

(0 ® ^{Visy, + sy\v,^i) © syivn-i 

2=0 2=1 



and 

n n— 1 

^(^)(0fl'») = ~ 9i+l^A-z)- 

2=0 2=0 

Evidently, ^{z) and ^( 2 :) are bounded linear operators depending analytically on 
z e G and, by Proposition 26.6, Ran $( 2 :) = Ker^( 2 :). By Theorem 11.10, ^ is 
regular in G. Further, /a[s,a:] = 0^a^[s,x] ^ Ran $( 2 :) for all z e G. 

Let A G G. By Theorem 11.9, there is a neighbourhood C/a of A and an 
analytic function V\ : U\ Mi such that ^{z)Vx{z) = I (z G U\). 
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Let be a -partition of unity subordinated to the cover {U\ : 

A € G} of G. So (pi are G°^-functions, 0 < pi <1, supp(/?i C U\. for some G G, 
for each A G G there exists a neighbourhood U of X such that all but finitely many 
functions pi vanish on G, and Ti{^) — f each z ^ G. 

For 2 : G G set V{z) = pi{z)V\.{z). Clearly, y is a G"^-function satisfy- 
ing V{z)A]P[s,X] C AP-^[s,X] and ^{z)V{z) = I for all zeG. □ 

Remark 2. It is possible to require also that V{z)‘^ = 0 and V{z)Sa-zV{z) = V(z) 
for all 2 : G G. In particular, in this case V{z) is a generalized inverse of Sa-z- 

Indeed, let F : G — > H{A[s,X]) be the G^-function constructed in Proposi- 
tion 1, i.e., 5a-zV{z) + V{z)Sa-z = I and V{z)Ap[s,x] C Ap~^[s,X]. 

Clearly, Sa-zV(z)Sa-z = ^A-z- Set V\z) = V(z)Sa-zV{z). Then 

6a-zV'{z)6a-z = 6a-zV{z)5a-zV{z)Sa-z = Sa-z 



and 

V\z)5a-zV\z) = V{z)5A-zV{z)dA-zV{z)SA-zV{z) = V{z)5a-zV{z) = V'(z). 
Furthermore, 

Sa-zV\z) + V'{z)Sa-z = dA-zV{z)SA-zV{z) + V{z)Sa-zV{z)Sa-z 

= 6A-zV{z)-hV{z)6A-z=L 

Finally, we have 

V'{z) = {V'(z)Sa-^ + 5a-zV\z))V'{z) = V'{z) + 5A-zV'{zf, 

and so 5A-zV'{zf = 0. Thus V'{zf = (V'(z)Sa-z + SA-zV'{z))V'{zf = 0. 

These additional properties of the generalized inverse V, however, are not 
essential for our purpose and we are not going to use them in the sequel. 

In the following we fix a commuting n-tuple A = (Ai, . . . ,An) of bounded 
linear operators on a Banach space X, the set G = C'^\ o-riA) and a G^-function 
y : G — > H{A[s,X]) with the properties of Proposition 1. 

Consider the space C^(G, A[s, X]). Clearly, this space can be identified with 
the set A[s,G^(G, X)]. 

The function V : G ^ H{A[s,X]) induces naturally the operator (denoted 
by the same symbol) V : G®^(G, A[s, X]) ^ G°°(G, A[s,X]) by 

{Vy){z) = V{z)y{z) {z G G,y G G^(G, A[s,X])). 

Similarly, we define the operator 6a-z (or S for short if no ambiguity can arise) 
acting in G°^(G, A[s, X]) by 

{Sy){z) = dA-.y{z) {zeG,y€ C~(G, A[s,X])). 
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Clearly, T = Ik[s,c°°{g,x)] and both V and 5 are “graded”, i.e., 

KAP[s,C°°(G',X)] c 

and 

(5A^[5,(7°^(G,X)] c A^+^[s,G^(G,X)]. 



Consider now another indeterminates dz = (dzi, . . . , dz^) and the space 
A[s,dz,C^{G,X)]. Letd: A[s, d2, C^(G, X)] ^ A[s, d2, G^(G, X)] be the linear 
mapping defined by 



dfsi^ A • • • A Sip A dzj^ A • • • A dzj^ 




A • • • A Sip A dzj^ A • • • A dzj ^ , 



see Appendix A. 3. Obviously, = 0. 

The operators V and 6 can be lifted to A[s, d2, G°^(G, X)] by 



F(^ A dzi, A • • • A dzip) = (V?/;) A dzi, A • • • A dzip and 

Si'll; A dzi, A • • • A dzip) = (S'l/;) A dzi, A • • • A dzip 

for all ^ G A[s, G^(G, X)]. Clearly, the properties of V and 5 are preserved: 
S‘^ = 0, VS T SV = I and both V and S are graded. Note also that SB = —BS and 
(a + (5)2 = 0. 

Let W : A[s, dz, G®^(G, X)] ^ A[s, dz, G°^(G, X)] be the mapping defined in 
the following way: if '0 G A[s,dz, G®°(G, X)], i/j = ipQ -j- ?/;„, where ijjj is the 
part of 'ip of degree j in dz, then set W'lp — rjo + - ’ rjn, where 

rjo = V'^^o, 

m = Vi'ipi - drjo), 

: 

Vn = V{i;n - B'rjn-l)- 

Note that r]j is the part oi W'lp of degree j in dz. 



Lemma 3. Let W : A[s, dz, G^(G, X)] — > A[s, dz, G®°(G, X)] he the mapping 
defined by (1 ). Then: 

(i) supplT-^ C suppV^ for all 'ip; 

(ii) if G is an open subset of G and 'ip G A[s, dz, G°°(G, X)] satisfies {B-\-S)'ip = 0 
on G', then {B + S)W'ip = 'ip on G'; 

(iii) {BtS)W{BtS) =BtS. 
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Proof, (i) Clear. 

(ii) Let '0 = + • * • + where ifj is the part of -0 of degree j in dz. The 

condition (9 + ^)'0 = 0 on G' can be rewritten as 



Ho = 0 , 

d'lfQ + = 0 , 

d'lpn-lPHn ^ 0 



( 2 ) 



(the condition d'lfn = 0 is satisfied automatically). 

Let = r}o-\ h r/n, where pj are defined by (1). The required condition 

{B S)W 'if = if becomes 



5rjo = ^ 0 , 

drjo + S'rji = ifi, 

B'rjn-l + Srin = ifn 



(3) 



on G' (again, Brjn = 0 automatically). 

By (1) and (2), we have 5r]o — SVifo = {SV + VS)ifo = ifo and Brjo + Sr]i = 
Brjo + SV{ifi - Brjo) =_Br]o + (/ - VS){ifi - Brjo) =ifi~ V6{ifi - Brjo) = ifi, since 
6{ifi - drjo) = 6ifi + dSrjo = Sifi + difo = 0. 

We prove ( 3 ) by induction. Suppose that Brjj-i + Srjj = ifj for some j > 1. 
Then 8{ifjj^\ — Brjj) = Sifj-^i + BSrjj = Sifj^i -f Bifj — 0 and, by the induction 
assumption, Brjj + Srjj-^i — Brjj -f 6V {ifj-\-i — Brjj) = Brjj + (/ — VS){ifj-^i — Brjj) = 
^i+i- 

(iii) Since {B + (5)^ = 0, the statement follows from (ii). □ 



Remark 4. Without any change it is possible to prove the preceding theorem in 
a more general form. Let z A{z) be an analytic function defined on an open 
subset G cC'^ such that the values A{z) are Taylor regular n-tuples of operators 
on X for all z e G. Let if e A[s, dz, C^(G, X)] satisfy (B+Sa{z))'^ = O. Then there 
exists a form 6 e A[s, dz, G"^(G, X)] with supp^ C suppV^ and if = {d + Sa(z))^- 



Recall that we interpret the differential form 

(2i)~'^dzi A • • • A dzn A d^^i A • • • A dzn (4) 

as the Lebesgue measure in 

Let P be the natural projection P : A[s, dz, G®°(G, X)] A[dz, G^(G, X)] 
that annihilates all terms containing at least one of the indeterminates si, . . . , 
and leaves invariant all the remaining terms. 
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The following simple proposition will be used frequently. 



Proposition 5. Let rj e A'^[s,dz,C'^{G, X)] be a differential form with compact 
support disjoint with (Jt{A) such that {d + 6)r] = 0. Then 



/ Prj A dz = 0, 

Jc^ 



where dz stands for dzi A • • • A dzn- 
Proof. We have 

Pt) = P{8 + d)Wrj = PdWrj - dPWrj, 
where PWr] has a compact support. By the Stokes theorem, we have 



I PrjAdz= / dPWr]Adz = 0. 



□ 



Let U he a neighbourhood of (Jt{A). It is possible to find a compact neigh- 
bourhood A of gt{A) such that A C /7 and the boundary 9A is a smooth surface. 
Let f he a function analytic in U. Define f{A) : X X hy 

f{A)x = / PWf{z)xs Adz {xe X), (5) 

where dz stands for dzi A • • • A dz„ and s = si A • • • A s„. By the Stokes formula, 

f{A)x = d(pPWf{z)xs A dz, 

where (/; is a C^-function equal to 0 on a neighbourhood of cft{A) and to 1 on 
\ A (consequently, ip = \ also on 9A). 

On \ A we have 

BifPW fxs = P{B + S)W fxs = Pfxs = 0. 



Thus we can write 



f{A)x = j^j^J^PWf{z)xsAdz. ( 6 ) 

It is clear from the Stokes theorem that the definition of f{A)x does not 
depend on the choice of the function ip and, by (6), it is independent of A. 

We show that f{A) does not depend on the choice of the generalized inverse V 
which determines W. 

Suppose that Wi , W 2 are two operators satisfying 

{B + ^)W^f{z)xs = f{z)xs (i = 1, 2). 
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For those 2 : where (p = 1 we have 

{dT6MWi-W2)f{z)xs = 0, 

and so the form {d + S)(p{Wi — W 2 )f{z)xs satisfies the conditions of Proposition 5. 
Hence 

0 = f P{d S)(p{Wi —W 2 )f{z)xs Adz = f Pdp{Wi — W 2 )f{z)xs A dz 

Jc^ Jc^ 

= I d(pPWif{z)xs A dz — I d(pPW 2 f{z)xs Adz. 

Jc^ Jc^ 

In fact, in the same way it is possible to show that 

for any form satisfying {8 + (5)'0 = fxs on \ ctt{A). 

It is possible to express the mapping PW that appears in the definition of 
the functional calculus more explicitly. By the definition of bF, we have 

PWxs = {-\Y-^V{8V)^-^xs - • • • 8Vr,-lXS. 



Since A[s,X] is a direct sum of 2^ copies of X, we can express V{z) : 
A[s,X] ^ A[s,X] in the matrix form whose entries are elements of 'H(X) de- 
pending smoothly on 2 : G G. 

We can write PWxs = "^^=1 A • • • dzi • • • Ad^^ for certain functions 

M(^) G G^(G, W(X)), where the hat denotes the omitted term. 

Thus we can write formulas (5) and (6) also globally: 

= (Sip / 9vPWf{z)Is A d3 

dA 

= j d^V{dVr-^f{z)IsAdz, 

where I = Ix the identity operator on X. The coefficients of forms in (8) are 
7f(X)-valued G°^-functions. Therefore f{A) G H{X). 



Lemma 6. f{A) is a bounded linear operator. 

Proof. Since f{A) G H(X), it is sufficient to show only the additivity. Let G 
X. Let (p he a G"^-function equal to 0 on a neighbourhood of (Jt[A) such that 
supp(l — p) is compact. Then 



- {2nir{f{A){x + y)- f{A)x - f[A)y) 

= f dpPW f ' {x P y)s Adz — j BpPW fxs Adz — f BpPWfysAdz 

Jc^ Jc^ Jcri 
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where 

r] = {B -y S)(pW f • {x + y)s — (9 + S)(fW fxs — {B S)(fW fys. 

It is easy to see that 77 has compact support disjoint with cft{A) and {B-\-S)r] — 0 . 
By Proposition 5, / Pr] Adz — 0 and f{A){x -\- y) = f{A)x + f{A)y. □ 

Proposition 7. For n = 1, the functional calculus dehned by (8) coincides with the 
classical functional calculus given by the Cauchy formula. 

Proof. Let A G B{X) and let / be a function analytic on a neighbourhood of cr{A). 
Then Wxs = Vxs = (A — z)~^x. Thus, for a suitable contour E surrounding cr{A), 
we have 

^ i = jk i 

which is the Cauchy formula. □ 



Proposition 8. Let f be a function analytic on a neighbourhood of cft{A), 1 < j < 
n and g{z) = Zjf{z). Then g{A) = Ajf{A). 

Proof. The statement is well known for n = 1. Suppose that n > 2. Then 



-{2mr{Ajf{A)-g{A)) 



Aj [ d(pPWfIs 
Vc" 

[ d(ff ■ {Aj - Zj 

Jc^ 



Adz— f difPWzjfls 
Jc^ 

)PWIs A dz. 



A dz 



For F C {1, . . . , n}, F = {ii, ... ,ip} with ii < i2 <••’< ip write sp = Si^ A • - A 
Si^. Express WIs G [s, dz, C^(G, X)] as 



wis= sjpa^f^ 

Fc{l,...,n} 



where contains no variable from si, . . . , Sn- Since {dp5A-z)WIs = Is, for each 
F {1, ... ,n} we have 

= 0 . 

keF 



In particular, for F = {j} we have 

- Zj)PWIs. 

Thus 

I B(ff • {Aj - Zj)PWIs Adz = - f BipfB^^jj A dz 

= - [ d{ipdf^yy - B(fif^[jy) Adz = 0 

Jc^ 

by the Stokes theorem. Hence g{A) = Ajf{A). 



□ 
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Proposition 9. Let A = {Au...,An) G B = e 

Suppose that {A, B) = {Ai, . . . ,An,Bi, . . . , Bm) is a commuting {n + m)-tuple 
and let f and g be functions analytic on a neighbourhood of (Jt{A) and (Jt[B), 
respectively. Let h be defined by h{z, w) = f{z) ' g{w). Then h{A, B) — g{B)f{A). 

Proof. Write = {zi, . . . j Zn) and w = {wi , , . . , Wm)- Denote by dz, and dz^w 
the d mapping corresponding to z^w and {z,w), respectively. We associate with 
B another system t = {h, ... ,tm) of exterior indeterminates when defining the 
operator 5b-w 

Choose mappings Wa, Wb and Wa,b corresponding to the tuples A,B and 
(A, B). Let A' and A" be compact neighbourhoods of (Jt{A) and (Jt{B) contained 
in the domains of definition of / and g, respectively. Let ip, 'll) and % be 
functions equal to 0 on a neighbourhood of ariA) (ctt(5) and ar{A,B)), and to 
1 on \ A' \ A" and \ A' x A", respectively). 

Denote by Pg and Pt the projections which annihilate all terms containing at 
least one of the variables si, . . . , 5^ {h, ... ,tm, respectively) and leave invariant 
the remaining terms. Set P = PgPt. 

Let X e X. We have 

where ^ = (dz + SA-z)^WAfxs — fxs. On \ A' we have (p = 1 and so ^ = 0. 
Thus supp^ is compact. Further, 

g{B)f{A)x = } [ Pt{dw + ^B-w)'>P'WB9i [ Psi Adz)t Adw. 

yZTTl) Jc^ ^ 

Since Wg is not linear, we cannot interchange it with the inner integral. However, 
consider the form 

V = (dw T ^B-w)'il^WBg(^J Ps^Adzy~{duj-\-SB-w)i^ j WB{Psg^ f\dz M), 

where Wb is extended to A [d^, dz, t, d'w, x (C’^\ctt(H)), X)] in the obvious 

way. Clearly, {0^ + Sb-w)'! = ^ ^^d snppg is disjoint with cft{B). On \ A" 
we have 'll) = 1 and r/ = 0, since supp A d 2 : A t) C supp^ x and we 

can interchange dw + Sb-w with the second integral. Thus Ptp A du; = 0 and 
we have 

{2m)^^^g{B)f{A)x= [ Pt{d^ + SB-r,)i^ [ WB{Psg^ Adz At) Adw. ( 9 ) 
Jc^ Jc^ 

On the other hand, -{27ri)^~^'^h{A, B)x = f Prji Adz A die, where 
rji = {dz,w + SA-z,B-w)xWA,Bhxs At - hxs A t. 



Clearly, suppryi is compact. 
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Set 

V2 = (dz,w + 5A-z.B-w)fl2WA.B9i /\t~ g^At. 

Then suppr72 C supp^ x Moreover, if ^ = 1 then 772 ^ 0 , and so supp7/2 is 
compact. On a neighbourhood of (Tt{A, B) we have 772 = = fgxsAt = —771. 

By Proposition 5 , we have / P(t7i + 772) A d2: A dw = 0 , and so 

{ 27 Ti)'^'^'^h{A, B)x = f Pr]2AdzAdw 

j£n + m 

= Pt{dz,^ + SB-^HPsWA,Bg^AtAdz)Adw 

by the Fubini theorem (the factor is caused by convention ( 4 ) defining the 

Lebesgue measures in C^, and respectively). By the Stokes theorem, 

we have 

{ 27 Ti)'^'^'^h{A,B)x= ( Pt{duj + SB-w)'il^( [ PsWA.sg^ ^dz At) Adw. 
Consider the form 

/ PsW A.SgiAdz / WB{Psg^^dzAt). 

Clearly, supp 773 n<JT(P) = 0 and {d^ PSb-w)V3 = 0 . If -0 = 1 then, by the Stokes 
theorem. 



V 3 



= [ Ps{dz^. 

Jc^ 



+ 5A-z,B-w)WA,Bg^ Adz At - [ d^PsWA.Bgi Adz At 

Jcr. 



- / Psgi Adz At = / Psgi Adz At - / Psgi Adz At = 

Jc^ Jc^ Jc^ 

Thus J Ptgs A die = 0 and 

{27Ti)^+^h{A,B)x = [ Pt{d,,p5B-ui)i^ [ WB{Psg^AdzAt)Adw 

Jc^ Jc^ 

= { 2 i:ir^^g{B)f{A)x 



by ( 9 ). Hence h{A, B) ^ g{B)f{A), 



□ 



We will use the following simple lemma: 



Lemma 10. Let K he a compact subset of and let f be a function analytic on 
an open neighbourhood of K. Then there are functions hj (j = 1, . . . , 72 ) analytic 
on a neighbourhood of the set D = {{z, z) : z e K} such that 

n 

f{z) - f{w) = - ’^j) ■ hj{z,w). 

i=i 
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Proof. For j = 1, , . . , n define gj by 

9j{zi, ■..,Zn,Wi,.. .,Wn) 

= Wj+I, . . . ,Wn) - f{zi, . . . . . . ,Wn). 

It is easy to see that gj is analytic on a neighbourhood of D. 

Let hj{z^w) = 7 - 3 ^* Clearly, hj is analytic at each point (z^w) with Zj ^ 
Wj. By the Weierstrass division theorem (see [GR], p. 70), hj can also be defined 
and is analytic also on a neighbourhood of each point {z^w) with Zj = Wj. Thus 
hj is analytic on a neighbourhood of D. Hence 

n n 

- Wj) ■ hj{z,w) = Y^gj{z,w) =f{z)-f{w). □ 

j = l j = l 

Recall that Hk denotes the algebra of all functions analytic on a neighbour- 
hood of a compact set R" C (more precisely, the algebra of all germs of functions 
analytic on a neighbourhood of R"). 

Theorem 11. Let A = {A \ , . . . , bean n-tuple of mutually commuting operators 

on X. Then: 

(i) the mapping f 1 -^ f{A) is linear and multiplicative, i.e., the Taylor functional 

calculus is a homomorphism from B{X); 

(ii) ifp is a polynomial, p{z) = EaeZ" ^»z°‘, then p{A) = EaeZ!j: 

(hi) if fn—^f uniformly on a compact neighbourhood of ax (A), then fn(A) — > 
f(A) in the norm topology; 

(iv) f{A) e (A)" for each f e 

Proof, (i) The linearity of the mapping / f{A) is clear. Let / and g be functions 
analytic on a neighbourhood of ax (A). Consider the (2n)-tuple {A, A). It is easy 
to see that ax{A,A) = {{z,z) : z G ax{A)}. Define functions hi{z,w) = f{z)g{w) 
and h 2 {z,w) = f{z)g{z). By Lemma 10, we can write g{z) - g{w) = ~ 

Wi)qi{z, w) for some functions qi, . . . ,qn analytic on a neighbourhood of ax {A, A). 
By Proposition 9, we have hi{A,A) = f{A)g{A) and h 2 {A,A) = (fg){A). Thus, 
by Proposition 8, 

n 

ifg){A) - f{A)g{A) = h^iA, - hi{A, A) = - A,){fqi){A, A) = 0. 

1=1 

Hence {fg){A) = f{A)g{A). 

(ii) The statement follows from Propositions 7 and 9. 

(iii) Follows from the definition. 

(iv) Let S G B{X) be an operator commuting with t4i,...,A„. By Pro- 

position 9, it is possible to consider f{A) to be a function of the {n -f 1)- 
tuple (Ai, . . . , An, S'). Therefore f{A) commutes with its argument S. Hence 
/(A) G (A)". □ 
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It follows from the general theory that the Taylor spectrum satisfies the 
spectral mapping property for all polynomials (and consequently, for all functions 
that can be approximated by polynomials uniformly on a neighbourhood of the 
Taylor spectrum). In fact the spectral mapping property is true for all analytic 
functions. To show this, we need the following lemma: 



Lemma 12. Let A = {Ai ^ . . . , An) be a commuting n-tuple of operators on X, let 
c— (ci, . . . ,c„) G (It {A) and let f be a function analytic on a neighbourhood of 
(Jt{A). Consider exterior indeterminates t = (ti, ... ,tn) ^nd the operator Sa-c^i • 
A[t,X] A[t,X] defined by 5A-c,t'4^ = ~ ^ A[t,X]. 

Let rjo ^ Ker 6A-c,t’ Then (f{A) - /(c))r/o G SA-c,tA[t, X]. 

Proof. Without loss of generality we can assume that rjo is homogeneous of degree 
P, 0 < p < n. 

To define f{A), consider exterior indeterminates s = (si, . . . , s^), the map- 
ping 6a-z acting on A[s, d2, \ aT{A),X)] defined by the formula 5a-z'^ = 

A t/j, and the mapping W a corresponding to A. We can lift 5a-z 
and Wa to the space A[s, dz, \ X)] in the natural way. Note that 

6a-z and Wa are connected with variables s; the mapping 6A-c,t is related to 
variables t. 

Set T] = fpoAs and We show by induction 

that {B + SA-z){^A-c,tWA)^p = 0 for all k. This is clear for k = 0; for k > 
1 we have {8 + Sa-^XSa-cM’^V = -Sa~cA8 + SA-^)WA{SA-c,tWAA-^V = 
-5A-cA^A-c,tWAA~A = 0. Hence 

{B + Sa-z + ^A-C,t)^l = {B + ^A-c,t^l 

n n 

= Y.^-l)\5A^c,tWAfr) + Y,{-l)\5A-ctWAf+A = V, 

k=0 k=0 



since {Sa-ca^a)^~^^ = 0. Let cp he a C'^-function equal to 0 on a neighbourhood 
of cft{A) such that supp(l — p) is compact. Let Ps be the projection annihilating 
all terms that contain at least one of the variables si, . . . , and leaving invariant 
all other terms. 

Consider the integral 

y (a + Sa-cAPsV^1 a d2 = j {8 + 5A-c,t)Ps^0^All - WASA-c,tWAr) H ) A d2. 



Since Wa{Sa-ca'^a)^P has degree p k in t and n — k — 1 in (s,dz), the only 
relevant term in the integral above is WaP- Thus 



y 



- j 






+ Sa-cA^s^A a d2 = {8 + 6A-c,t)Ps<pWATJ A d2 



8PsifiWA'n = -(27ri)”/(^)77o- 
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Consider now the n-tuple B = (ci/, . . . , c^/) G 3{X)^. Since / can be 
approximated by polynomials uniformly on a neighbourhood of c, we note that 
f(B) = /(c) • I. 

As above, consider the mappings 5b-z and Wb connected with variables s. 
Let ^2 = As above, we have {B + 5b-z + 

^A-c,t )^2 = V and 

J (9 + SA-c,t)PsV>^2 A d0 = J{9 + SA-c,t)PsfWBT] A d^ 

= j dPsfWBV A d 2 = -(27ri)”/(B)7?o = -(27ri)”/(c)%- 

To show that {f (A) — f {c))t]q G 5A-c,t^[t^ consider the linear mapping U acting 
on A[s,t,dz,C^{C'^ \aT{A),X)] defined by 

U {ti^ A--- Ati^ Alp^ = (tij - Si J A • • • A (ti„ - Si„) A 

for all %i,. . . Am and -0 G A[s, dz, \ (Jt{A),X)]. We have PgU = Ps and, 

for each 'ip G A[5,t,dz, \ (Jt{A),X)], 

U{d P Sa-z + ^A-c,t)'^ 

= BUrp + - zj)sj AU^ + - Cj){tj - Sj) A U'4) 

= (3 + 5B-z + 5A-c,m- 



We have 



-( 27 Ti)"/(A )770 = j{B + 5A-c,i)Ps^il ^dz= j Ps{B 



- J PsU{B 



+ Sa-z + SA-c,t)‘P^i A dz 



Jp.(S 



+ Sb 



+ ^A-z + ^A-c,t)T^l A dz 
-z PSA-c,t)TU^i Adz. 



Thus 

-(27ri)"(/(A)-/(c))r/o- ^ P.(a + <5s-, +<5^-c,t)v^(C/6 -6) Adz = jPsOAdz, 



where 0 ^ {d T Sb-z + ^A-c,t)^{U^i - <^ 2 )- ^ ^ 1 then 6 = {d Sb-z + 

SA-c,t)U^i —T] = U{d-\- Sa-z + SA-c,t)^i — rj = Urj — rj = 0; so supp 6 is compact. 
Furthermore, 6 can be written as 0 = (9 + Sb-z + Sa-ca)'^ some form 'ip G 
A[s, t, dz, C^(C^, X)] with compact support. Indeed, by Remark 4, there exists a 
form I? G A[s, t, dz, dw, 0^{C?'^,X)] with supp-?? C supp0 x such that {Bz^w + 
Sb-z + SA-c,t)'^ = 



27. Taylor functional calculus 



253 



Set 'tp{z) = 'j9o(z, c), where is the part of containing none of the variables 
dwj. Then supp'0 C supp^ and (dz -h S b-z T SA-c,t)'^ = By the Stokes theorem, 

J Ps6Adz = j Ps{dzd-6B-z + ^A-c,t)i^ 

= J d^Psi> Adz + j PsSA-c,ti’ A dz 

= SA-c,t J Ps'4’ £ SA-c,t^[t,X]. □ 

Proposition 13. Let A = (Ai, . . . , An) be a commuting n~tuple of operators on X, 
c = (ci, . . . ,Cn) € o-t(A) and let f be a function analytic on a neighbourhood of 
(Tt[A). Then the (n + l)-tuple [Ai — ci, . . . , f{A)) is Taylor regular if 

and only if f{c)^0. 

Proof. To the (n + l)-tuple {A — cJ{A)) we relate exterior variables 5i , . . . , Sn+i- 
Write for short s = (si,...,Sn). Let Sa-c • A[s,X] A[s,X] be defined by 
Sa-c'iP = ('^ ^ A[s,X]). Wehave A[5,Sn+i,X] = A[s, X]05n+iA 

A[s,X]. The operator Sa-cJ(A) corresponding to the (n + l)-tuple {A — c, /(A)) 
can be written in this decomposition in the matrix form 

_[5a-c 0 

^a-^J(a) - [f^A) -Sa-c)' 

We distinguish two cases: 

(a) /(c) = 0. 

Since c G ctt(A), there is a ^ 6 A[s,AT] such that Sa-c'^ = 0 and 'ip ^ 
(5a-cA[s,X]. By Lemma 12, there is an ry G A[s,X] such that f{A)'ip = Sa-cV' 
Then 6a-cJ{A){'>P + Sn+i A 77) = 0 and (V> + s„+i A ^ 5^_cj(4)A[s,s„+i,X] 
since ip ^ (5yi-cA[s, AT]. 

Thus the (n + l)-tuple (A — c, f{A)) is Taylor singular. 

(b) /(c) ^ 0. Without loss of generality we can assume that /(c) = 1. 

Let 'ip.ie A[s,x], ^A-cJ{A){i>d-Sn-\-l^C) = 0. Then Sa-c'iP = 0 and f{A)'ip- 
Sa-c^ = 0. By Lemma 12, f {A)'ip — 'ip e Ja-cA[s, X]. Since f{A)'ip G Ja-cA[s,X], 
we have 'ip = 6 a-cV ^r some rj G A[s,X]. 

Further, 6A-c{f{A)rj — 0 = f{A)'ip — Sa-c^, = 0. Thus there is a ^ G A[s,X] 
with f{A){f {A)r] - 0 - {f{A)r] - \) = ^a-cO. Set ry' = ry - (/(A)ry - ^). Then 
^A-ci = 5a-cV = ^ and /(A)ry' - 8a-c 0 ^ f{A)rj - /(A)(/(A)ry - 0 + ^a-cO = 

Hence 5a-cJ(A){v' ~ /\0) = {'ip + Sn-^-i A 0 and the 

(n + l)-tuple (A — c, /(A)) is Taylor regular. □ 

Lemma 14. Let A = (Ai , . . . , A^) be a commuting n-tuple of operators on X, let f 
be a function analytic on a neighbourhood ofariA). Denote by A the commutative 
Banach algebra generated by Ai,...,A^ and /(A). Let be a multiplicative 
functional on A such that (p{B) G (Tt{B) for all tuples B = {Bi, . . . , Bm) of 
operators in A. Then (p{f{A)) = f{(p{A)). 
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Proof. Consider the (n + l)-tuple [Ai - . . . ,An~ (f{An), f{A) — (p{f{A))) . 

By assumption, this (n + 1) -tuple is Taylor singular. By Proposition 13, we have 
f{ip{A)) - MA)) =0. □ 

Corollary 15 (spectral mapping property). Let a he a compact-valued spectral 
system on B{X) which is contained in the Taylor spectrum. Let A = {Ai, ..., An) 
be a commuting n-tuple of operators on X and let f = {fi, . . . ^ fm) be an m-tuple 
of functions analytic on a neighbourhood of ariA). Then d{f{A)) = f{a{A)). 

In particular, arifiA)) = /(ctt(A)). Similarly, a^k{f{A)) = f{a^k{A)) and 
(^6k{f{A)) = f{ask{A)) for all k = 0, . . . ,n. 

Proof. Consider the commutative Banach algebra A generated by Ai,. An and 
fi {A ), . . . , fm{A). Since the restriction of d to .4 is again a compact- valued spectral 
system, there is a compact subset K C M{A) such that d{B) = {^{B) : (p e K} 
for each tuple B — {Bi , . . . , Bk) C A. 

Then 

^(/(^)) = ■ ■ ■ ,vifmiA))) :ip£ K} 

= {/(c) : c e a{A)} = f{d{A)). □ 

Theorem 16. (superposition principle) Let A = {Ai , . . . , An) be a commuting n- 
tuple of operators on X , let f = {fi, . . . , fm) be an m-tuple of functions analytic 
on a neighbourhood of gt{A), let B = f{A), let g be a function analytic on a 
neighbourhood of cjt{B) and let h{z) = g{fi{z ), . . . , fm{z)). Then h{A) = g{B). 

Proof. By Lemma 10, g{v) — g{w) = ~ '^j)'^j{'^^'^) some functions 

ri,...,r^ analytic on a neighbourhood of the set {(u,^;) : v G gt{B)^. Thus 
9{f{z))-gM = where r' ( 2 :, u;) =rj{f{z),w)) and the 

functions r' are analytic on a neighbourhood of the set gt{A, f{A)) = [{z, f{z)) : 
z G gt{A)}. Thus h{A) - g{B) = ~ Hence h{A) = 

9(B). □ 

As a corollary of the Taylor functional calculus we obtain the properties of 
the functional calculus in commutative Banach algebras which were formulated 
without proof in Section 2. For convenience, we state them here once more in an 
extended form. 

Theorem 17. Let A be a commutative Banach algebra. To each Unite family a — 
(ai, . . . , Un) of elements of A and each function f G possible to assign 

an element f{a)^A such that the following conditions are satisfied: 

(i) if f{zi, . . . , Zn) — ^ polynomial in n indeterminates, 

then f(ai, ...,an) = 

(ii) the mapping f f{ai, ... ,an) is an algebra homomorphism from the algebra 
Bcr(ai,...,an) ^O A, 
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(iii) if U is a neighbourhood of a(xi, ... ,Xn), f, fk ^ N) are analytic in U and 
fk converge to f uniformly on U, then 

//e (^1 ? • • • 5 ^n) ^ f j " • • y ^n) 5 

(iv) if if G M{A) and f G then 

(f{f{ai,...,an)) = f{(f{ai),...,(p{an)); 

(v) a(/(ai, . . . , Un)) — /(^■(ai , . . . , a^)) for each compact-valued spectral system 
in A; 

(vi) if ai,^...,am E A, n < m, f e and / G sat- 

isfy /(^i, . . . , Zm) == fi^iy • • • 5 ^n) for all zi, . . . ,Zm in a neighbourhood of 
cr(ai, . . . ,am), then 



/((2i , . . . , dm) — /(ai 5 • • • , a^i,) 5 

(vii) if /i, ... ,/m € ffa(a), h = fi{a), g G and h G ff^(a) is dedned 

by h{z) = g{fi{z ), . . . , /m(2:), then b(a) = ^(5); 

(viii) properties (i), (ii), (iii) and (vi) determine the functional calculus {a, f) 
f{a) uniquely. 

Proof. For an n-tuple a = (ai,...,an) G A^ consider the left multiplication 
operators G B{A) defined by = UiX {x e A, i = 1, ... ,n). Then La = 
{La^ , . . . , Lar^) is a commuting n-tuple of operators. 

Further, <r(a) = (Jt^Lo)- Indeed, if 0 G cr{a) then ^ ^aiA and 0 G 
(^d{La) C ariLa). Conversely, if 0 ^ o-{A) then there are bi,...,bn E A with 
Then Yl^aiLbi Ia and 0 ^ ariLa) by Proposition 24.3. 

For a function / analytic on a neighbourhood of a{a) set /(a) = /(La)l^. 
Since f{La) E {La)", for each b E A we have f{La){b) = f{La)LbilA) = 
Lbf{La){lA) = b • /(a) = Lf^a){b). Thus /(L,) ^ 

Properties (i), (ii), (iii), (vi) and (vii) follow from the corresponding proper- 
ties of the Taylor functional calculus; the multiplicativity follows from the obser- 
vation that 

{f9){a) = (/fl')(i'a)(l^) = f{La)g{La){lA) = Lf(a)9{o) = f{a)9{a)- 

Property (iv) follows from Lemma 14; this implies also (v). 

It remains to show the uniqueness of the functional calculus (viii). Let / be 
a function analytic in an open neighbourhood Lf of cr(ai, . . . , a^). 

(a) We first show that there are elements an+i,...,am G A such that 
(ai,..., a„) C[/. 
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Set Z = {{zi,...,Zn) e C” : \zj\ < ||aj|| (j = l,...,n)}. If A = 
(Ai, . . . , A„) G Z \ U then A ^ - . . ,««), and so there exist y\^i, . . . ,y\,n 

such that ~ ^j)y^J — 1* Thus 

^ ^ . . ,a^) 

and there exists an open neighbourhood of A such that 

n . . . ,a„) = 0. 

Since Z \ U is compact, there are points A^^\ . . . , A^™^ £ Z\U such that 
U^i Uxii) D Z \ U . li is the algebra generated by a\,. . . where 

{^n+l 7 • • • 7 ^m} ,1 1 ' ' ‘ 1 VxO) ,n? • • • ? • 7 2 /a(”^) ,n } i 

then (ai , . . . , a^) C U . 

Extend f toUx by f{z \, . . . , Zm) = f{zi , . . . , z^)- Clearly, / is analytic 

on a neighbourhood of (ai, . . . , am)- 

(b) Write K = (j'^°(ai, . . . , Um)- By Theorem 2.18, X is a polynomially 
convex set. We show that there is a polynomially convex neighbourhood V oi K 
such that V C.U X C^n-n^ ^ 

Choose r > 0 such that cr'^°(ai, . . . , am) C A(0, r) = {(zi, . . . , Zm) € : 

< ^7 = I7 • • • 7 ^}* For every A G A(0, r)\{U xC'^~^) there exists a polynomial 
p such that |p(A)| > max{lp(z)| : z G K}. Using the compactness of the set 
A(0,r) \ {U X we get that there exist a finite number of polynomials 

pi, . . . ,Ps and positive numbers si, . . . , such that 

V={ze A(0,r) : \pi{z)\ < \\pi\\K + {i = 1, . . . ,s)} C U x 

Clearly, U is a compact polynomially convex neighbourhood of <j‘^°(ai, . . . , am)- 
Thus f can be approximated by polynomials uniformly on V. Consequently, 
/(ai, . . . , Qn) = • - • cim) is determined uniquely. □ 



28 Local spectrum for n-tuples of operators 

Definition 1. Let A = {Ai, . . . ,An) be a commuting n-tuple of operators on a 
Banach space X and let x G X. The local spectrum of A at the point x is the 
subset ^x{A) C defined by: A = (Ai, . . . , A^) ^ ^x{A) if and only if there exist 
a neighbourhood U oi X and analytic functions /i , - - - , /n • U X such that 
jy=iiAi - Zi)fi{z) = X (zgU). 

Clearly, ^x{A) is a closed subset of For single operators this definition 
coincides with the definition given in Section 14. 

Theorem 2. Let A = {Ai, An) be a commuting n-tuple of operators on a Ba- 
nach space X, let x e X. Then A ^ Jx(A) if and only if there exist a neighbourhood 
U of X and G [ 5 , dz, X)] such that {B + Sa-z)'^ = xs (z G U), 

where s = Si A • • • A Sn- 
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Proof. As in the previous section, write for short S instead of Sa-z- 

Suppose that — Zi)fi(z) = x {z e U) for some analytic functions 

fi_: U X. Set Ip = A A Si_i A s,+i A Then 

{d + S)ip = Sip = - Zi)fi{z)Si A---Sn = xs. 

Let now be a polydisc centered at A, and let ip G A"“^[s,d 2 , X)] 

be a form satisfying {B + 6)ip = xs. Write ip = ip^ ipn-i, where ipj is of 

degree j in dz. Then 



5ipQ = xs, 

Bipo + Sipi = 0 , 

d'tpn-2 + Slpn-l = 0 , 

dlpn-l = 0 . 

By Theorem A. 3. 5, the sequence 

0^ H{U,X)^C°°{U,X)-^A^[s,dz,C^{U,X)]-^ ■ •• 

• • • -^A”[s,dz,C°°(C/,X)] ^0 

is exact, where j is the natural embedding. Thus there exists (pn -2 of degree n — 2 
in dz such that d(pn -2 — Then 0 == 5'0n-2 + Sd(fn -2 = ^('^n -2 ^^n- 2 ), 

and so there exists (fn-s of degree n — 3 in dz such that dcpn-s = 'ipn -2 — ^^n- 2 * 
If we continue in this way we can construct forms (fi (z = n — 2, n — 3, . . . , 0) 
of degree i in dz such that d(pi — Set ^ = 'ipQ — Sipo. Then = d'lpo + 

Sd(fo = d'lfo + S'lfi = 0. Thus ^ G [s, dz, C^{U, X)] has analytic coefficients, 
^ ’ • As^_i A - • 'ASn for some analytic functions fi : U ^ X . 

Further, <5^ = S'lpQ = xs, and so — Zi)fi{z)x = xs {z E U). □ 

Recall that crs{A) denotes the surjective spectrum of A. 

Theorem 3. Let A = (Ai,...,An) be a commuting n-tuple of operators on a 
Banach space X and let x E X. Then: 

(i) 7 x(A) C (Ts{A) for all x E X; 

(ii) the set of all x E X with 7 x(A) = os (A) is residual. 

Proof, (i) Let x E X and A ^ ct6{A). Then there is an open neighbourhood U 
of A disjoint with os{A). Thus the operator 5'^z\ • A] — > A^[s, A] is onto 

for z E U. By Theorem 11.10, there is a neighbourhood V of A and an analytic 
function f : V A’^~^[5,A] such that S^z\f{z) = xs (z E V). This means 
exactly that A ^ 7 x(A). 

(ii) Let be a countable dense subset of os {A). For each j let Mj = 

{Ai — zc(‘^^)A H -f- (An — Wn^)X. Since E os{A), we have Mj ^ X, and so 
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it is a set of the first category by Corollary A. 1.8. We have 



{xeX: 7,(^) ^ = |J{x € X : ^ ^,{A)} C \JMj, 



J 



3 



which is a set of the first category. 



□ 



Next we define an analogue of the analytic residuum and the local spectrum 
Gx for n-tuples of operators. 

Definition 4. Let A — {Ai,...,An) be a commuting n-tuple of operators on a 
Banach space X. Denote by p{A) the union of all open sets G C with the 
following property: the sequence 



is exact for each open subset G' C G. 

Let Sa = \ p{^)- For x e X define Gx{A) = ^x{A) U Sa- 

For n = 1, this definition coincides with that in Section 14. Indeed, if A\ G 
S(X), G' C C is open and the sequence 

0 ^ [si , df 1 , (G' , X)] ^ [si , d^i , (G' , X)] 

is not exact, then there exists a non-zero G"^ -function / : G' — > A such that 
{d + 5)f = 0. This means that / is analytic and {A\ — zi)f{z) = 0 ( 2 : G G'). 

Theorem 5. Let A — (Ai, . . . ^ A^) be a commuting n-tuple of operators on a 
Banach space X, let x e X. Then Sa C gt{A) and Gx{A) C gt{A). 

Proof. Let G' be an open subset of C'^ \ gt{A). Consider the restriction of the 
mapping Wa constructed in the previous section to G'. Let p < n — 1 and let 
-0 G A^[s,dz,G^{G',X)] satisfy = 0. Then^^ = {§ -L 6)W A'lp ^ Ran(9-h(5) 

and the sequence (1) is exact. □ 

To obtain more detailed properties of the local spectrum Gx , we need several 
lemmas. 

Lemma 6. Let U\,U 2 be open subsets of and let f G G^{Ui fl t/ 2 )- Then 
f = f I - f 2 on Ui n U 2 for some functions fi G G^{Ui) and fy G G"^(/72). 

Proof. Let {pj} be a G°°-partition of unity subordinate to the cover {t/i,f/2} 
of Lf\ U G 2 . This means that d < pj < 1, Yhj ^3 ~ z £ U\C Lf 2 has a 

neighbourhood intersecting only finitely many supports of pj , and either supp (fj C 
Ui or supp(/:?j C G2. 



0 ^ A° [s, dz, G°°(G', X)] ^Ai [s, dz, G°°(G', X)] ^ • 

•••^A” [s,d2,G°°(G',X)] 



( 1 ) 
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Define fi G C^{Ui) and /s G C^{U 2 ) by 

f (.)- I Esupp^,cc/ 2 e c/i n c/2), 

(zeU^\U2) 



and 

f r.i- Esuppv.,(rc /2 {z&Uin C/ 2 ), 

(zeU2\Ui). 

Obviously, f\ — f 2 = / on D t /2 and /i is smooth on (7i \ 9t/2- Let A G fl 5/72- 
Then there exists a neighbourhood F of A intersecting only finitely many supports 
of ^pi. Thus there exists a neighbourhood V' C V of X such that V' fl supp (pi = ^ 
whenever supp(^i C f/ 2 . So /i vanishes on V'. Hence fi G C^{Ui). 

Since supp(^j ^ U 2 implies supp(/:)j C Ui, the same considerations apply 
to / 2 . □ 



Lemma 7. Let 2 < p < 2n, let Ui,U 2 be open subsets of and suppose that the 
sequence 

AP-2[s, dz, C°°{Ui n c/2, X)] ^AP-i[s, dz, C°°{Ui n C/2, X)] 

^AP[s, dz, C°°{Ui n C/2, X)] 

is exact. Let p G [s, df, (7^(/7i U U 2 ,X)'\ and {d + S)xpi = p on Ui for 
some G [s, dz, X)] (i = 1,2). Then there exists a form -0 in 

AP~^ [s, dz, C^{Ui U U 2 , X)] such that {d + — p onUiUU 2 . 

Proof. We have {d + - '^2) = 0 on /7i fl U 2 , and so 

for some ^ G A^“^ [s, dz, C^{Ui D C/2, X)] . By the previous lemma, we can write 
^ — ^2 on /7i n U 2 for some G A^“^ [s, dz, C^{Ui, X)] (i = 1, 2). Define 

^ - (5 + (-2^ ^ L'l), 

\V'2(-27 (^ + <5)6(2:) {zeU2). 

The definition is correct, since for z G C/i fl C/2 we have '0i(z) - (9 + = 

^1(2) — (^ + ^)(^ + ^2(^)) = '02 (^) — + Clearly, 0 is the required solution 

of {d + J)0 = 77 on C/i U C/2. □ 



Lemma 8. Let 2 < p < 2n and let G be an open subset of C^. Suppose that the 
sequence 

Ap-2 [s, dl, C°°(G", X)] ^AP-i [s, dz, C°°{G', X)] ^A^^ [s, dz, C°°(G", X)] 

is exact for each open subset G' C G. Let p G A^ [ 5 , dz, C^(G, X)] and suppose 
that, for every w ^ G, there are a neighbourhood Uw C G of w and a form 
'ifjyu ^ A^“^ [s, dz, C°°(C/^t;, X)] satisfying (d + S^'ipuj = p on U^. Then there exists 
a global solution 0 G [s, dz, C^{G, X)] satisfying (d -f- 5)0 — p on G. 
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Proof. Since every compact subset K C G can be covered by a finite number 
of neighbourhoods the repetitive use of Lemma 7 gives that there exist a 
neighbourhood Uk of K and a form 'ijjK ^ A'^~^[C'^{UK,X),s,dz] with (5 + 
— rj on UK- 

Let be an increasing sequence of compact subsets of G such that 

U^i We will construct inductively (p — l)-forms 'ijji defined on a neigh- 

bourhood of Ki such that {d -\- S)'ijji = rj and = '0^ on a neighbourhood of 
Ki. 

Suppose that 'ipi, ... have already been constructed and let be an 
arbitrary solution of {§ -h = p on a neighbourhood of K^+i- Then {d -h 

~'^k) = 0 on a neighbourhood of Kk, and so = {dVS)^ for some 

{p — 2)-form ^ defined on a neighbourhood V of Kk- Let (p G C^{G) satisfy ip = 1 
on a neighbourhood of Kk and (p = 0 outside V. Set 'ipk-j-i = '0^+1 ~ Then 

{B 6)xpk-\-i = p on a neighbourhood of Kk-\-i and 'ipk-\-i = 'ipk on a neighbourhood 
of Kk- Define ip{z) = limfc^oo i^k{^)- Clearly, 'll; is the required global solution. □ 

Corollary 9. There is a global solution 'ip G dz, C'^(C^ \ ax{A),X)] satis- 

fying {B -h S)'ip = xs. 

Moreover, if x 0, then (Jx{A) ^ 0. 

Proof. The first statement follows from Lemma 8. 

Suppose on the contrary that ctx{A) — 0. Then there exists a global solution 
Ip G A'^~^[s,dz,C^{C'^ , X)] such that (B -h 6)'ip = xs. By formula (7) in Section 
27, we have 

— {27ri)'^x — —{27ri)^Ix= f BP'ipAdz^ f P{B T S)ipdz = f PxsAdz = 0. 

Jcri j£n j£n 

Hence x = 0. □ 



Theorem 10. Let w = {wi, . . . , Wn) ^ Sa and {Ai -'Wi)X-\ \-{An — Wn)X = X. 

Then A — w is Taylor regular. 



Proof. We must prove the exactness of the Koszul complex 



0^ A°[s,X] ^Ai[s,X] 






A n—1 



A^-^[s,X] ^A^[s,X] ^ 0. (2) 



The condition {Ai —'Wi)X-\ h {An — Wn)X = X means that is onto and 

the Koszul complex (2) is exact at A’^[s,X]. 

We prove the exactness of the complex (2) by “downward” induction. 

Suppose that 1 < p < n and Kei5^_^ = Ran^^T^^. Let 'ip G Ker5^T^^. By 
Lemma 11.3, there exists a neighbourhood U of 'w such that Ker6^_^ = Ran^^T^ 
for all z e U. By Example 10.23 (iv), the function z t-^ regular and 

analytic in U. Thus there exist a neighbourhood Uq of 'w and an analytic function 
f : Uo AP~^[s,X] such that f{w) = 'ip and S^_}^f{z) = 0 (z G Uq). Since 
w ^ Sa^ there exists a neighbourhood V C U of 'w and an analytic function 
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g : V ^ AP ‘^[s^X] such that S^^^g{z) = f{z) (z G V). In particular, 'll; = 
f{w) = G Ran (5^1^ and the Koszul complex (2) is exact at Ap~^[s, X]. 

The continuation of the induction argument gives that T — w is Taylor regular. 

□ 



Theorem 11. The set {x G X : (Jx(A) ^ is of the first category. 

Proof. Let w G cft{A). We prove first that {x G X : w ^ ax {A)} is of the first 
category. Indeed, if w ^ cTx(A) then x = J2J^i(Aj — Zj)fj(z) for some analytic 
X- valued functions defined on a neighbourhood of w. In particular, xe(Ai — 
wi)X P — • {An — Zn)X = KanS^zXj' The previous theorem implies that {Ai — 

wi)X H + {An — Wn)X ^ X, and so {x e X : w ^ ax{A)] C RanJ^T^, which 

is a set of the first category. 

Let be a countable dense subset of ar{A). Then 

{x G X : (Tx{A) ^ ariA)] = (J{x € X : ^ crx{A)}, 

j 



which is of the first category. 



29 /c-regular functions 

In Sections 10 and 11 we studied operator- valued functions with continuously 
changing ranges and kernels. In this section we generalize this notion to operator- 
valued functions with finite-dimensional “jumps” in the range (kernel). 

Definition 1. Let L, X be subspaces of a Banach space X. Let /c > 0. Set 

5k{L,N) = inf{(5(L,X') : N' D X,dimX7X < A;}, 

Sk{L,N) - inf{?(L,X') : N' D N,dimN'/N < k} 

and 

^k{L,N) = inf{^(L',X) : L' C L,dimL/L' < k}. 

Let M be a closed subspace of a Banach space X with codim M = k < oo. 
Recall that there exists a projection P G B{X) with ||P|| < A:-|- 1 and KerP = M, 
see Theorem A. 1.25. 

The quantities 5k and 'dk are closely connected. 



Lemma 2. Let L, N be closed subspaces of X. Then: 

(i) 4 (L,X)<(/c + 2)^,(L,X); 

(ii) ML,N)<(k + lfSk(L,N). 
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Proof, (i) Let L' C L, dimL/L' < k. Let P G 1S{L) be a projection satisfying 
KerP = L' and ||P|| < k 1. Let F = RanP. Then L = L' 0 P and dimP < k. 

We show that S{L,N + P) < (A: 0 2) • 6{L',N). Let x e L, \\x\\ = 1. Then 
X = /' + / for some /' € L' and f e F, and ||/'|| = ||(/ - P)x\\ < kp 2. There is an 
n e N with ||/' — n\\ < {k + 2)S{L', N). Thus 

distja:, N F} < ||x — n — /|| = ||/' — n\\ < {k 2)S{L', N). 

Hence 6{L, N F) < {k 2)S{L', N). This proves (i). 

(ii) Let N' D N, dimN'/N < k. Let P E B(N') be a projection such that 
KerP = N and ||P|| < A: + 1. Let P = RanP. Then dimP < k and N' = N ® F. 

By the Auerbach Lemma, see Theorem A. 1.23, there is a biorthogonal system 
fj e P, /* G P* (j = 1, 2, . . . ,dimP) such that ||/i|| = 1 = ||/j'|| and (/i, f*) = 
6ij for all i, j. 

Extend /* to functionals on y* on N' by setting yj\N — 0. For x e N' we 

have 

l(a;,J/PI = \{PxJ*)\ < ||P|| • ||a:||. 

By the Hahn-Banach theorem we can extend y* to a functional on X (denoted 
by the same symbol y*) with the same norm \\yj\\ ^ ii^ii <[ k Let L' — 
L n Ker?/*. Clearly, dimi/L' < k. 

We prove that S{L',N) < {k + N'). Let x £ L' C L, ||a;|| < 1. 

Then there exists y e N' with ||x — y|| < S{l/n'). Let Q G B{X) be defined 
by Qx = ^j{x,yj)fj. Then Q is a projection onto P, KerQ 0 L' and ||(5|| < 
k • max{||y*||} < k{k + 1). We have 

dist{x, N} < ||x -{I- Q)y\\ < ||/ - Q\\ • ||x - y|| 

< (1 0 k{k 0 1))(5(L, N') < (A: 0 N'). 

Hence S{L', N) < {k F l)^S{L, N'). This proves (ii). □ 

Theorem 3. Let k >0 and e > 0. Then there exists a positive number rj = rj{k^ e) 
with the following property: if M, iV, M' are closed subspaces of a Banach space 
X, M C M' , dimM'/M < k, 5{M, N) < rj and 6{N^ M') < rj, then there exists a 
subspace G C X with dimG < k and S{N, M F G) < e. 

Proof. We prove the statement by induction on k. For A: = 0 the statement is 
clear with G — {0} and y(0,e) = e. 

Suppose that the statement is true for A; — 1 > 0. Let e' = r](k — 1,^) be 
the number given by the induction assumption; we may assume that 0 < £' < 
e <1. Choose rj < Let M, N, M' satisfy the conditions of the theorem, so 

M c M', dimM'/M < A:, 5{M,N) < rj and 5{N,M') < rj. Let P G B(M') be a 
projection such that KerP = M and ||P|| < A: 0 1. Set P = RanP. So dimP < k 
and M' = M 0 P. 
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The statement is clear if S{N^ M) < in this case it is sufficient to take 
G = {0}. Suppose on the contrary that S{N^M) > so there is an x ^ N with 
||x|| = 1 and dist{x,M} > £. By assumption, there are mo G M and f ^ F such 
that ||x — (mo + /)|| < V- We have ||mo + /|| < \\x — (mo + /)|| + ||^|| < I F rj and 
||mo|| = ||(/ - P){mo + /)|| < (A: + 2)(1 + rj). Furthermore, 

£ < dist{x, M} < ||x - moll < ||x - (mo + /)|| + ||/|| < V + ll/ll, 

and so ||/|| > e — rj. 

Set Ml —My {/}. Since distjx, M} > e and dist{x. Mi} < rj < e, we have 
Ml ^ M and dimM'/Mi < A: — 1. It is sufficient to show that S{Mi^N) < s'. 
Indeed, the induction assumption then gives the existence of G' with dim G' < k—1 
and 6[M\ + G, A/') < e, and so we can take G = G' V {/}. 

To show that 6{Mi^N) < e', let u = m af ^ Mi with ||rA|| = 1, m G M 

and a G C. Then ||m|| = ||(/ — P)u\\ < k + 2 and ||q^/|| = ll^^ll < A: + 1. Thus 

|q:| = Then there exists n e N with 

||m - n|| < (A: + 2) J(M, A^) < (A: + 2)ry. 

Similarly, there exists no ^ N with 

11^0 - ?^o|| < (^ + 2)(1 + rj)S{M, N) < {k-\- 2)(1 + rj)rj. 

Thus 

dist{ii, N} < ||m -t- af — n — a{x — no)|| < ||m — n|| + |o;| • ||/ — x + no|| 

< \\m - n\\ + |o:|(||/ - a: + mo|| + ||no - mo||) 

< {k + 2)77 + 4. 2)(1 + 77)77) < ^ q 

e — rj ^ € 

Lemma 4. Let k >0 and s > 0. Then there exists rj > 0 with the following property: 
if M, N, M' are closed subspaces of a Banach space X, M C M', dimM'/M = k 
and S{M',N) < 77, then there exists a subspace G C N such that dimG = k, 
5{M FG,N)<s and 

Wm + gW > 4(fc^ 1) max{ll™IUIgll} {'m- ^ M,g e G). 



Proof. We can assume that e < 1. Let M,M'^N satisfy the conditions of the 
lemma and let rj he a positive number satisfying rj < 

Let P G B{M') be a projection satisfying KerP == M and ||P|| < A: + 1. Set 
F = Ran P. Then dim F = k and M' = M 0 P. Choose a biorthogonal system 
/i, ..., fy G P, /i*, G P* such that ||fy|| = 1 = ||/;|| and (fy, /*) = 5,, for 

all z, j. If G C (i = 1, . . . , A:) then 






i=l 



i=l 



= 
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for all j. Hence 



k k 

max{|o!j| ■.j = l,...,k}< ||^Q!i/i | < ^|ail- 

i=i 



i=l 



For each j = there exists rij G N with \\rij — fj\\ < 77. Set G = 

V{ni, . . . ,nfc}. Then G C N. 

Let $:M + F^M + Gbe the operator defined by 



K K 

$(m + j = m + (meM, QjeC). 



i=l 



i=l 



Let m e M, / = oafi G F and let x = m + / be an element of M + F of 
norm 1. Then ||m|| = ||(/ - P)x\\ < k + 2 and |ai| < ||/|| = ||Px|| < fc + 1 for all 
2 = 1, . . . , /c. Hence 



k 

X - #a;|| = j|y^ ai{fi - Ui) 

2=1 



< k{k + 1)77. 



Thus ll^ll < 1 + A:(A: + 1)77 < 2. Further, is onto and ||^x|| > 1 — A:(A:-hl)77 > 1/2. 
Hence $ is invertible and ||^“^|| < 2. 

Let x = 7ti + ^gMH-G, ||x|| = 1. Let / = Then 

||m|| = 11(7 - P)(m + /)|| < (fc + 2)||m+ /II = (fc + 2)||$-ia:|| < 2{k + 2) 



and 

Il9ll = \\m < ll^ll • ll^^ll • 11^ + /II < 2(fc + l)||$-'^|| < 4(fc + 1). 



Hence 

\\m + g\\ > 4^^^^^ max{||m||,||g||} 
for all m € M and g £ G. 

We show that 5 {N,M + G) < e. Let n e N, ||n|| = 1. Then there exist 
me M and f = ^ ^ that ||n - m - /|| < rj. Thus ||m + /|| < 1 + 77, 

IHI = ||(/-P)(m + /)|| < (/c + 2)(l+ry) and ||/|| = ||P(m + /)|| < (fc + l)(l+77). 
Hence |o;i| <{k + 1)(1 + 77) for all i. We have 



dist{n, M + G} < 

k 

< ||t 7- (7n + /)|| +^|a,| • ll/i - Tiill < 77 + A;(fc + 1)(1 + 77)77 < e. 

2=1 



n 



m + 



E< 

„■ — 1 






Hence 6 {N, M + G) < e. 
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Finally, we show that S(M + G,N) < e. Let m G M, g = ^aiUi G G and 
|| 77 i-f ^11 — 1 . Then |lm|| = ||(/- P)^~^(7n + ^)|| < 2(A: + 2) and there exists n e N 
with \\m - n|| < ||m|| • r] < 2{k + 2)r]. Further |j^|| < ||m|| + ||m + ^|| < 2A: + 5 and 






< 



E"=i “i/i = \\^~^9\\ < 2||5|| < 4fc + 10. Hence 



dist{m + g,N} < \\m - »^|| + ^ \ch\ ■ \\ni - fi\ 



i=l 



< 2{k + 2)rj + k{4k + 10)r] < e. 



□ 



Theorem 5. Let X, Y be Banach spaces and U a metric space. Let T : U ^ ^(X, Y) 
he a norm-continuous function, w e U, k > 0 and suppose that RanT(u;) is closed. 
The following statements are equivalent: 

(i) lim2->w^fc(R•anT(^),RanT(^^;)) = 0; 

(ii) lim^-^-u; '^A:(RanT(2:),RanT(i(;)) = 0; 

(hi) lim; 2 _^i; (Ran T( 2 :), Ran T(^(;)) = 0; 

(iv) 6k{KevT{w),KeiT{z)) = 0; 

(v) Umz^w'^k(YerT(w),KerT(z)) = 0; 

(vi) lini; 2 ^^i; (5A:(KerT(i(;),KerT(z)) = 0; 

(vii) lim^^^f; (RanT( 2 r)*, RanT(t(;)*) =0. 

Moreover, if any of conditions (i)-(vii) is satisfied, then KanT{z) is closed for all 
z in a neighbourhood of w. 

Proof. By Lemma 2, (i)44>(ii) and (iv)<t:^(v). 

Since J(RanT(ic),RanT( 2 :)) -4- 0 and <^(Ker T( 2 :),KerT(ic)) ^ 0 by Lemma 
10.12, the equivalences (i)<t4^(iii) and (iv)44>(vi) follow from Theorem 3. 

(iii)=^(iv): Let e be a positive number, e < 1. By Lemma 4, there exists a 
neighbourhood Uq of w with the following property: if z e Uq then there exists a 
subspace F C RanT(z) with dimF < k, S(RanT{w) + F, RanT(z)) < e/6, and 

\\T{w)x + f\\ > max{||r(w)x||, ||/||} (1) 

for all X G X and f ^ F. We may also assume that \\T{z) — T{w)\\ < for 

all Z E: Uq. 

Fix z e Uo and F with the above described property. Let S^.Sz : X0F ^ X 
be defined by 



Sw{x®f) = T{w)x + 'y{T{w)) ■ f, 

Sz{x®f) = T{z)x + 'y{T{w)) ■ f 

for all a: € X ,/ € F; here X © F denotes the F direct sum of X and F. 
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Clearly, Ran Su) = RanT{w) + F and Ran^^ = RanT(z) F = RanT(2:). 
Thus S{Ran Sw ,R8i^ Sz) < <s/6. 

We show that 'y(Sw) > 0 < s < ^{T{w)) and let y E RanS'^^ = 

RanT(it;) + F be a vector of norm 1. Express y = T{w)x + / for some x E X and 
f ^ F. Then there exists x' e X with T{w)x' = T{w)x and ||x'|| < s~^\\T{w)x\\. 
We have Sw{x' 0 'y{T{w))~^ f) = T{w)x f = y and, by (1), 

||a;'©7(T(tt;))“V|| + ll/ll) <8(A:+l)s“^ ||T(w)a; + /II =8(fc + l)s“\ 



Hence 7(6',„) > Letting s ^ 7 iT{w)) gives 'y{Sn,) > Vk+i) ■ 

By Lemma 10.13, we have 

7(5,) = 7(5:) > 7(5;)(i - 2<5(Ker5;,Ker5:)) - ||5; - 5,* 
= 7(5^) (l - 2(5(Ran 5„ Ran 5^)) - ||5^ - 5, || 

> 'rjTjw)) / s\ £7(T(w)) ^ 7(T(w)) 

“ 8(fc+l)\ 3/ 48(fc + 1) - 16(fc + !)■ 

In particular, RanT(z) = RanS;^ is closed for each z e Uq. 

Furthermore, 



<5(Ker5^,Ker5,) < 7(5.)“M|5«. - 5, 



^ 16(fc + l) 

- 7(T(to)) 



£7 (T(w)) 
48(fc + l) 



Find a subspace G C X with T{z)G = F and dimG = dimF < k. We 
have Ker Sw = KerT{w) and Ker^^ = KerT{z) 0 {p 0 —^{T{w))~^T{z)g : 
g E G}. Consequently, Jfc(KerT(rc), Ker T(2()) < ^(Ker T(rt;), Ker T(z) 0 G) < 
(5(Ker5ty,Ker5;2) < e. Thus 



lim Jfc(KerTH,KerT(z)) = 0. 

z—^w ^ 



(iv)=4>(vii): Let e > 0. Since lim^^^t; <^A:(KerT(u;), KerT(2;)) = 0, there 
exists a neighbourhood Uo of w with the following property: if z e Uq then 
RanT(z) is closed, and there is an D KerT(z) with dim A^/ KerT(z) < k and 
J(KerTH,A^) < Thus 5{N^ ,RanT{wY) < e where C RanT(z)* and 
dimRanT(z)*/A^-^ = dimN/ KeiT{z) < k. Hence -1?^ (RanT(2:)* RanT(r6’)*) < £ 
and 

lim ^/e(RanT(z)*,RanTH*) = 0. 

(vii)=^(ii): Let e > 0. Then there exists a neighbourhood Ui of w with the 
following property: if z E Gi then RanT(z)* is closed and there is a subspace F' C 
X* with dimF' < k and 5(RanT(z)*, RanT(^i;)* 0 F') < e. Hence J(KerT(i(;) fl 
-^F', KerT(z)) < Consequently, 7?fc(Kerr(r6’), KerT(z)) ^0. □ 
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Definition 6. Let X,Y be Banach spaces and U a metric space. Let T : U 
B{X, Y) be a norm-continuous function. Let w E U and A: > 0. We say that T is 
k-regular at w if RanT(u;) is closed and T satisfies any of the equivalent conditions 
of Theorem 5. 

Corollary 7. A function T : U B{X^ Y) is k-regular at w if and only if the 
function z T{zy is k-regular at w. 

As we have seen in Section 10, regular functions are closely related to exact se- 
quences. Similarly, /c-regular functions are connected with “Fredholm sequences” . 

Theorem 8. Let A, T, Z he Banach spaces and U a metric space. Let T : Lf 
B{X, Y) and S : U B{Y,Z) be norm-continuous functions satisfying S {z)T {z) = 
0 for all z e U. Let w E Lf, let Ran S{w) be closed and dimKer S{w)/ Ran T{w) = 
k < oo. Then both T and S are k-regular at w. 

Proof. By Lemma 16.2, RanT(u;) is closed as a subspace of finite codimension in 
Ker S{w). Let F be a subspace satisfying Ker = RanT(rc)0F and dim F = k. 
We have 

S k (Ran T{z), Ran T{w)) < 6(RanT{z),RanT(w) 

= S (RanT (z), Ker S{w)) < 5 (Ker S{z), Ker S{w)) -> 0. 

Thus T is /c-regular at w. 

Similarly, let M C A be a subspace of codimension k such that RanT(rf;) = 
Ker S{w) fl M. Then 

^fc(KerF(u;),Ker5(z)) < 5(Ker 5(u;) H M, Ker 5(z)) = 5(RanT(u;), Ker 5(^)) 

< (5(RanT(ic), RanT(z)) — ^ 0. 



Hence S is A:-regular at w. 

Definition 9. Let M,N be closed subspaces of a Banach space A. Suppose that 
there exists a subspace M' D M such that dim M' /M < oo and S{M', N) < a/2—1. 
Then we define jump(M, A) = dimM'/M. 

The definition is correct: if M" D M is another subspace with dimM"/M < 
oo and 5{M", N) < - 1 then 

?(M', M") < ?(M', N) -h ?(A, M") -h S{M\ N) • ?(A, M") < 1. 

By Theorem 26.7, this means that dimM'/M = dimM"/M. 

Theorem 5 gives immediately an important result that for /c-regular functions 
the jump in the kernel is always equal to the jump in the range. This is well known 
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for operators in finite-dimensional spaces. Another claissical result of this type is 
for the function z y->T — z where T is a compact operator, see Theorem 15.11. The 
Kato decomposition gives the same result also for the function z T — z where 
T is a semi-Predholm operator, or more generally, an essentially Kato operator. 

Theorem 10. Let T : U ^ B{X^Y) be k-regular at a point w e U. Then there 
exists a neighbourhood Uq of w such that 

jump(KerT( 2 :), KerT(if;)) = jump(RanT(i(;), RanT( 2 ;)) 

for each z e Uq. 

Proof. There is a neighbourhood Ui of w such that 6 k [Kan T{z), Ran T{w)) < 
— 1 and Sk{KeTT{w),KerT{z)) < \/2 — 1 for all z G Ui. For each z G C/i fix 
subspaces Fz,Gz such that dimF^ < k, ^(RanT(z), RanT(ii;) -h Fz) < — 1, 

FznRanT{w) = { 0 }, dimG;^ < k, 5 {Ker T (w), Ker T {z) + Gz) < a / 2-1 and G^fl 
KerT(z) = {0}. Moreover, we can assume that lim; 2 _,^f; J(RanT(z), RanT(ti;) -h 
Fz) = 0 and lim^^tu (^(KerT(r(;), KerT(z) -h G^) =0. 

By definition, we have dimF^ = jump(RanT(it;), RanT(z)) and dimG^ = 
jump (Ker T (z) , Ker T (w)) . 

We show that dimF^ = dimG^z for all z in a certain neighbourhood of w. 
Suppose on the contrary that there is a sequence (zn) converging to w with 
dimF^^ ^ dimG^^. By passing to a subsequence if necessary we may assume 
that dimF; 2 ^ and dimG^^ are constant; denote these constants by a and b. By 
assumption, a ^ b. We have limn^oo (Ran T(zn), Ran T(ic)) = 0, and so, by 
Theorem 5, limn^oo ^a(KerT(i(;), Ker T(zn)) = 0. Thus for all n sufficiently large 
we have b — jump(Ker T(zn), Ker F(i(;)) < a. Similarly, it is possible to show that 
a <b, which is a contradiction. Hence 

jump (Ker T(z), Ker T{w)) = jump (Ran T (if;). Ran T(z)) 

for all z in a certain neighbourhood of w. □ 

Theorem 11. Let Mq,Mi and M 2 be closed subspaces of a Banach space X, let 
/c, n > 0. Then 

?fc+n(M2,Mo) < 4(n-h2)max{4(Mi,Mo),?n(M2,Mi)}. 

In particular, if max[5k{Mi, Mo),Sn{M 2 , Mi)} < 

jump(Mo, M 2 ) = jump(Mo,Mi) -f- jump(Mi, M 2 ). 

Proof. We may assume that max{(5fc(Mi, M q), ^ n(^ 2 , ^ 1 )} < 1/8, since the 
statement is trivial otherwise. Let d > max{ M q), 5n(M2, Mi)}. Then there 
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exist subspaces Lq D Mq and L\ D M\ such that dimLo/Mo < A:, dimLi/Mi < n, 
(5(Lo, Ml) < d and J(Li, M 2 ) < d. Let P G B{Li) be a projection with |1P|| < n+1 
and KerP = Mi. Set F = RanP. 

We show that 6{Lo -h P, M 2 ) < 4(n + 2)d. We may assume that d < ^(^ 2 ) • 

(a) Let X G M2, ||a;|| = 1. Then there exists l\ G L\ with \\x — li\\ < d. Express 
/i = mi + / with mi G Mi and f E F. Then ||mi|| = ||(^ — P)^i|| < (^ + 2)||/i|| < 
(n + 2)(1 + d), and so there exists Iq G Lq with |lmi — /o|| < (^ + 2)(1 + d)d. We 
have 

dist{x,Lo + -P} < \\x- (^0 + /)|| < Ik - /ill + ||/i - (lo + f)\\ 

^ d T ||mi — /q|| ^ d T (ti 4" 2)(1 T d)d 
‘2(^n T 2)d ^ 4 (?t- T 2)d. 

Thus d(M 2 , Lo + P) < 4(n + 2)d. 

(b) Let X G Po + P and ||a;|| = 1. Express x = Iq f with Iq G Lq and 
f E F. Then there exists mi G Mi with ||/o — '^i|| < ||^o|| • d, and so ||mi|| > 
IKoll - 11^0 -'H^ill > ||/o||(l - d). Since mi = (/- P)(mi +/), we have ||mi + /|| > 

II > IILI I Q -^ ) Hence 

||/-P|| n+2 • -nence 



1 = l|/o + /II > ||mi + /II - ||mi - /oil 



l|/oll(l-^) 

n + 2 



IKo|M>||/o|| 



1 

2(n + 2)‘ 



Hence ||/o|l 2(n + 2) and there exists mi G Mi with ||/o — '^i|| < 2(n + 2)d. 

Therefore ||mi + /|| < ||/o + /|| + ||p^i — ^o|| < 1 + 2(n + 2)d and there exists 
m 2 G M 2 with ||m 2 — (mi + /)|| < (2(n + 2)d + l)d. Hence 



dist{x, M 2 } < 11^0 T / - '^^ 2 !! 

< \\k -rniW + ||mi + /-m2|| 

<C 2(n + 2)d + 2(n + 2i)d^ + d ^ 4(n + ‘2)d. 



Thus S{Lq + P, M2) < 4(n + 2)d and so Sk-\-n{M 2 , Mq) < 4(n + 2)d. 

Suppose now that max{d/e(Mi, Mq), dn(M2, Mi)} < ^^2) • Using the pre- 
vious construction we have jump(Mo,Mi) = dimLo/Mo and jump(Mi,M2) = 
dim Ll/Ml = dimP. It is sufficient to show that P Pi Lq = {0}. Indeed, this 
will imply that jump(Mo,M2) = dim(Po + F)/Mq — dimPo/^o + dimP = 
jump(Mo,Mi) + jump(Mi,M2). 

Suppose on the contrary that P fl Pq ^ {0}. Let / G P fl Pq, ||/|| = 1. Then 
there exists mi G Mi with ||mi-/|| < ^^ 2 ) • Hence ||P(mi-/)|| = |i-/|| = 1 and 
so ||P|| > > n + 2, a contradiction with the assumption that ||P|| < n + 1. 

□ 
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30 Stability of index of complexes 

Recall the most important stability results concerning the index indT = <^{T) — 
/3{T) = dimKerT* — codim Ran T of a semi- Fredholm operator T : X ^ Y: 

(a) there exists e > 0 such that a{T') < a{T) and P{T') < /3{T') for all 

r :X with \\r - T\\ < s; 

(h) if K : X ^ Y is a compact operator then ind(T K) = indT; 

(c) there exists e > 0 such that indT' — indT for all T' : X ^ Y” with 

\\r-T\\<e-, 

(d) there exists e > 0 such that both a{T — X) and (5{T — X) are constant in 
the punctured neighbourhood {AgC:0<|A|<£}. 

In this and the next sections we discuss generalizations of these properties 
to complexes of Banach spaces. 

Definition 1. By a complex K = we mean an object of the following 

type: 

0 ^ ^ 0 (1) 

where Xi are Banach spaces and ipi : Xi ^ Xi^i operators satisfying = 0 

for all i. Formally we set X{ = {0} for either i < 0 or i > n. Similarly, xpi is the 
zero operator if either i < 0 or z > n. Write ai{X) = dimKer Ran'^^-i. In 
particular, ao(/C) = dimKer-^o and an{X) = codim Ran ^n_i. 

Complex (1) is called Fredholm if ai{X) < oo for all i. Obviously, in this case 
the operators -0^ have closed ranges. 

The index of a Fredholm complex /C is defined by 

n 

ind/C = y](-l)*ai(/C). (2) 

2=0 

A complex /C is called semi-Fredholm if the operators 0^ have closed ranges and 
the index ind/C is well defined by (2) (either +oo or — oo does not appear in the 
formula) . 

Note that this definition generalizes the classical definition of the index of a 
semi- Fredholm operator T : X Y. It is easy to see that indT is equal to the 

T 

index of the semi-Fredholm complex 0 ^ X — >Y 0. 

For two complexes /C = (X^, — (-^ 2 ? dist{X, X'} = 

max{||V’j - V’jll : j = 0,. . .,n - l}. 

Property (a) for semi-Fredholm complexes was essentially proved in Section 
26 in an even more general form. 

Theorem 2. Let X, Y, Z be Banach spaces, let S : X Y and T : Y Z he 
operators with closed ranges. Then there exists p > 0 such that 

dimRan5/(Ran5 n KerT) + dimKerTi/(RanS'i n KerTi) 

< dim Ran Si / (Ran Si fl Ker Ti) + dim Ker T / (Ran S fl Ker T ) 
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for all operators Si : X Y ,T\ \Y Z with closed ranges such that ||Ti— T|| < r] 

and ll^i — S\\ < rj. 



Proof. Set N = KerT and R = Ran S'. Let e be the number constructed in 
Theorem 26 . 10 . Set r? = 



If Si : X ^ Y and T\ : Y Z are operators with closed ranges satisfying 
||S — Sill < T] and ||T — Ti|| < rj then, by Lemma 10 . 12 , 5 (RanS, RanSi) < 
7(S)-^||S - Sill < £ and ^(Ker Ti, KerT) < ^{T)-^\\T - Ti\\ < e. Thus the 
inequality follows from Theorem 26 . 10 . □ 



Corollary 3 . Let 1 C = {Xi,'tpi) 2 ^Q be a semi-Fredholm complex. Then there exists 
e > 0 such that ai(X') < ai(/C) (i = 0 , ... ,n) for each semi-Fredholm complex 
JC' = satisfying dist{/C',ic} < e. 

In particular, the functions K ^ OLi{K) are upper semicontinuous. 



Next, we show the stability of index under finite-rank perturbations. 

Lemma 4 . Let Xi and X2 be Banach spaces, let T,T' G B{Xi,X2) be operators 
such that T — T' is a Unite-rank operator and let Z\ C Xi, Z2 C X2 be closed 
subspaces such that Zi = KerT, Z2=RanT. Then 

dimKerT/(Zi n KerT) -dimZi/(Zi n KerT) 

— dimZ2/(Z2 n RanT) + dimRanT/(Z2 n RanT) 

- dimKerT 7 (Zi n KerT') - dimZi/(Zi n KerT') ^ ^ 

— dimZ2/(Z2 n RanT') -|- dimRanT'/(Z2 fl RanT'). 



Proof. Set 

Ml = KerT n KerT' nZi, 

M2 = ^2 n RanT fi RanT', 

Yi =KerT-hKerT'-h^i 

and 

Y2 — Z2 T Ran T -f- Ran T' . 

Then dimKi/Mi < 00 and diml2/M2 < 00. Note that RanT and RanT' are 
closed. Denote by L and R the expressions at the left- and right-hand sides of ( 4 ), 
respectively. Then 

L = dimKerT/Mi — dimZi/Mi — dimZ2/M2 + dimRanT/M2, 

R — dimKerT'/Mi — dimZi/Mi — dimZ2/M2 +dimRanT'/M2 

and 

L - R = dimKerT/Mi - dimKerT'/Mi + dimRanT/M2 - dimRanT'/M2. 
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Let T, T' : X\/M\ be the operators defined by T{x\ + Mi) = Tx\ and 
T'(xi 4- Ml) = T'xi for all xi + Mi G Xi/Mi. Clearly, f,f' G $+(Xi/Mi, Fs), 
RanT = RanT, RanT' = RanT', T — T' is a finite-rank operator and 

dim Y 2 1 M 2 = dim Y 2 / Ran T -h dim Ran T /M 2 = dim Y 2 / Ran T' -h dim Ran T' / M 2 . 

Thus 



L — R = dim Ker T — dim Ker T' + dim Ran T / M 2 — dim Ran T' / M 2 
= dim Ker T — dim Ker T' — codim Ran T + codim Ran T' 

= indf -indf' = 0 



by the stability of index of semi-Fredholm operators, see Theorem 16.16. □ 

Theorem 5. Let K = /C' = semi-Fredholm complexes 

such that 'liji — are hnite-rank operators for all i = 0, ... ,n — 1. Then ind /C = 
ind /C'. 

Proof. If ind /C = ± 00 , then ±00 appears in the expression defining the index of /C. 
Clearly, the corresponding term for 1C is also equal to ± 00 , and so ind/C = ind/C'. 
Therefore we can assume that both complexes are Fredholm. 

For j — 0, . . . , n define 

i-i 

Cj = l)^ai(/C') + (— 1)-^ dimKer'0^/(Ker'0j n Ran'0'_i) 

2 = 0 

— {—ly dimRau'ip {Ker 'ipj nRan'ipj_-^) Y ^ {—iyai{IC). 

We have cq = dimKer-^o + ^ ind/C, and similarly, Cn = 

{—iyai{lC') + (— l)’^ dimX^/ Ran-0^_;L ^ ind/C'. Thus it is sufficient to 
show that Cj+i = Cj for j = 0, . . . , n — 1. Fix j, 0 < j < n — 1. We have 



-Cj+i) 

= dim Ker / (Ker fl Ran'0^_j^) — dimRan?/j'_i/(Ker'0j fi RanV^'-.i) 

— dim Ker 'ipjyi/ Ran — dim Ker i/;' / Ran 'ijjj _ 1 

-f dimKer?/;^+i/(KerV^j+i fl Ran?/^') - dimRan'0'/(Ker^j+i fl Ran^^') = 0 

by Lemma 4 for Zi = Ran-0'_^, Z 2 = Ker-^j+i, T = 'ipj and T' = 'ipj. This 
completes the proof. □ 

The stability of the index under compact perturbations is also true but the 
proof is much more complicated. We state the result here without proof; for an 
outline of the basic ideas see C.30.4. 
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Theorem 6. Let JC = {Xi,'ipi)^^Q, JC' = be semi-Fredholm complexes 

such that are compact operators for alii = 0, , n—1. Then ind /C = ind 1C' . 

The stability of index of Fredholm complexes under small perturbations fol- 
lows from the results of the previous section. 

Theorem 7. Let 1C = '00^=0 ^ Fredholm complex. Then there exists e > 0 

such that ind/C' = ind/C for each Fredholm complex 1C' — satisfying 

dist{/C,/C'} < 6. 

Proof. Let k = max{o;j(/C) : j = 0, Let U be the metric space of all 

Fredholm complexes distance defined above. 

By Theorem 29.8, the functions ^ /c-regular at K for all 

j = 0, . . . , n — 1. By Theorem 29.10, there exists ^ > 0 such that, for all j and 
all complexes 1C' = with dist{/C',/C} < e, we have 5fc(Ker -0' , Ker^/^j) < 

i6^+2V ’ 4(RanV'',RanV’j) < 

jump(Ker , Ker 'ipj ) = jump (Ran 'ifj , Ran ) . 

Fix a complex 1C' with dist{/C',/C} < Let Cj = jump(Ker -0' , Ker = 
Jump(Ran'0j, Ran-^'). Then Cj < k. Formally set c_i == 0 = c^. 

Using Theorem 29.11 twice we get 

aj (1C) = jump(Ran 1 , Ker 'ifj ) 

= jump(Ran 'ipj-i, Ran ^pj-l) + jump(Ran i , Ker 'if'j ) + jump(Ker , Ker xfj ) 

= Cj-i + aj{lC') + Cj. 

Hence 



ind/C = = y^(-l)^(cj_i + a' + cj) 

j=0 j=0 

n 

= y^(-l)^a' = ind/C'. □ 

J=0 

Corollary 8. Let 1C be a Fredholm complex and 0 < m < n. Then there exists 
e > 0 such that, for each Fredholm complex 1C' with dist{/C',/C} < e, we have: 

(i) ifm is odd, then ^ 

Er=o(-iy«n-i(^') > Er=o(-l)^«n-,(/C); 

(ii) ifm is even, then ^ 

Er=o(-ir«n-,(/c') > Er=o(-i)'«"-,(/c). 
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Proof. Let k = max{aj{JC) : j = 0, . . . , n} and let £ be the number constructed in 
the previous theorem. Let K' be a Fredholm complex satisfying dist{/C',/C} < e. 
As in the previous proof we set 

Cj = jump(Ran ifj , Ran xf'j ) = jump(Ker '0' , Ker 0^ ) . 



We have 

mm m 

= ^(-ly (c,_i + aj{lC) + cj) = ^(-iyaj(/C') + (-l)-c„,. 

j=0 j=0 j=0 

This proves the first inequalities both in (i) and (ii). 

The remaining statements can be proved similarly. □ 

The previous stability result can be extended to semi-Fredholm complexes. 
We need the following lemma. 

Lemma 9. Let X, V be Banach spaces, let S : X ^ Y and T :Y X be operators 
with closed ranges such that Ran S' = KerT and RanT C Ker S. Then there exists 
£ > 0 such that 

dim Ker S/ Ran T = dim Ker Si / Ran Ti 

for all operators Si : X ^Y andTi :Y^X such that ||5i — 5|| < ||Ti— T|| < £, 

Ran Si C Ker Ti and Ran Ti C Ker Si . 

S T 

Proof. The sequence X — >Y — >X is exact in the middle. By Lemma 11.3, there 
exist positive constants £i > 0 and c such that Ran Si = KerTi, 7 (Si) > c and 
7 (Ti) > c for all operators Si : X Y , Ti : Y X satisfying ||Si — S|| < £i, 
\\Ti — T\\ < £i and Ran Si C KerTi. 

Set e = min{ei, |}. Let Si and Ti be operators satisfying ||Si — S|| < £, 
\\Ti — T|| < e, Ran Si C KerTi and RanTi C Ker Si. Then, by Lemma 10.12, we 
have?(KerS,KerSi) < c-i||Si-S|| < 1/9 and ?(RanT, RanTi) < c-i||Ti-T|| < 
1/9. By Theorem 26.7, we have the required equality. □ 

Theorem 10. Let K = be a semi-Fredholm complex. Then there exists 

£ > 0 such that ind /C' = ind /C for every semi-Fredholm complex 1C' satisfying 
dist{/C',/C} < 5. 

Proof To simplify the statement, set X = ^ = 0zodd^^’ 

^ = 0Z even^* *5-0. ^dd'^^* ^hen TS = 0, ST = 0 and ind/C = 
dim Ker T/ Ran S — dim Ker S / Ran T. 

Consider the operators T : X —>Y and S :Y ^ X defined in Section 17. So 
ST = 0 and f S = 0. 

Let K! — {Xi,'ij;'-)2^Q be a semi- Fredholm complex close to 1C and define 
similarly the operators T' : X ^ Y and S' : Y ^ X corresponding to 1C'. So 
T'S' = 0, S'T' = 0 and max{||T' - T||, ||S' - S||} - dist{/C',X:}. 
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We distinguish two cases: 

(a) Let dim Ker 5/ Ran T = (X). Since the complex /C is semi- Fredholm, 
we have dimKer T/ Ran^ < oo, and so KerT = Ran 5. By Theorem 17.10, 
dim Ker *S/ Ran T = oo. By the previous lemma, dimKer 5'/ RanT' = oo for each 
semi- Fredholm complex K! sufficiently close to /C. So dimKer S"/ RanT' = oo. 
Hence ind/C' = oo = ind/C. 

Similar considerations apply if dim Ker T/ Ran S' = oo. 

(b) It remains the case that dim KerT/ Ran S < oo and dim Ker S/ Ran T < 
oo. Then /C is a Fredholm^ complex, jind so RanS = KerT jmd RanT = KerS. 

By Lemma 9, RanS' = KerT' and RanT' = KerS' whenever T',S' are 
operators induced by a semi-Fredholm complex K! which is sufficiently close to /C. 
Thus K! is also a Fredholm complex. 

The equality ind/C' = ind/C for Fredholm complexes /C' close enough to /C 
WcLS proved in Theorem 7. □ 

Corollary 11. Let A — (^ 1 ,^ 2 ) he a pair of commuting operators on a Banach 
space X. Then dariA) C cr^(A) U as {A). 

Proof. Let A G 9(JT(.A)\(cr7r(.A)U(J5(74)). Then the Koszulcomplexof the pair A— A 
is semi-Fredholm. Furthermore, there is a sequence G converging to 

A. Thus the Koszul complex IC{A—X^^^) of A—X^^^ is exact, and so ind/C(A— = 
0 for all j. By the continuity of the index we have indJC{A — A) =0. Since 
A ^ aT^{A) U as {A), the Koszul complex IC{A — A) is exact, and so A ^ ariA), 
which is a contradiction. □ 



31 Essential Taylor spectrum 

Definition 1. Let A = (Ai^...,An) be a commuting n- tuple of operators on a 
Banach space X. The essential Taylor spectrum are{A) is the set of all A = 
(Ai , . . . , An) G such that the Koszul complex of ^ — A = {Ai — Ai , . . . , — An) 

is not Fredholm. 

Clearly, aTe{A) C ariA). For single operators we have aTe{Ai) — ae{Ai). 
Let X = i^{X)/m{X) and A = (Jii, . . . , An) G B{X)^ be the construction 
studied in Section 17. By Theorem 17.10, the Koszul complex of A is Fredholm if 
and only if the Koszul complex of A is exact. Thus aTe{A) = ariA). 

Corollary 2. The essential Taylor spectrum is an upper semicontinuous spectral 
system. 

Another corollary of the equality aTe(A) = ariA) is: 

Theorem 3. Let A — (Ai, . . . , An) and B = (Bi, . . . , Bn) be commuting n-tuples 
of operators on a Banach space X such that operators Ai — Bi are compact for 
z = 1, . . . , n. Then aTe{A) = aTe{B). 
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For one operator the difference a(^i) \ ae{Ai) can be characterized easily. It 
consists of whole components of C \ ae{Ai) and at most countably many isolated 
points, see Theorem 19,4. 

The difference ar (A) \ are (A) for n-tuples of operators can be more compli- 
cated. As in Theorem 19.17 one can show that the set (Jt{A) \ aTe{A) consists of 
countable many isolated points. 

We are going to show that (Jt{A) \ GTe{A) is always an analytic set. 

Let C C" be an open set. Recall that a subset M d U is called analytic 
in U if for every w e U there exists a neighbourhood Uo of w and a family 
{fa : G A} C H{Uo) such that M DUq = {z e Uo : fa{z) = 0 for all a G A}. 

The set {fa} can be always chosen to be finite, see [GR, p. 86]. 

We start with the following lemma: 

Lemma 4. Let U d CA he an open subset, let T : U ^ 13 {X, Y) be an analytic 
function, let /c G N. Then the set {z G U : dimRanT(2:)) < k] is analytic. 

Proof. If xi, . . . ,Xk ^ X, , . . . , G F*, 2: G U and dimRanT(2:) < k, then the 
vectors T{z)xi , . . . , T{z)xk are linearly dependent and det[{T{z)xi, y*)) = 0. 

On the other hand, if dim Ran T(2:) > k then there are vectors Xi,. . . ,Xk G A 
and yl,...,yl G F* such that {T{z)xi,y*) = Sij, and so det [{T{z)xi,yj)) ^ 0. 
Thus 

{z eU '. dimRanT(2:)) < k} 

= {zeU :det{{T{z)xi,y*)) =0 for all Xu- ■■,Xk&X, yl,..., vie Y*}, 



which is an analytic set. □ 

Corollary 5. Let X, Y, Z he Banach spaces and let U be an open subset of C^. Let 
S : U ^ B{X, F) and T : U B{Y, Z) be analytic functions and k eN. Then the 
set {z e U : dim Ran 5(2 )/ (Ran S{z) fl KerT(z)) < k} is analytic. 

Proof. We have dim Ran 5(2;)/ (Ran 5(2) fl KerT(2:)) — dim Ran (T(2;) 5(2:)), so 
the corollary follows from the preceding lemma. □ 

Lemma 6. Let U be an open subset of C^, let S : U ^ B(X,Y) and T : U ^ 
B(Y, Z) be functions regular in U. Suppose that KerT(z)= Ran S(z) for all z eU. 
Then the function a defined by 

a(z)= dim Ker T(z)/(KeT T(z) fl Ran S(z)) — dim Ran S (z) / (Ker T(z)n Ran S(z)) 
is constant on each component ofU. 

Proof. Let Uq be a component of U. If there is no u; G Uq with a(w) < 00, then 
clearly a{z) = 00 on Uq- 
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Let w e U satisfy a(w) < oo. Then ^(KerT(it;), Ker T(z)) = 0 and 

limz^w {w), Ran S{z)) = 0 by Theorem 10.21 (iv) and (vi). Thus, by 

Theorem 26.8, a(z) = a{w) for all z sufficiently closed to w. 

A standard argument gives that a{z) is constant on the whole component of 
connectivity Uq. □ 

Lemma 7. Let U be an open subset of C'^, let S : U ^ B{X,Y) and T : U ^ 
B(Y,Z) be analytic functions satisfying T(z)S(z) = 0 (z e U). Suppose that 
there are Banach spaces Xi and Zi and regular analytic functions Si : U 
B{Xi,Y), Ti : U B{Y,Zi) satisfying KerTi(z) C Ran5(z) C KerT(z) C 
Ran5i(^), see the diagram below. Suppose that dimRan Si{z) / KerTi{z) < oo 
for all z ^ U. Then the set {z G G : dimKer T(^)/ Ran5(z) > k} is analytic in U 
for each k >0. 



Xi 



X 



S(z) 



Y 



Si(z) 
T(z) 






Proof. We can assume that U is connected. For each j set 

Aj = {z e U : dimRan5(z)/KerTi(z)) < j} 

and 

Bj = {z ^ U : dimRan 5i(z)/ KerT(z) < j}- 

By Corollary 5, Aj and Bj are analytic sets. By Lemma 6, there is a constant c 
such that dimRan5i(z)/KerTi(z) = c in U. Thus 

{z G G : dimKer T(z)/ RanS'(z) > k} 

= {z G G : dimRan5i(z)/KerT(z) + dimRan 5(z)/ KerTi(z) < c - k} 

c—k 

~ Ai n Bc—k — i- 

2 = 0 

The last set is clearly analytic. □ 

Theorem 8. Let U be an open subset of let S : U — > B{X,Y) and T : 
U B{Y, Z) be analytic operator-valued functions. Suppose that T{z)S{z) = 0, 
dim Ker T(z)/ Ran 5(z) < oo and the operators S(z) and T{z) have generalized 
inverses for all z e U. Let /c G N. Then the set {z e G : a(z) > k} is analytic. 

Proof. Let w e U. Let F be a generalized inverse of S{w), so VS{w)V — V and 
S{w)VS{w) = S{w). Set P = I — S{w)V. Then P is a projection and KerP = 
Ran S{w). 



278 



Chapter IV. Taylor Spectrum 



The operator Iy{S{z) — S{w))V is invertible for all z close to w. Set P{z) = 
P(/ + (S{z) — S{w))V) ^ G B{Y). Since Ran 5 '(z) = RanP is constant, the 
function 2: t— > P(z) is regular at w. We prove that Ker P(2:) C RanS'(2:). Let 
y e Ker P{z). Then 

(/ + {S{z) - S{w))vy\ e KerP = Ran 5 H, 

and so y e (/ + (S{z) - S(n)))y) 5 (u;)X = S{z)VS{w)X c RanS’(2). 

Similarly, let W be a generalized inverse of T{w). Set Q = I — WT{w). Then 
Q is a projection with RanQ = Ker T{w). For z close to w define Q{z) G B{Y) 

by Q{z) = + W{T{z) — T(w))^ Q. Since KerQ(2:) = KerQ is constant, the 

function z Q{z) is regular. We have 

WT{z) = WT{w) + W{T{z) - T{w)) = I - Q W{T{z) - T{w)) 

and 

(/ + W{T{z) - T{w))y'wT{z) = /-(/ + W{T{z) - T{w))y^Q = 1 - Q{z). 

Consequently, Ker T{z) C RanQ{z). Thus we have KerP(z) C Ran S{z) C 
KerT(2) C Ran (5(2;) and 

dimRanQ(u;)/KerP(u;) = dimRanQ/Ker P = dimKerT(ic)/Ran6'(u;) < oc. 
The rest follows from Lemma 7 . □ 

In particular, if ^ (^i, . . . , is an n-tuple of commuting Hilbert space 

operators then the difference ctt{A) \ aTe{A) is an analytic set. 

To show the same statement for Banach space operators is a little bit more 
complicated. We need the following two lemmas. 

Lemma 9 . Let U be an open subset of C^, let S : U B{X,Y) and T : U ^ 
B{Y,Z) be analytic functions satisfying T(z)S(z) = 0 {z e U). Suppose that 
there are Banach spaces Xi,Zi, finite-dimensional Banach spaces F^G and reg- 
ular analytic functions S\ : U ^ B{Xi,Y 0 P) and Ti : P ^ B{Y 0 G^Zi) 
with the property that Ran 5 i( 2 :) D Ker T{z), Ran 5(2:) + G D KerTi(2;) and 
dim (Ran Pi (2:) + G)/ KerTi(z) <00 {z e U), see the diagram below. Let /c G N. 
Then the set [z e U : dimKer T{z)/ Ran S{z) > k} is analytic in Lf . 
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Proof. Set y' = F 0 F 0 G. For z e U define operators S'{z) : X ^ G Y' , 
T'{z) :Y' S[{z) : Xi 0 G F' and r{(z) : F' Zi 0 F by 

S'{z){x © fif) = S{z)x + g, 

T'{z)iy®f®g) = T{z)y + f, 

S[{z){xi ®g) = 5i(2:)a;i + g, 

and 

Ti{z){y © / © 5 ) = Ti{z){y ®g) + f, 

for all X G X, / G F, ^ G G and xi G Xi. Thus Ran5'(2:) = Ran 5 ( 2 ) + G, 
KerT'(z) = KerT(z) 0G, Ran5;(z) = RanFi(z) 0 G and KerT{(z) = KerTi(z). 
We have RanAS'J( 2 :) 0 KerT'(z) D Ran5'(2;) 0 KerT{( 2 :). Clearly, S[ and are 
regular functions. 

By Lemma 7, the set {z e U : dimKerT'( 2 ;)/ Ran5'(2:) > k] is analytic 
in U. This set, however, is equal to {z e U : dimKer T{z)/ Ran S{z) > k}. □ 

Lemma 10. Let U be an open subset of C’^, let S : U — > B{X,Y) and T : 
U B{Y,Z) be analytic operator-valued functions satisfying T{z)S{z) = 0 
and dimKer T(2:)/ Ran S'(z) <00 {z ^ U). Let w ^ U. Suppose that there 
are finite-dimensional spaces G^H, a neighbourhood Ui of w and a regular an- 
alytic function Fi : — > B(Y 0 G, Z 0 F) such that Ti( 2 :)|F = T(z). Then 

there exist a finite-dimensional space F, a neighbourhood U 2 of w and a regular 
analytic function Si : U 2 ^ B(X 0 F, F 0 G) such that Si{z)\X — S{z) and 
RanFi(^) = KerTi(z) 0 Kerr(z). 




Proof. We have 

dim KerTi ( 2 ;) /Ran ^'(z) = dimKer Ti( 2 ;)/Kerr(z) 0 dimKer T( 2 ;) /Ran 5 (z) < 00 . 
Let , . . . , 2/r be linearly independent vectors in Ker Ti (w) such that 
RanS{w) V {yi, . . . , = KerTi(u;). 

Since Ti is regular, for z = 1, . . • , r there exists a (F 0 G)-valued analytic function 
(pi defined in a neighbourhood of w such that Ti{z)(fi{z) = 0 and = yi. Let F 
be an r-dimensional space with a basis /i , . . . , and define Si{z) :X0F^F0G 
by 

r r 

5i(2:)^x © = s{z)x + '^f3iipi{z) {x G X,Pi e C). 

i=l i=l 

We have Ti{z)Si{z) = 0 and Ran*S'i(ic) = KerTi(u;), so there is a neighbourhood 
of w where KerFi(z) = Ran5'i(z). Thus S\ is regular in a neighbourhood of w 
and satisfies all the conditions required. □ 
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Theorem 11. Let Xq,Xi, 
0-^ 



. . . , Xn be Banach spaces, U an open subset of Let 

6o(z) Si{z) 6n-l(z) 

Ao ^Ai > • • • > A„ U 



be a Fredholm complex analytically dependent on z e U. 

Let 0 < j < n and k e N. Then the set {z E U : dimKer Ran(5j_i > k} 
is analytic in U. 



Proof. Let w E U. Using Lemma 10 repeatedly it is easy to see by down- 
ward induction that there are finite-dimensional spaces Fj-i,Fj and a regular 
analytic function S{z) : Xj-i 0 Fj_i — > Xj 0 Fj defined on a neighbourhood 
of w such that S{z)\Xj-i = 5j-i{z) and Ran5(^) D KerSj(z). In particular, 
dimRan5(2:)/Ker5j_i(2:) < oo. 

Consider the “adjoint” complex 



0 



Aq Ai < 



C-iU) 



* 

r> 



where we write for short S*{z) instead of {6j{z))*. Since this complex is also Fred- 
holm, similarly as above there exist finite-dimensional spaces Gj and Gj+i and a 
regular analytic function T{z) : X*_^_^ 0 Gj+i — > X* 0 Gj defined in a neighbour- 
hood of w such that RanT( 2 :) D Ker 5j_i{z) and 

dimRanT( 2 :)/ Ker^*_i(z) < oo. 

Further, the operator S(z)* : X* 0 Fj ^j-i ® ^j-i satisfies 

Ker S{zy = (Ran 5 ( 2 ))-^ c (Ker 0 F* = Ran^*(2) 0F*. 

By Lemma 9, the set {z : dimKei S*_^{z)/ Ran S*{z) > k} is analytic. Since 
dim Ker (5*_ 1 ( 2 )/ Ran 5* ( 2 ) = dimKer (5j(2)/ Ran Jj_i( 2 ), 
this finishes the proof. □ 



Corollary 12. Let A = {Ai, ..., An) be an n-tuple of commuting operators on a 
Banach space X. Then the set cft{A) \ (TTe{A) is analytic in \ are (A). 



Comments on Chapter IV 

C.24.1. The Taylor spectrum was introduced by J.L. Taylor in [Tal]. The “partial 
Taylor spectra” and as^k were defined by Slodkowski [S12]. 

The projection property for the Taylor spectrum was proved in [Tal]; we 
followed a simpler argument from [S12] . 

C.24.2. Let ^ be a commutative Banach algebra and a = (ai, . . . , Un) E AiA . Then 
ariLa) = cr{a). Indeed, if 0 ^ <j(a) then Y^Oibi = 1^ for some bi E A. Then 
Y = Iai and so La is Taylor regular by Proposition 24.3. 

Conversely, by Theorem 9.25, a{a) = ar{a) = crs{La) C ariLa)- 
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C.24.3. Let A, B be C*-algebras, A C B and let a = (ai, . . . , an) be commuting el- 
ements of A. Consider the n-tuples , • • • , ) and Lf = , • • • , ) 

of multiplication operators by a in the algebras A and S, respectively. By [Cu2], 
= <jt{L^)’ This phenomenon, which is well known for single elements, is 
called the spectral permanence. 

C.24.4. Let A = {Ai , . . . , An) be commuting operators on a Banach space X. Let 
M C B{X) be a commutative algebra containing Ai,. An ^ Then M is contained 
in the commutant {A)' oi A. As in Proposition 24.3 one can show that 

(Tt{A) C (A) c a^{A). 

There is an example in [Tal] (for n = 5) that the first inclusion is strict. Thus 
in general the Taylor spectrum is smaller than the spectrum in any commutative 
subalgebra of B{X) containing Ai, . . . , 

The example was improved by Albrecht [A12] who constructed a commuting 
n-tuple A = (Ai, . . . , A^) (for n > 2) such that the Taylor functional calculus is 
richer (it contains more analytic functions) than the calculus in any commutative 
algebra containing A. Moreover, there are two maximal commutative subalgebras 
A4i, M 2 containing A such that the spectra cr-^^(A) and a-^'^(A) are different. 

C.25.1. The split spectrum is a natural modification of the Taylor spectrum. It 
was considered e.g., in [Es3] and [Ha7]; some ideas appeared implicitly already in 
the original paper of Taylor [Tal] . 

In Hilbert spaces the Taylor spectrum and the split spectrum coincide. The 
same is true for commuting tuples of operators in and see [Ha7j. 

In general, these two spectra are different. An example of a commuting pair 
of operators A = (Ai, A2) with as (A) 7^ ariA) was given in [Mill 7]. The example 
also shows that in general there is no inclusion between the Taylor and Harte 
spectrum, cf. [BS]. 

C.25.2. Theorem 25.7 was proved in [Cu5], see also [EPj. 

C.25.3. Equivalently, it is possible to use for the definition of ar^k and ai^k the chain 
Koszul complex, see Remark 24.11. Prom the considerations there it is easy to see 
that has a generalized inverse if and only if has a generalized inverse. 

C.26.1. Theorem 26.3 is usually attributed to Bartle-Graves [BG], see also [ZKKPj. 
Theorem 26.7 is due to Fainshtein [Fa3j; the partial case of C Ni was proved 
in [FS2], see also [Va7j. Theorem 26.10 was proved in [MiilSj. 

C.27.1. The Taylor functional calculus was constructed in [Ta2j. For simplified 
versions of the calculus see [Levi], [Va4], [Hell], [Hel2], [Alb], [EP] and [An]. The 
present construction is taken from [Mii25]. 
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C.27.2. There are many variants of formulas (5), (8) in Section 27 defining the 
Taylor functional calculus that differ from each other in the sign in front of the 
integral. There are several sources of differences: 

(i) Instead of the n-tuple A — z = {Ai — z\j An — Zn) it is possible to 
consider the n-tuple z — A (which appears naturally in the Cauchy formula). In 
this approach the additional factor (—1)’^ in front of the integral (5) appears. 

(ii) Instead of (4) it is possible to use the convention that the Lebesgue 
measure in is {2i)~'^dzi Ad^^i A • • ■ /\dzn/\dzn^ With this convention the Fubini 
theorem becomes more natural. In formula (5), however, the additional factor 
(_ 1 )( 2 ) would appear. 

(hi) It is also possible to modify the definition of the mappings in the 
Koszul complex as in [Levi]: A • • • A = Yhj /\ ■ “ A Si^ A Sj. This 

convention results also in the additional factor (— 1 )^ 2 ) in formula (5). 

(iv) In order to obtain more symmetrical formulas, it is possible to replace 
the variables si, . . . , by dzi ^ . . . ,dzn- In this case 5 and d act in the space 
A[dz,dz^C^{G,X)] and the projection P in formulas (5), (8) can be omitted. 

C.27.3. For Hilbert space operators it is possible to choose V — (Sa-z + 

see [Va3] , [Va6] . The formula defining the Taylor functional calculus is then quite 

explicit. 

C.27.4. On the complement of the split spectrum as (A) it is possible to find 
bounded linear generalized inverses V{z), see [KMl]. Consequently, the mapping 
W can be chosen linear. Thus for functions analytic on a neighbourhood of the split 
spectrum the proof of basic properties of the Taylor functional calculus becomes 
simpler. The linearity of f{A) is clear and also the proof of multiplicativity of the 
functional calculus (Proposition 27.9) is simpler. 

C.27.5. The commutativity of the Gelfand transform with the Taylor functional 
calculus (Lemma 27.14 and Corollary 27.15) was proved by Putinar [Pu3], see also 
[AS]. 

The superposition principle (Theorem 27.16) is also due to Putinar [Pul]. 

C.27.6. Let A G be a commuting n-tuple and U an open neighbourhood of 

<7t(t 1). By [Pu2], there is exactly one continuous functional calculus from H(U) to 
B{X), which satisfies the spectral mapping property. Thus the Taylor functional 
calculus is uniquely determined (in the above sense). 

C.27.7. It is an interesting problem how to generalize the Taylor spectrum to 
Banach algebras. 

Let a = (ai, , an) be a commuting n-tuple of elements of a Banach alge- 
bra A. A natural idea is to define the Taylor spectrum of a as ariLa). However, 
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if .4 = and A G B{X)'^ is a commuting n-tuple then ctt{La) = 

by Theorem 25.7. Thus this simple way does not produce the Taylor spectrum 
in B(X). 

In fact, in this situation A can also be considered as a commuting n-tuple of 
elements of K(X), where H{X) satisfies all axioms of Banach algebras except one 
of the distributive laws; let us call such objects semi-distributive algebras. Define 
L'^ = {L'^^ B{H{X)r by {<p e W(X)). Clearly, is 

an extension of It is easy to check that ariL'^) = (Tt{A). 

It seems that the natural setting for the Taylor spectrum in algebras is to 
define it for commuting n-tuples a = (ai, . . . , an) of elements of a semi-distributive 
algebra A that lie in the “distributive center” of A (more precisely, ai (5 + c) = 
aib + aiC for all 5, c G 1 < i < n). For such an n-tuple, : A A defined 
by La^b = aib (6 G X) is a bounded linear operator and we can define the Taylor 
spectrum of a as the Taylor spectrum of La = {La^ ? • • • ? La^) G B{AY. 

C.28.1. Definition 28.1 is due to Albrecht [All]. An alternative definition of the 
local spectrum was given by Frunza [Fr] as the complement of the union of all 
open sets C7 C on which there is a solution of the equation xs = {B Sa-z)'^- 

The equivalence of these two definitions (Theorem 28.2) was shown by Esch- 
meier [Es2j. 

C.28.2. An n-tuple A of commuting operators on X is said to have property SVEP 
(single value extension property) if 5^ =0- By Definition 28.4, A has SVEP if 
and only if the sequence 

0^ A°[s,d2,C~(G,X)]^A°[s,dz,C''^(G,X)]^ • 

• • • ^A”[s,d2,G°°(G,A:)] 



is exact for each open set G C 

By [Esl] , see also [Fr] , this is equivalent to the condition that the sequence 
0 — »A°[s,Jf(G,X)]-^A°[s,/f(G,JA)]-^ ■ ■ • -^A"[s,F(G,X)] 
is exact for each open polydisc G C . 



C.28.3. Let A = (Ai, . . . , An) be a commuting n-tuple of operators on a Banach 
space X and let x G A. As in the case of one operator (cf. C.14.3) it is possible to 
define the local functional calculus, see [Esl]. If / is analytic on a neighbourhood 
of (Jx{A) then define 






where {dv5)'ip = xs and F is a smooth surface surrounding cTx{A). As in the case of 
n = 1, f{A) is defined only for those x for which / is analytic on a neighbourhood 
of (Tx(A). 
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C.28.4. The local spectrum 7a; (A) does not satisfy the projection property. As an 
example, take Ai G 13{X) and x E X such that 'yx(Ai) = 0 (see Example 14.5 (i)), 
and let A 2 = Ix^ Then 7a; (A 2 ) ^ 0 , which contradicts Proposition 7.6. 

A similar argument shows that neither the analytic residuum Sa nor the 
local spectrum (Jx{A) = 7 a; (A) U Sa satisfy the projection property. For example, 
let Ai be the backward shift and A 2 = Ix] then Sai ^ 0 and Sa 2 — 0 - For ax, see 
Example 14.10 (i). 

Trivially, , An) D Q^x{A\,. . . ,An,An+i) where Q : C”+^ -> C" 

is the natural projection. On the other hand, as in [Esl] one can show that 
^ Q^{Ax,...,An,AnJ^i) ^nd <Ja;(Ai, . . . , An) C Qax{^A\ , . . . , An, An-{-\)- 
A better situation is for the n-tuples A with SVEP. Then ax{f{A)) = 
f{ax{A)) for all X G A and all m-tuples / = (/i, • • • , /m) of functions analytic on 
a neighbourhood of ax{A), see [Esl]. 

C.28.5. Theorem 28.11 was proved in [Va4j. 

C.29.1. By Theorem 11.4, an operator- valued function T : U ^(A, Y) is regular 

if and only if it can be completed to an exact sequence 

Let T : U ^ S(A, Y) be /c-regular at a point w eU. In general, it is not pos- 
sible to complete it to a Fredholm sequence (the opposite implication was 

proved in Theorem 29.8). The reason is that, for all 2 : in a certain neighbourhood 
of ic, RanT( 2 :) is close to RanT(i(;) + Fz for some finite-dimensional subspace Fz 
but the space Fz depends on 2 . If T can be completed to a Fredholm sequence 
then it is possible to take Fz to be constantly equal to a complement of 
RanT(tc) in Ker S{w). 

Example: Let iL be a Hilbert space with an orthonormal basis {ci : i E 
N}, let U = {1/n : n E N} U {0}, T(0) = 0 and let T(l/n) : H — > H he 
defined by T(l/n)en = n~^en and T{lfn)ej = 0 (j ^ n). Then we have 
(^i(RanT(0), RanT(l/n)) = 0 for all n and T is a 1-regular function. It is easy to 
see that it cannot be completed to a Fredholm sequence. Indeed, if S{z)T{z) = 0 
for all z, dimKerS'(O) < 00 and 5(0) has closed range then Ker5(l/n) D {cn} 
and 

1 = limsup(5(Ker5(l/n),Ker5(0)) < limsup7(5(0))“^ ||5(l/n) - 5(0)|| = 0, 

n— >-oo n — >00 

which is a contradiction. 

C.30.1. The concepts of a Fredholm complex and its index (sometimes called the 
Euler characteristic) appeared in [Cul], [Va5] and [FSlj; it is a particular case of a 
more general concept of Fredholm complexes of vector bundles [Seg]. An important 
motivation for the study of Fredholm complexes was the Taylor spectrum. 

The index of Fredholm complexes of Hilbert spaces can be reduced to the 
index of a certain operator, see [AVj. In the context of Banach spaces the situation 
is much more complicated. 
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C.30.2. The basic stability results for index of Fredholm complexes of Banach 
spaces (Corollary 30.3 and Theorem 30.7) were proved by Vasilescu [Va5], see also 
[AV]. Here we present a new proof based on /c-regular functions. The stability 
of the index under compact perturbations (Theorem 30.6) was a long standing 
problem, which was answered by Ambrozie [Am2]. His proof is quite technical and 
he was forced to consider more general stability results for Fredholm chains, see 
below. 

C.30.3 By a Fredholm chain we mean a sequence JC = of the following 

type: 

0 ^ - 0 , ( 1 ) 

where Xi are Banach spaces and 'ifji operators satisfying Ker = Ran-0i for all i. 
Clearly, in this case the operators have closed ranges. 

The index of a Fredholm chain /C is defined by 

n 

ind/C = ^(-ira,(/C), (2) 

2 = 0 



where 



a j (X) = dim Ker 'ijjj / (Ker ipj n Ran 'ipj-i) — dim Ran (Ker 'ipj fi Ran '0^ - 1 ) . 

A sequence K of the form (1) is called a semi- Fredholm chain if operators -0^ 
have closed ranges and the index ind/C is well defined by (2) (either +oo or — oo 
does not appear in the formula). 

For semi-Fredholm complexes the definition coincides with Definition 30.1. 

An advantage of semi-Fredholm chains is that they are closed under finite- 
rank perturbations. 

The stability results for the index can be generalized to Fredholm and semi- 
Fredholm chains. 

Some of the results were essentially proved already in Section 30. Let K be 
a semi-Fredholm chain. Then: 

(i) OLj{X') < OLj{X) for all semi-Fredholm chains sufficiently close to K (see 
Theorem 30.2). 

(ii) ind K' — ind /C if /C = {Xi, 0^0 JLq and /C' = (AT^, 0 ')^^q are semi- Fredholm 
chains such that xpi — 0' are finite-rank operators for all z, see Lemma 30.4. 

The stability of index of Fredholm chains under small perturbations was 
proved by Ambrozie [Ami]. 

C.30.4. The stability results for the index of Fredholm chains under small and 
finite-rank perturbations give immediately the stability of the index of Fredholm 
chains under perturbations that are limits of finite-rank operators. The stability 
of the index of Fredholm chains under compact perturbations is more difficult. It 
was proved by Ambrozie [Am2j. 
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Let /C == Fredholm chains and suppose 

that — 7 /^' is compact for all i. As in the proof of Theorem 30.10, set X = 
0i even-^i> ^ = 0i odd ^ = 0i even V-i and 5 = 0^ similarly define 

T' and S'. 

The main idea is to consider X and Y as subspaces of greater spaces E D 
X and F D Y such that T — T' and S — S' are already limits of finite-rank 
operators X E (Y — > F, respectively). As E one can take the space (A x 
C{0,1)) /{{x, Jx) : X G Ran(T' — T)} where J : Ran(T' — T) ^ ^^(0,1) is an 
isometrical embedding. The space F can be constructed similarly. 

C.30.5. All stability results can be extended to semi-Fredholm chains in a way 
similar to Theorem 30.10. It was done in [AmV] and [Mii23]. 

C.30.6. The inclusion 5 ctt(Ai,A 2 ) C <j 7 r(Ai,A 2 ) U as{Ai,A 2 ) (Corollary 30.11) 
for Hilbert spaces was proved in [ChT], for Banach spaces see [Wr] and [Cu3]. 

For more than two commuting operators the inclusion is not true, see [Cu3]. 
For an n-tuple A of commuting operators we have 

dariA) C (Jn,k{A) U as^n-k- 2 {A) (A: = 0, . . . , n - 2) 

and dariA) C a^^^ri-iiA) fl as^n-i{A), see [Mul4]. 

More generally, rk{aTiA),Vin)) C a^k{A) CaskiA) and Tk{(TT{A),V{n)) C 
cr-TT^k U as,k-j-i{A) {0 < j < k < n - 1), where Ffc(cr 7 ^(A), 'P(n)) are the higher 
Shilov boundaries of the set ctt(A); for details see [Miil4]. 

C.31.1. Let S : U B{X,Y) and T : U ^ B{Y,Z) be analytic operator- 
valued functions defined in an open set U C C’^. Suppose that Tiz)S{z) = 0 
and dimKerT( 2 :)/ Ran5(2;) < oo {z e U). Let A; > 0. The following problem is 
open: 

Problem. Is the set {z e U : dimKer T( 2 :)/ RanS'(z) > k} analytic? 

By Theorem 31.8, the answer is positive if Ran 5 ( 2 ) is complemented for all 
z e U. By [Kabl], [Kab2], the answer is positive if either S{z) =0 or T{z) = 0; 
so the remaining function is semi- Fredholm- valued. 

For a discussion about this problem see [Mu23]. 

C.31.2. The essential Taylor spectrum was studied in [Levi] and [Falj. The fact 
that the difference ariA)\)aTeiA) is an analytic set was announced without proof 
in [Levi], [Lev2]. The present proof is taken from [Mii23], see also [Pu4]. 



Chapter V 

Orbits eind Capacity 



Let T be an operator on a Banach space X. By an orbit of T we mean a sequence 
= where x G X is a fixed vector. This notion, which originated 

in the theory of dynamical systems, is closely related to the concepts of local spec- 
tral radius and capacity of an operator. Further motivations come from stability 
problems of semigroups of operators and the invariant subspace problem. 

In this chapter we give a survey of results concerning orbits and related 
concepts. The main tool for most of the results will be the properties of the essential 
approximate point spectrum. 



32 Joint spectral radius 

One of the most important concepts of the spectral theory is that of the spectral 
radius of a Banach algebra element. In this section we generalize this notion to 
commuting n-tuples. 

Two difficulties arise for n > 2: there are many reasonable spectra for com- 
muting n-tuples and there is not a unique norm in C'^. 

The first difficulty is not a serious problem. We will see later that all reason- 
able spectral systems give the same joint spectral radius. 

As for the norm in C^, we consider the ^^-norms: for 2 : = (zi, . . . , Zn) G 

define |z|oo = max{|z^| : i = 1, . . . ,n} and \z\p = for 1 < p < 00 . 

Definition 1. Let a = (ai , . . . , a„) be a commuting n-tuple of elements in a Banach 
algebra A. For 1 < p < 00 define the spectral radius by 

rp{a) = max{|A|p : A G 

where cfh{o) is the Harte spectrum of a, see Definition 8.1. 
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Since the Harte spectrum is a compact set, the maximum really exists. For 
a single Banach algebra element ai e A the just defined spectral radius rp{a) 
does not depend on p and coincides with the ordinary spectral radius r(ai) = 
max{|Ai| : Ai G a{ai)}. 

The Harte spectrum can be replaced by any other spectral-radius-preserving 
spectral system (i.e., any compact-valued spectral system a satisfying max{|Ai| : 
Ai G d(ai)} = r(ai) for each single element ai). 



Proposition 2. Let d be a spectral-radius-preserving spectral system in a Banach 
algebra A. Let ||| * ||| be any norm in C'^. Then 

max{|||A||| : A G a{ai ,.. . ,a„)} = max{|||A||| : A G , a„)} 

for all commuting n-tuples a = (ai, . . . , Un) G A^ . 

In particular, max{|A|p : A G d{ai, . . . ,an)} = rp{ai , . . . ,an) for 1 <p < oo. 

Proof. By Theorem 7.19, we have conv<j(ai, . . . , Un) = conv . . . , Un). Thus 

max{|||A||| : A G d(ai, . . . ,an)} = max{|||A||| : A G convd(ai, . . . ,an)} 

= max{|||A||| : A G conv a//(ai, . . . ,an)} 

= max{|||A||| : A G c7//(ai, . . . ,an)}. □ 



The most important result for a single element ai of a Banach algebra A is 
the spectral radius formula, 

r(ai)= lim = inf ||4||i/''. 

AC— >00 AC 

Our goal is to generalize this formula for commuting n-tuples. 

Let a = (ui, . . . , On) be a commuting n-tuple of elements of a Banach alge- 
bra A. Instead of powers of a single element it is natural to consider all possible 
products of ai, . . . , Un. 

Denote by F{k, n) the set of all functions from {1, . . . , A:} to {1, . . . , n}. Let 

4,00 («) = , /(a/(i) ••■«/(fc)) 

feF{k,n) 



and 



\ Vp 



4,p(a)=f X! ^^(«/(i)---“/(fe))) (l<P<oo) 

(for short we write r^{x) instead of (r(x))^). Similarly, let 



4,oo(a) = J|a/(i)--'«/(fc)ll 

/GF(/c,n) 



and 



44(4 = ( E 



1/p 



^feF{k,n) 



{1 <p < oo). 
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Using the standard multi-index notation, we can simplify the definitions of 

and For a = (ai,. . . ,o;n) ^ write \a\ = ai~\ h^n, a\ = ai\ - ■ an\ 

and If k is an integer, k > |a|, then write 

rk\ _ k\ 

\q;/ a!(A: — |a|)! 

(for n = 1 this definition coincides with the classical binomial coefficients). 

Using this notation, the definitions of s' and s" for a commuting n-tuple 
a = (ai, . . . , an) G assume a simpler form: 

4,oo(o) = max{r(a“) : a e Z”, la| = A:}, 

4,oo(a) = max{||a“|| |a| = k}, 



and, for 1 < p < oo. 




We will use frequently the following formula (for commuting variables Xi): 
{xi + ---+x„)'^ = ^ 

\a\=k ^ ^ 



In particular, for xi = • • • — Xn = 1 we have (^) = 

Lemma 3. Let a — (ai, . . . , a^) be a commuting n-tuple of elements of a Banach 
algebra A, let 1 < p < oo. Then ^(a) < s'^ ^(a) • s' ^(a) and ^(a) < 
4,p(^) • for all k,leN. 

Proof. The second statement is obvious for p = oo. For p < oo we have 

(4,p(«) ■ 4p(a))^ = II«S(1) •••«!?(;) ir 

feF(k,n) geF(l.n) 

^ ■ ■ ■ ^f(k)^3(l) ■ ■ ■ S(0 F = (4Vi,p(«))^- 

f.g 

The statements for s'^ can be proved similarly using the submultiplicativity of the 
spectral radius for commuting elements. □ 

By Lemma 1.21, the previous lemma implies that limA:_^oo exists 

and is equal to inf/e (s'^ ^(a)) Similarly, 

J]^(4',p(«))^^*' = inf(4',p(4)^^^- 
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This leads to the following definition: 

Definition 4. Let a = (ai , . . . , a^) be a commuting n-tuple of elements in a Banach 
algebra ^4. For 1 < p < oo we write 

r'{a) = lim and r"(a) = lim (4' 

k^oo ^ k—*oG 



Thus 

= lim (max{r(a“) : |al = 

fc— >•00 

and 

C(a) = lim (max{||a"|| : |a| = 

k-^oo 

For 1 < p < 00 we have 




We start with the spectral radius formula in the simplest case of p = oo. 



Theorem 5. Let a = (ai, . . . , an) be an n-tuple of mutually commuting elements 
of a Banach algebra A. Then 

roo(a) = max{r( 0 i) = = r'^{a) = r'^{a). 

Proof, (i) The inequality r'^{a) < r^(a) is clear. 

(ii) r'f^{a) < max{r(ai) : i = 1,. . . ,n}: Write R = max{r{ai) : i = 1, . . . ,n}. 
Let £ > 0. There exists k eN such that ||a^ || < (R-{-s)^ for all j > k and 1 < i < n. 
Let 

M = max{||a^||(i? + £)~-^ A < i < n,0 < j < k}. 

Then M > 1 and ||a] || < M{R -f e)^ for all j G N, 1 < i < n. 

Let a Then 

n n 

2=1 2=1 

Thus < M^{R + e)^ and r^(a) = linij_oo(s",oo(a))^'^'^ < R + e. Letting 

e -> 0 gives (a) < R. 
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(iii) max{r{ai) : z = 1, . . . ,n} < Too (a): Let z G {1, . . . ,n} and let fi G (r{ai) 
satisfy |//| = r{ai). By the projection property, there exists A = (Ai,...,An) G 
(Jh{o) such that A^ = p. Thus roo{ci) > |A|oo > |Ai| = r{ai). 

(iv) roo{a) < Let A = (Ai, . . . , An) G and /c G N. Then 

= max{r(a") : a G |o;| = A:} > max{r(af) : z = 1, , . , ,n} 

> max{|Ai|'= : i = = |A|^. 

Thus r'^{a) = linifc^oo ^ > »’oo(a)- □ 

Similar formulas are also true for p < oo; the proofs, however, are more 
complicated. 

Theorem 6. Let a = (ai, . . . ,an) be an n-tuple of mutually commuting elements 
of a Banach algebra A. Let 1 < p < oo. Then 

rp{a) = r'p{a) = r''{a). 



Proof. The inequality ^^{a) < r'^{a) is clear. 

We show that rp(a) < r'^{a)\ 

Let A = (Ai,...,An) G <th{o)- Denote by the closed subalgebra of A 
generated by the unit 1 and the elements ai, . . . , Un- Let h : Ao ^ C he a multi- 
plicative functional such that h(aj) = Xj {j = 1, ... ,n). Then 







= (|Air + --- + |A„|P)" = |A|^^ 



So {s'k,p{a)y^^ > |A|p and 

r' (a) = lim s'f. > max{|A|p : A € <T/f (a)} = rp{a). 

^ k—i'OO 



For the proof of the remaining inequalities it is convenient to reformulate the 
definitions of r'p{a) and r'p{a). 

Recall that the number of all partitions of the set {1, . . . , A:} into n parts is 
equal to ^ {k + n— 

We have 




292 



Chapter V. Orbits and Capacity 



Thus 




Ijkp 



= 1™ max 

/e->oolal=fc 



Similarly, 




l/kp 



r''la) = lim max 

^ /e^oo|a|=fc 



We now prove the inequality rp{a) < Vp{a): 

Choose k and a G Z!|:, \a\ = k. Let p G a{a^) satisfy \p\ = r(a^). By 
the spectral mapping property, there exists A = (Ai, . . . , An) G cfh{o) such that 
/i = A?'---A^-.Then 



The remaining inequality <(«) < r'M will be proved by induction on n. 
For n = 1, Theorem 6 reduces to the well-known spectral radius formula for 
a single element. 

Let n >2 and suppose that the inequality r” < is true for all commuting 
{n — l)-tuples. Let a = (ai, . . . , an) be a commuting n-tuple of elements of A. 

For each k there is an o; G \a\ = k such that 



< 



IpI^Av 




)iAir^^...|Anr-^ 

(|Air + --- + |A„n" = |A|P''<rf(a). 



Thus 





Using the compactness of (0, 1)’^, we can choose a sequence 



{a{i)}r=, = {{ar(i),...,an(i)}Z,cZl 



such that lim^_,oo = co. 





and the sequences | are convergent for j == 1, . . . , n. Write k{i) = \a{i)\ 
and 
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By ( 1 ), we have 





') 



We distinguish two cases: 

(a) There exists j G { 1 , . . . , n} such that tj = 0 . Without loss of generality 
we can assume that tn = 0 . 

Write a' = (ai, , . . , Un-i), = (ai(z), . . . , an-i{i)) G and 
k\i) = |o;'(i)| = k{i) - an{i)^ 



We have lim^^oo = 1 and Then 



rr(aO>lims^up((‘;«^)||„»'<‘>|p 






> Li • Z/2 • Ts, 



where 



Li = limsup 



~jHiW ) 
> Vafi)/ / 



Lo = lim 



a{i) 



and 



i, = lim 



Since limj^oo ~ 
Furthermore, 



= 0 , we have L 3 = 1 . 



L2 = lim 

i — >’OC 

Finally, 

L\ = limsup 









lim sup 



/ k\i)\ • 

V m J 

Qn(i) k{i) 

3 k{i) ) 






= r';^(a). 



an{i) \o^ri{i) \ 



> limsup 









since lim ,- ^00 — 1 and 



k'{i) 



ito ( W:) 

1^00 y Sk{i) J 



k(i) / rp 

= lim ; ! 

cc— >0+ \ 3 



lim = 1. 

a:— >0+ 



Thus r"(a') > r"(a). 
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By the induction assumption, we have t>y 

definition, r*p(a') < rp(a) = Hence ^^(a) < r'p[a). 

(b) It remains the case that ^ j > 0 (jf = 1, . . . , n), where tj = limj_^oo 
Choose e > 0, £ < mini<j<n For i sufficiently large and j = 1, . . . , n we have 



i ^ 



k{i) 



— ^7 4“ T- 



( 2 ) 



We approximate ti, . . . by rational numbers. Fix positive integers d and 
Cl , . . . , Cn such that 




{j = 



Let 7 == (ci, . . . ,Cn) and u = a'^ = al^ — For each i we can write k{i) = 
m{i)d + z(z), where 0 < z{i) < d — 1. For i sufficiently large we have 



Cj ^ aj{i) aj{i) _ 9 ^ ^ 

d - k{i) ’ k{i) d - A 



and 









Cj = k{t) 



k{i) 




+ 



z{i)cj 

d 



Thus, for 1 < j < n and for i large enough, 



and so 



We have 



0 < aj{i) — rn{i)cj < ^(0^ + ^ sk{i)^ 



n 

0 < k{i) — m{i)\'y\ = — m{i)cj) < enk{i). 

j=i 



( 3 ) 

( 4 ) 










where K = max{l, ||ai||, . . . , ||an|i}. Then 
fp (a) > lim sup 






l/m(i)l7| 



m{i)^ J 

l/m(z)|7| 



= lim sup 






\ \ m{i)^ J 



> Li • Z/2 • L\ 



3, 
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where 



Li = lira inf 



’ /m(i)|7|\ \ l/m(i)|7| 
V m{i)'y ) \ 

(Hi)\ I 

. / 



2— »-00 Y j / 



l/m(2)|7| 



and 



By (4), we have 






, k(i) 1 

1 < — < 



m(i)| 7 | 1 — ne 



for all i sufficiently large. Thus > K 
Since 

^k{i) 



lim 

i^oo 



a{i) 



||a‘ 



(d IIP 



l/k{i) 



C(«), 



we have La > min{r"P(a), (r"P(a))i/i-"^}. 

To estimate Li, we use the well-known Stirling formula 



Z! = Z'e-'v^(l+o(/)). 



(5) 



Consequently, 



a-77iiy 






l/m(2)|7| 



<d+.)(7') 






for j = 1, . . . , n and for all i sufficiently large. Similar estimates can be used for 
{m{i)cj)\, (m(i)| 7 |)! and |of(i)|!. Thus, for i sufficiently large, we have (to simplify 
the expressions we write m, k and a instead of m(i), k{i) and o;(i), respectively) 

//m|7|\\ l/^l7l / I iM , 11/11 

I [mj) ] _ f {m\'y\)\ai\ - • aj xV^ItI 



O 



\k\{mci) \ • • • (mcn)l 



> 



/I— ex’^+i m|7| - 

Vl+eJ 

(^)’ 



e ■ 


m|7| . . . qOc 


rr/m|7| 


• fcfc/m|7l . 




■ ■ ■ {mcn)' 


(—) 


ci/|7l / 




C"/l7l 

Qfi 


— mci)/m|7| 


\mci J 


■■ V 


mCn^ 


















mcn)/m\-f\ 




(cti-mci)/' 


m|7| 




— mCn) /mlj] 


m|7| 


\k ) 






\ k) 




k ■ 



T^l7l 

J^k/m\-r\ 



By (3) and (5), we have 



m|7| 



< 



m|7| 1 — ne’ 
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and so, by (2), 

Li > (1 - ri£)((ti - e/4) ■ ■ ■ (tn - e/4))^ . 

Hence 

- ( 1 + 7 ) (1 - ne)((ti - e/4) ■ ■ ■ (t„ ~ e/4))^ 

■K-T^ ■ min{r7(a), (r"P(a))i/i— }. 

Letting £ ^ 0 yields rp(a) > rp{a). □ 

We now apply the previous result to the case of n-tuples of operators. 

Let T = (Ti, . , . ,Tn) be an n-tuple of commuting operators on a Banach 
space X. Set 



||T||oo = sup{||7}x|| : j = l,...,n,x G X, Hx|| = 1} 
and, for 1 < p < oo. 



f^WTjxrY" :x ex, \\x\\ = l 

j=i ^ 

Equivalently, \\T\\p is the norm of the operator St ' X X^, where X^ is the 
direct sum of n copies of X endowed with the ^^-norm, and Stx = Tix0 • • • 0TnX. 

Let T = (Ti, . . . ,T„) G B{XY and S = (5i, . . . , 5^) G B{X)^. Denote by 
TS the mn-tuple 



\\T\\p- 



p = sup| 



TS = (Ti^i, . . . ,Ti5^,T2^i, . . . ,T2*9^, . . . ,T,5i, . . ..T^Sm). 

Further, let = TT and — T (A: G N). With this notation we can 

state the spectral radius formula in a familiar way: 



Theorem 7. Let T = (Ti, . . . , Tn) be an n-tuple of mutually commuting operators 
on a Banach space X, let 1 < p < oo. Then Vp{T) = lim/e_^oo ||T^||y^. 

Proof. For p = oo the statement follows directly from Theorem 5. Suppose that 
1 < p < oo. We have 







i/p 
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and 



|a| = fc 



Ifkp 



lim max sup ( [ ] ll^^^ll 

k-^oo \a\=k II^II^I \\0;y 



1/kp 



Ijkp 



lim sup max ( ( I ||r“x||^ 

°o ||x|| = l |a|=fc VV'^/ 



1-11 = 1 



□ 



33 Capacity 

In this section we study the notion of capacity in Banach algebras. This notion 
was inspired by the classical capacity of compact subsets of C that is studied in 
potential theory. 

We start with the capacity of single Banach algebra elements. 

For k eN denote by Vl the set of all complex polynomials in one variable of 
degree k with leading coefficient equal to 1 (these polynomials are called monic). 

Let a be an element of a Banach algebra A. For k E N set cap;. a = 
inf{||p(a)|| : p eVI}. Since the product of two monic polynomials is again monic, 
we have 

cap/e+rn « < cap;, a • cap^ a 

for all A:,m E N. By Lemma 1.21, this implies that the limit limk-^oo{^^Pk 
exists and is equal to inf /e (cap 

Definition 1. The capacity of an element a of a Banach algebra A is defined by 
cap a = lim (cap;. = inf(cap;. 

k^oo k 

Clearly, there is an analogy between the capacity and the spectral radius 
r(a) = lim/e^oo = inf/c ||a^||^/^. We have cap;. a < ||r^|| for all k, and so 

cap a < r(a). 

The capacity in Banach algebras is closely related to the classical capacity 
of compact subsets of C. If X is a non-empty compact subset of C and k E N, 
then we set cap j^K = inf{||pHx • P ^ above it is easy to see that the 

limit lim/e^oo(cap;. exists and is equal to the infimum. The capacity of K is 

defined by 

capK = lim (cap;. = inf(cap;. Ky^^ . 

k^oo k 
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The use of the name capacity for Banach algebras elements is also justified 
by the following observation: if C{K) is the algebra of all continuous functions on 
K with the sup- norm, and a G C{K) is defined by a{z) = z {z e K), then the 
capacity of a in the Banach algebra C{K) is equal to the classical capacity of the 
set K. Thus, in some sense, the capacity in Banach algebras is a generalization of 
the classical capacity of compact sets. 

The next theorem shows that these two capacities are connected even more: 

Theorem 2. Let a be an element in a Banach algebra A. Then: 

(i) cap a = limfc-^oo(cap^ a)^/^ = infjt(cap{. where 

capfe a = inf {r(p(a)) :peVl}; 



(ii) capa = capcr(a). 

Proof, (i) If k,l e N, p e Vl and q G P/, then pq G and r{{pq){a)) < 
r{p{a)) • r{q{a)). Thus cap'^.,^^ a < cap'^ a • capj a. As above, this implies that the 
limit limfe^oo(cap'^ exists and is equal to the infimum. 

Obviously, cap^ a < capj^ a for all k, and so lim/c_^oo(cap^ a)^/^ < cap a. 
Conversely, let p For all m G N we have 

\Ma)r\y^^ > (cap,„a)i/''- > capa, 

and so r{p{a)) = limm^oo > (capa)^. Thus r(p(a))^/^ > capa and 

(capjj. > capa for all k eN. Hence lim;c^oo(capJ^ a)^/^ > capa. 

(ii) For each p e Vl we have 

r{p{a)) = max{\p\ : p G cr(p(a))} = max{|p(z)| : 2 : G cr{a)] = ||p|U(a), 
and so cap^ a = cap^ a{a). Thus 

capcr(a) = lim (cap'^a)^^^ = capa. □ 

k — >•00 

We next generalize the concept of capacity to commuting n-tuples of Banach 
algebra elements. 

A polynomial of degree < k in n variables can be written as 
p{zl,...,Zn) = 

aez" 

|o:|<fc 

where, as usually, z^ = z^^ • • • z^^ and G C. We say that p is monic of degree k 
if Zl|a|=/c ~ polynomials of degree < fc in n variables will be 

denoted by Vk{n). Denote by Vl{n) the set of all monic polynomials of degree k. 
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Let a = (ai, . . . , a^) be mutually commuting elements of a Banach algebra A. 
As in the one variable case, for /c G N set 

capfea = inf{||p(a)|l :peVl{n)}. 

For n > 2 there is a technical difficulty since the product of two monic polynomial 
need not be monic. Therefore the sequence cap;. a is not submult iplicative and it 
is not clear that the limit lim/e_oo(cap^ exists (we will see later that this is 
still true). Therefore we define: 



Definition 3. Let a = (ai , . . . , a^) be a commuting n-tuple of elements in a Banach 
algebra A. The capacity of the n-tuple a is defined by 

cap a = limsup(cap;. 

k—^oo 



For a compact subset K C C'^ define the corresponding capacity (sometimes 
called the Tshebyshev constant) by 

capK = limsup(cap/. 

k—^oo 



where 

capfcA' = inf{||p||x :peTl{n)}. 

We show that the capacity can be expressed in another, more convenient way. 
Denote by Qkin) the set of all polynomials p{z) = Y2\^\<k ^ Vk{'ki) such that 



sup 




: ^ G 




1 , 



where = { 2 : == (zi, . . . , z^) G : \zi\ = ■ ■ • = \zn\ = 1} is the n-dimensional 
torus. 



Theorem 4. Let xi, . . . , be mutually commuting elements of a Banach algebra 
A. Then: 

(i) cap(xi, . . . ,Xn) = limfc —>•00 capk(xi,...,Xn)^^'^ = inffcinf{||p(2;)|y'= : p e 

Qk{n)}; 

(ii) cap(xi,...,a;„) = inffc inf{(cap p(xi, . . . :peQk{n)}; 

(iii) cap(xi, . . . ,x„) = cap anixi ,.. . ,x„). 
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Proof, (i) Let p = ^ By the Cauchy formulas, for each /i G 

with \p\ = k we have 



|c^| < max<^ 



ii/i=fe 



zeT” 



E 

\u\=k 



Ci/Z 



Jn 



Further, 



E 

W\=k 






< E ^ 

\n\=k 




Tpn 



where is the number of coefficients with \fji\ = k. Write 



afc =inf{||p(a;i,...,a;„)|| :peQk{n)}. 



Then 



capfc(a;i, • • • ,a;„) < afc < 



k -\-n — 1 
n — 1 



capfc(a:i,...,a;„). 



(1) 



Let p € and let m,s be non- negative integers, 0 < s < A; — 1. 

l/mfc+s 



Then q = p'^ ■ zf e Qmfc+s(n). Thus amk+s < ■ \\xi\\^, (^rnT-^s ^ ^ 



max{l, ||xi||^ i|i/mfc+s limsup, 
exists and is equal to infk 



Ifr 



Ifk 



r^oo^r < So the limit limjt_>oo 



Ifk 

k 



By (1), the limit lim^-^oo (cap;.(xi, . . . also exists and 

cap(a;i, . . . ,a;n) = lim (cap^(xi, . . . , Xn))^^^ lim 



fc— >oo 

in: 

k 



fc— >co 



= infa^'^ = infinf{||p(xi,...,a;„)||^/'" ■peQk{n)}. 



(ii) Let p G Qk{n) and let q — + J2i=o ^ = Qs(l)- Then 

q op € Qsk{n), and so, by (i), 

cap(a;i,...,x„) < |i(q'op)(a;i,...,a;„)||^/*'‘ {qeQs(l))- (2) 

Hence 

cap(xi,...,x„) < infinf{||g(p(xi,...,x„))||^/^*^ rg'GQsCl)} 

= (capp(xi,...,x„))^/'' 

and 

cap(xi,...,x„) < infinf{(capp(xi,...,x„))^/'‘ :p G Qk{n)}. 
k 

On the other hand, cap p(xi, . . . , Xn) < ||p(xi, . . . , Xn)|| for every p G 
Together with (i) this gives 

cap(xi, . . . ,Xn) =infinf{(cap p(xi, . . . , :pG Qk{n)}. 
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(iii) Let p e Qki'f^)- By (ii), we have 

(cap(a;i , . . . , < capp(a;i , . . . , a:„) < r(p{xi , . . . , ar„)) 

= max{|p(2)| ; 2 € cth{xi, . . . ,Xn)} = |blU„(xi,...,x„)- 



So 



cap 



(xi,...,Xn) < infinf{||p||yj'(^^_ : P & Qk{n)} 



< inf 

k 



(capfcCr//(a;i,...,rE„)) 



1/k 



Hence cap (xi, . . . , x^) < cap<j//(xi, . . . , Xn). 
On the other hand, 



||p(a;i,...,a:„)|| > r{p{xi, . . . ,Xn)) = |bll<TH(a:i x„) 

for each polynomial p ^Vk (n) , so 

capf.(xi,...,Xn) > CaPkCTH(xi,...,Xn) 



and 



cap(xi,..,,Xn) > cap ai/(xi, . . . , x^). 



□ 



Theorem 5. Let A be a Banach algebra and let a be a compact-valued spectral 
system satisfying cap d’(xi) — cap <r(xi) for each x\ G A. Then 



cap d(xi , . .. ,Xn) = cap anixi,. ..,Xn) = cap(xi, . . . ,x^) 



for all n-tuples xi, . . . , x„ of mutually commuting elements of A. 

Proof. Let xi, . . . , x^ be mutually commuting elements of A. Consider the algebra 
C{K) of all continuous functions on the compact set K = d{x\ , . . . , Xn) C C’^ with 
the sup- norm on K and let 2:1 , . . . , be the independent variables. 

As II^IIk = • • • 7 ^n)\\c{K) for each polynomial it is easy to see that 

cap K = cap (zi, . . . , 2:^1) ^^nd cap p{K) = cap p{z \, . . . , Zn) for all polynomials p. 
Thus 

cap(xi,...,Xn) = inf inf {(cap p(xi, . . . , Xn))^^^ :pG Qk{n)} 
k 

= inf inf {(cap a{p{xi,.. .,Xn))f^'" ■ p G Qfc(n)} 

= inf inf { (cap a{p{xi, . . . ,Xn))f^'" ■■ p € Qkin)} 

= infinf{(capp(ci(a;i,...,a;„)))^^^ Qk{n)} 

= infinf{(capp(2i,...,z„))^^* : p e Qk{n)} 

= cap(zi, ...,Zn)= cap a{xi ,. . . ,x„). 



□ 
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Corollary 6. Let d be a spectral-radius-preserving spectral system in a Banach 
algebra A. Then cap(ai, . . . , Un) = capa-(ai, . . . , Un) for all commuting n-tuples 
(ai,...,an) G A. 

Proof. By Theorem 7.19, da{ai) C d{ai) C cr(ai) for all ai e A. By the maxi- 
mum principle, cap5'(ai) = capcr(ai), so the statement follows from the previous 
theorem. □ 

Another important example for which we can use Theorem 5 is the essential 
spectrum. 

Lemma 7. Let X be a Banach space. Then cap ae{T) = capcr(T) for allT G B{X). 
Proof. Clearly, capcTe(T) < capcr(T). 

Conversely, let e > 0. There exists k E N and p G Pi such that sup{|p( 2 :)| : 
z G CFe{T)} < (cap(Je(T) +6)^. Let U = {z E C : \p{z)\ < (capcre(T) + e)^}. 
Then cr{T) \ C7 is a finite set, cr{T) \ U = {Ai, . . . , A^^}. Let n E N and set q{z) = 
{p{z)r{z - Ai) • • • ( 2 : - Xr). Then q e Vlk+r and 

max{|o'( 2 )| : 2 £ < max{|p( 2 )| : z € ?7}" • m < (cap(7e(T) + e)*"" • m, 

where m = max{|( 2 ; — Xi) ' ’ ' {z — Ar)| : 2 : G cr(T)}. Consequently, we have 
capcr(T) < {cap ae{T) + e) . If n — ^ cxd then we get cap a{T) < 

cap (Je(T) + £. Letting e ^ 0 yields capcr(T) < capae(T). □ 

Corollary 8. Let X be a Banach space, let d be a spectral system in B{X) satisfying 
d(Je{T) c d{T) for all T E B(X). Then 

cap d{Ti,...,Tn) = capaH{Ti,...,Tn) = cap(Ti ,...,Tn) 

for all commuting n-tuples Ti, ... ,Tn of operators on X. 

Proof. For all T G B{X) we have capcre(T) < capa(T) < capcr(T) = cap<Je(T), 
and so we can use Theorem 5. □ 

In fact, the condition d(Je{T) C d{T) for all T E B{X) was satisfied by all 
spectral systems considered in this monograph. 

34 Local spectral radius and orbits 

In this section we study systematically orbits of operators. By an orbit of T G B{X) 
we mean a sequence of the form {T^x : n = 0, 1, . . .}, where x E Xisa fixed vector. 

In Section 14 we proved that there are points x E X with the property that 
the local spectral radius rx{T) = limsup^^^ is equal to the spectral 

radius r{T). In particular, for such points x there are infinitely many powers such 
that IIT’^xjl is “large” (approximately, ||T’^x|| ~ r{TY). 
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More precisely, it is possible to prove the following stronger result: 

Theorem 1. Let T G B{X), let (an)n>o be a sequence of positive numbers such 
that an ^ 0. Then the set of all x e X with the property that 

\\T^x\\ > a n 1 1 1 1 for infinitely many powers n 



is residual. 

Consequently, the set {x G X : Tx{T) = r(T)} is residual. 

Proof. For /c G N set 

Mk = {x e X : there exists n > k such that ||T’^a:|| > anllT'^ll}. 

Clearly, Mk is an open set. We prove that Mk is dense. Let x E X and e > 0. 
Choose n > k such that 1. There exists 2 : G X of norm 1 such that 

\\T^z\\ > anS-^\\T^. Then 

2an\\T^ < \\T^{2ez)\\ < \\T^{xPez)\\ + \\T^{x - ez)\\, 



and so either \\T^{x + £z)\\ > an||T^|| or ||T^(x — £z)\\ > an||T^||. Thus either 
x-\-£z E Mk or x — £z E Mk, and so distjx, Mk} < £. Since x and e were arbitrary, 
the set Mk is dense. 

By the Baire category theorem, the intersection is a dense Gs-set, 

hence it is residual. Clearly, each x E p|^i satisfies ||T’^x|| > an||T”^|| for 
infinitely many powers n. 

In particular, for we obtain 



rx{T) = limsup > limsup 

n— »oo n—^00 




1 /n 



= r(T) 



for all X in a residual subset of X. 



□ 



In fact, a much stronger result is also true: there are points x E X such that 
all powers T^x are “large” in the norm. 

The following lemma is a useful technical tool in many constructions. 

Lemma 2. Let E be a finite-dimensional subspace of a Banach space X, let e > 0. 
Then there exists a closed subspace Y C X of finite codimension such that 

||e + y|| > (1 -£)max{||e||,||j/||/2} 



for all e E E and y eY. 

Proof. We can assume that s < 1. The unit sphere in E is compact, therefore there 
exists a finite subset D El {e E E : \\c\\ = 1} with the property that dist{e,D} < e 



304 



Chapter V. Orbits and Capacity 



for all e G ||e|| == 1. For each d ^ D there exists a functional fd G X* such that 
{d,fd) = 1 = i|/d||. Set Y = f|de£)Ker/d. Clearly, codimy < oo. 

To prove the required inequality, let e G F" and y We can assume that 



||e|| / 0 since the assertion is clear for e = 0. Find d £ D with 




< £. 



Then 



||e + 2 /|| > |(e + y,/d)| = |(e- \\e\\d,fd) + {\\e\\d,fd)\ 

> ||e||-l|e-||e||d||>||e||(l-£). 

Furthermore, 

||e + 2/|| > + y\\ = ^(1 -e)(||e + 2/|| + + 

>^(l-^)(IM|-|NI + ||e||) = l(l-£)|b||. □ 



If X is a Hilbert space then we can take Y — E-^. Thus the constructed 
subspace Y C X substitutes the role of the orthogonal complement of a finite- 
dimensional subspace for general Banach spaces. 



Lemma 3. Let T G B{X), re{T) = 1, x e X and let {dj}^Q be a sequence of 
positive numbers satisfying lim^^oo % =0. Let mo, mi, m 2 be integers, 0 < mo < 
mi < m 2 and let S > 0 satisfy supja^ : j > mi + 1} < 5/S. Suppose that 
\\T^x\\ > dj (j = mo + 1, . . . , mi). Then there exists y E X such that \\y -x\\ <5 
and \\T^y\\ > dj {j ^ mo + 1, . . • ,m 2 ). 

Proof. Let A G cFe{T) satisfy [Aj = 1. Then A G dae{T) C a^^eiT), and so 

inf{||(T — A)u|| : u G M, ||u|| = 1 } = 0 

for each subspace M C X of finite codimension. 

Let E = \/{T^x : j = mo + 1, • • • , mi}. Choose £ > 0 such that 

llT-’xlKl - e) - mife||T|P“^ > aj {j = mo + 1,. - . ,mi) 

and I +j\\T\\^-'^s < i (j = mi + 1, . . . , m 2 ). Let Y be the subspace constructed 
in Lemma 2, i.e., codimT < oo and ||e-h^/|| > (l-e) max{||e||, |fy||/2} for all e G JF 
and u E Y. Find z E Y such that || 2 :|| = 1 and ||(T — X)z\\ < e. Set y = x -\- 5z. 
Clearly, ||y — x|| =5 and 

\\T^z - A^^ll = + AT^-2 + . . . + A^-i)(T - A)^l| < j\\T\y~^e. 

For j = mo + 1, . . . , mi we have 

\\T^y\\ = \\T^x + 5T^z\\ > \\T^x + <5A^z|| - \\S{T^ - A0z|| 

> il-e)\\Px\\-Sj\\T\rh>aj. 
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Similarly, for j = mi + 1, • • • , m 2 we have 

lir^yll = \\T^x + ST^z\\ > \\T^x -f SX^z\\ - \\S{T^ - X^)z\\ 

> i(l - e)S - 6j\\T\rh = □ 



Theorem 4. Let T e B(X), let (aj)^o ^ sequence of positive numbers satisfying 

limj_^oo % =0- Then: 

(i) for each e > 0 there exists x e X such that \\x\\ < sup{aj : j = 0, 1, . . .} + £ 
and llT-^xll > ajr{T^) for all j > 0; 

(ii) there is a dense subset L of X with the following property: for each y £ L 
there exists jo G N such that \\T^y\\ > ajr{T^) {j > jo)- 

Proof. We distinguish two cases: 

(a) Suppose first that r(T) > re{T). 

Choose A G cr{T) with |A| = ^(T). Then A is an isolated eigenvalue of T. Let 
X be a corresponding eigenvector, ||x|| == s where s — supja. : j = 0, 1, . . Then 
||T^x|| = 5 • r{Ty > ajr{T^) for all j. 

To prove (ii), let F be the spectral subspace corresponding to A, see Corollary 
1.36, and let P be the corresponding spectral projection onto F. Then dimF < 00 
and (T — A) I F is a nilpotent operator. Set L = {y e X : Py ^ 0}. Clearly, L is a 
dense subset of X. Let y ^ L. Write z = Py. Then PT^y = T^z, and so 

IIT^yll > ||F|r'||T^^|| (1) 

for all j. Let k be the integer such that (T — X)^z = 0 and (T — X)^~^z ^ 0. Let 
Q G B[F) be a projection such that Qz = z and QKer(T — A)^~^ = {0}. Then 
Q(T — X)T^~^z = 0, and so QT^z = XQT^~^z for all j > 1. Thus, by induction, 
QT^z = X^ z and 

\\T^z\\>\\Q\\-MT^)\\z\\ 0,1,2,...). 



Using (1), this gives 



\\T^y\\ > 



r{T^)\\Py\\ 

IIQIMI^II 



(j = 0,l,2,...). 



Hence ||T-^ 2 /|| > a jr^ for all j sufficiently large. 

(b) Let r{T) = re{T). Replacing Oj by sup{ai : i > j}, we can assume that 
^^0 > > ^2 ^ Also, we can assume that r(T) = 1 . 

(i) For z = 0, 1, ... let be the smallest index such that ^rii ^ 3 . 2 ^ +2 • 

Find A G cFe{T) with |A| = 1. Then A G dae{T) C a-j,e{T), so there is an 
approximate eigenvector xq G X satisfying ||xo|| = ao e/2 and ||(T-^ — ^ 

e/2 (j == 0, 1, . . . , no). For j = 0, 1, . . . , no we have 

WT^xoW > IIA^xoll - ||(T^' - A^>o|| > ao + e/2 - e/2 - ao > a,. 



306 



Chapter V. Orbits and Capacity 



Using the previous lemma repeatedly, we construct a sequence {xk) of vectors in X 
such that ||xfc+i — Xk\\ < > ^3 U = 0, 1, . . . ,nfc). Denote by x 

the limit of the Cauchy sequence (x^). Then ||T-^x|| = lim/e-^cx) > cij for all 

j > 0 and ||x|| < ||xo|| + ||xi - xo|| H + f + ^ ao + e. 

(ii) Let X ^ X and ^ > 0. For i = 0,1,... let rii be the smallest index 
such that a„. < 37^+1- Set yo = x. Using Lemma 3 repeatedly we construct a 
sequence {yk) of vectors in X such that ||y/e-fi — y/e|| < and ||T-^yj^|| > aj for 

j = no + 1, . . . ,n/c. Let y = lim/e^oo Vk^ Then ||y - x|| < | + | H = e and 

||T-^y|| >aj for all j > no + l.This completes the proof. □ 

Taking an = n~^ in the previous theorem yields the following corollary: 

Corollary 5. The set [x e X : limsup^_oo ||T^x||^/^ = is residual for each 

T G B{X). The set {x G X : liminf^-^cx^ = '^(^)} 1^ dense. 

In particular, there is a dense subset of points x G X with the property that 
the limit lim^_oo exists and is equal to r{T). 

Corollary 6. Let T G B{X). Then 

sup inf ||T^x||^/^ = inf sup ||T^x||^/^ = r(T). 

xGX ^>1 ^>1 xGX 

||x|| = l ||x|| = l 

Proof. The statement is clear if r(T) = 0. Let r(T) > 0 and let e be a posi- 
tive number, e < r{T). By Theorem 4, there is an x G X of norm 1 such that 
||T^x|| > (r(T) - e)^ for all n. Thus inf^ ||T^x||^/’^ > r(T) - e. Letting e ^ 0 
gives supy^ii^i infn>i ||T’"x||^/^ > r(T). 

The second inequality is clear. □ 

In general it is not possible to replace the word “dense” in Corollary 5 by 
“residual”. 

Example 7. Let be a separable Hilbert space with an orthonormal basis {cj : 
j = 0,1 , . . .} and let S be the backward shift, Scj = ej-i {j > 1), 5eo = 0. Then 
r{S) = 1 and the set {x G H : liminf^-^cx) ||S'’^x||^/’^ = 0} is residual. 

In particular, the set {x G H : the limit lim^-^cx) ||*S'^x||^/’^ exists} is of the 
first category (but it is always dense by Corollary 5). 

Proof. For k gN let 

Mk = {x G X : there exists n> k such that ||5^x|| < k~^}. 

Clearly, Mk is an open subset of X. Further, Mk is dense in X. To see this, let 
X G X and £ > 0. Let x = ^ 3^3 choose n>k such that Yl^=n Wj\^ < s^. 

Set y = ^ 3 ^ 3 ' Then \\y — x|| < e and S^y = 0. Thus y G Mk and Mk is a 

dense open subset of X. 

By the Baire category theorem, the intersection M = H^o is a dense 
G<5-subset of X, hence it is residual. 
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Let X G M. For each k E N there is an Uk > k such that < k~'^^, 

and so liminfn->oo = 0. 

Since the set {x G : limsup^^Q^ |lS'’^x||^/’^ = r(S) = 1} is also residual, 
we see that the set {x G : the limit limn-^cx) ||*S'^x||^^^ exists} is of the first 
category. 

Remark 8. If r(T) = 1 then Theorem 4 says that there are orbits converging to 
zero arbitrarily slowly. This is the best possible result since the previous example 
S G B{H) satisfies S^x 0 for all x E H. 



Theorem 4 implies that there is always a dense subset of points x satisfying 
J2j = cxD. In fact, the set of all points with this property is even residual. 



Theorem 9. Let T E B(X), r{T) ^ 0 and let 0 < p < oo. Then the set 




is residual. 



Proof. For k > 1 set 



Mk 




Clearly, Mk is an open subset of X. It is sufficient to show that Mk is dense. Indeed, 
by the Baire category theorem, the intersection p|^ Mk = |x G X : ~ 

00 1 is a dense Gs set. 

Fix X G X, £ > 0 and k E N. We show that there is a li G X such that 
\\u — x\\ < e and u E Mk- 

By Theorem 4, there is a x G X of norm 1 such that ||r-^x|| > Qp^y/p r{T^) 
for all j >0. We have 



||T-^(x + ev)\\'^ + 11^'^ ^ max{||T-^(x + £x)||, ||T-^(x - ex)||}^ 
^ / ||T^-(x + 6^)11 + ||T^'(x - 5X)|| y ^ 



V 

eP\\T^v\\P > 



£Pr{T^)p 

J+2 






and 



j = 0 ^ \ J / j — Q 



P °° ^\\T^{x-ev)"^P °° 



r-(T^) 



> 






j=0 






= oo. 



Thus either y = x-\-ev or y = x-ev satisfies ||y-x|| = e and 
so y G M/c. 



= oo, 
□ 
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In Theorem 1 we proved an estimate of ||T^x|| in terms of the norm \\T^\\. 
It is also possible to construct points x e X with ||T^x|| > • ||T^|| for all n; in 

this case, however, there is a restriction on the sequence (un). 



Lemma 10. Let X^Y be Banach spaces, let Tn G B{X,Y) (n = 1,2,...) be a 
sequence of operators, let an be positive numbers such that <1/4. 

Let X e X. Then there exists u e X such that ||ri — x|| <1/4 and \\Tnu\\ > an||Tn|| 
for all n> 1. 



Proof. Without loss of generality we can assume that all operators Tn are non-zero. 

Choose ^ > 0 such that (1 + S) < 1/4. Set Sn = {I T S)an^^ for 

all n G N, so that Sn < 1/4. For each n find 2 :^ G X of norm 1 such that 

||T,^n||>(i + (^)-'||rn||. 

The proof will be done in several steps. 



Claim A. Let k eN. Then there are complex numbers Ai, . . . , such that |An| < 
Sn and 



K 

Tn(^X XnZn^ ><3^n||^n|| 



n=l 



(n = 1 , . . . , fc). 



Proof of A. Fix A; G N. Write 



A= {A= (Ai,...,Afe) eC'' : |A„| < (n = 1, . . . , fc)}. 



For A e A set u\= x + XnZn- 

For j = 1, . . . ,fc let A,- = {A G A : ||T,wa|| < ail|T,||}. 

Let 1 < j < k and suppose that A, A' G Aj where A = (Ai,...,Afc) and 
A = (Ai , . . • , Xj—i , Xj , Aj-|-i , • . • , A^c) . Then 



|A,- - A'|(l + <5)-i||T,|| < |A, - A'l ■ ||T,^,|| = \\T,{u^ - mv)II 
< \\TjUx\\ + \\Tju\\\<2aj\\Tj\\, 



and so |Aj — A' | < 2 aj{l + < 5 ). Thus, for fixed Ai, . . . , Aj_i, Aj+i, . . . , A^, the set 
{i/ G C : (Ai, . . . , Xj-i,u, A^+i, . . . , Xk) G Aj} is contained in a ball of radius 
2 aj(l+^). 

Let m be the Lebesgue measure in C^. Then m(A) = rin=i(^^n) 

Fubini theorem, 

^(Aj) < 47 t( 1 + — ^m(A) < Aa^^^m{A). 

l<n<k ^ 

Thus 

k k 

»7i(A \ U ^j) ^ ^ > 0. 

t=i i=i 

Hence there exists A G A \ Uj^i other words, u\ satisfies ||TjUA|| > % 

{j = l,...,k) and ||ua - ajj! < Yln=i l^n| < ELi < 1/4. 
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Claim B. The set M = {x + • \^n\ ^ (n = 1,2, . . .)} is totally 

bounded. 

Proof of B. Let ry > 0. Find k eN such that X]^/c+i < '^/2. Set 

X “h ^ ^ Xn Zyi ’ I Xn \ ^ {tI = 1,2,. ..,/c) / . 

^ n=l J 

Since Mk is compact, there exists a finite set F C Mk such that dist{it, F} < ry/2 
for all u e Mk. Hence dist{m, F} < rj for all m e M. 

Proof of Lemma 10. By A, for each /c G N there is a G M with 
\\TnUk\\ > an\\Tn\\ (n = 1 , . . . , /c) . 

By B, there is a convergent subsequence {ukj) of (uk). Denote by -u G A its limit. 
Clearly, \\u - x|| < limsup^_^ \\ukj - x|| < < 1/4 and 

\\Tnu\\ > an\\Tn\\ (n = l,2,...). □ 

Corollary 11. Let T G B(X). Let {an)n>o ^ sequence of positive numbers 
satisfying ^ Then there is a dense subset L C X such that for each 

X G L there exists k eN with 

\\T^x\\ > an\\T^ (n>/c). 

Further, there exists an x G X such that ||T’^x|| > an||T’^|| for all n > 0. 

Proof. Let x G X and e > 0. Find /c G N and s such that ^4 < 

s < e. Set a'^ — Then <1/4, and so, by Lemma 10, there exists 

a G X with \\u — f 1| < 1/4 and ||T’^a|| > a^||T’^|| (n > k). Thus ||sn — x|| < e 
and ||T^(sn)|| > an\\T^ {n > k). 

To show the second statement, choose c > 0 such that ( ^ ) <1/4. 

By Lemma 10, there exists u e X with ||T^a|| > ^||T’^|| for all n. Then x = cu 
satisfies ||T’^x|| > anllT’^H for all n. □ 

A better estimate can be obtained using the measure of non-compactness 
||T||^ = inf{||T|Mll : M C X, codim M < oo}, see Section 23. 

Theorem 12. Let T G B{X), let {an)n>o he a sequence of positive numbers satisfy- 
ing < oo. Then each ball in X of radius greater than 2 contains 

a point u such that 






||T"^li>an||T" 



(n = 0,l,...). 



( 1 ) 
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Proof. Let x ^ X and e > 2 We show that there exists u e X with 

\\u — x\\ < € and (1). 

Let 5 > 0 satisfy (1 + S)ao + 2(1 + 5)^ Let zq e X he any 

vector satisfying \\zq — x\\ — ao(l + and |fyo|| > ao(l + 5) (for example, zq = 
X + ao(l + (5)x/|fy|| will do). 

We construct inductively a sequence of points zj G X. If zq^ ^ Zk G X 
are already constructed, then set Ek = \/{T^Zj : 0 < n < k.,0 < j < k}. 
By Lemma 2, there is a closed subspace Yk C X of finite codimension with the 
property that ||e + y\\ > (1 -f max{||e||, ||2/||/2} for all e G Ek,y G Yk. Since 
codim y) < oo, there is a Zk-\.\ G flj^o ^ norm 1 such that 

Let (zj) be the sequence constructed in the above described way. Let u — 
zo + 2(1 + S)^akZk. Then \\u - x\\ < \\zq - x\\ + 2(1 + o^k < £ and 

ll^ll > (1 + 11^2^0 II > ^0- For each n > 1 we have 



||T^u 



Zq ■ 



y^2(i+<5)^ 



O^kZk 



k=l 



>{i + sy 



T^(zo + J2^il + Sf 



^kZk 



k=l 



- ^ ||r"(2(l + (^)3a„z„)|| = (l + (5)a„||T”z„|| 

>an\n. 



□ 



Similar techniques can be used to construct a vector x in a prescribed infinite- 
dimensional subspace with all powers T'^x large. 

Recall the quantity j^{T) = sup{j(T|M) : M C X, codim M < oo}, which 
was studied in Section 23. 



Le mm a 13. Let Ti, . . . , G B{X^ Y), let X\ C X be a closed infinite-dimensional 
subspace. Let £ > 0. Then there exists x e Xi of norm 1 such that \\Tix\\ > 
jf,{Ti)-s {i = l,...,k). 

Proof. For i = 1 , . . . , /c there is a subspace Mi C X of finite codimension such 
that j{Ti\Mi) > jfi{Ti) — £. Let x be any vector of norm 1 in Xi Pi HiLi Then 

||r,x|| > j(T|M,) > - 6 



for alH = 1, . . . , A:. □ 

Theorem 14. Let X^Y he Banach spaces, let Tn G B{X,Y) (n — 1,2,...), let 
(on) be a sequence of positive numbers such that limi^cx) o,i = h and let Xi C X 
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be a closed infinite-dimensional subspace. Let ^ > 0. Then there exists a vector 
X e Xi with ||x|| < sup^ Ui S and \\Tnx\\ > • j^{Tn) for all n eN. 

Moreover, there is a subset X 2 dense in Xi with the property that for each 
X G X 2 there exists no such that ||Tnx|| > anj^{Tn) {n > no). 

Proof. Without loss of generality we can assume that ai > «2 ^ Let e > 0 
satisfy (1 — £)^(ai + |) > oi. For each k = 0,1, . . . find with ^ • Find 

zo e Xi such that ||zo|| = ai +5/2 and \\TnZo\\ > (l-s)(ai+5/2)j^(Tn) (n < ro). 

Let A: > 0 and suppose that zo, . • . , Zk have already been constructed. Let 
Ef. = \/[TnZi :0<i<k,l<n< r^+i}. Let Mk be a subspace of X of finite 
codimension such that 



||e + m\\ > (1 — e) max{||e||, ||m||/2} {e e E,m e M). 

Since the space Lk = flLi < 00 is of finite codimension, we can 

choose z/e+i G Xi n Lfc such that ||2 ;a;+i|| = 52“^^+^^ and 

\\TnZk+i\\ > (1 - (1 < n < Vk+i). 

Set X = Yll^o Then x G Xi and 

00 CXD 

||x|| < ^ ll^ill < ai + 5/2 + ^ = a\ 4- S. 

i—O i=l 

For n = 1, ... ,ro we have 






TnZo + y ] Tn 



1=1 



> (1 



- e)||r„ 2 o|| > aij^{Tn) > anj^(Tn). 



Let k >0 and Vk < n < rk+i - Then 



\\TnX\\ 



> 



y^TnZj 

i=C 

( 1 - + 



\\TnZk+l\\ > 



/c+1 

E,TnZi 

i=0 

{l-ef 



2k+2 



JuiTn) > an-jfi{Tn)- 



Thus \\Tnx\\ > anjij,{Tn) for all n eN. 

To show the second statement, let u e Xi and £ > 0. Find no such that 
On < £ for all n > no- As in the first part, taking zo = u, construct a vector 
X e Xi with \\x — u\\ < e and ||Tnx|| > anj^{Tn) (n > no). □ 



The next result is an analogue of Theorem 9 where the spectral radius is 
replaced by the norm. In this case, however, there is a restriction on the exponent p. 
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Theorem 15. Let X,Y be Banach spaces, let {Tj) C B{X,Y) be a sequence of 
non-zero operators and let 0 < p < 1 . Then the set 

is residual in X. 

Proof. For k > 1 set 




Clearly, Mk is an open subset oi X. It is sufficient to show that Mk is dense. 
Indeed, the Baire theorem then implies that the intersection Mk = G X : 

(l^f) ~ ^ dense Gs set. 

Fix X e X, S > 0 and /c G N. We show that there is a u e X such that 
\\u — a:|| < (5 and u G Mk. 

Let e = - — 1. Then £ > 0 and s = < oo. For z = 1, 2, ... set 

Si = So ^ a,nd 7 = 00- Fix n such that 

3 •> k 

8P+1 Z^i=l ^ 

For i = 1, . . . ,n find Ui e X of norm 1 such that ||Tiiii|| > ||Ti||/2. Set 
A = {A = (Ai, . . . , A,) G C- : |A,| < £, (i = 1, . . . , n)}. 

For A G A set = ^PYli=i Clearly, ||xa — a:^|| < ^ ^ A G A. 

For i = 1, . . . ,n let Ai = |a G A : ( **|j^j[** ) <l(f) }• 

Let 1 < i < n and suppose that A, A' G A^ where A = (Ai,...,An) and 
A = (Ai , . . • , A^—i , A^, A^-i-i 5 • • • 7 Att,). Then 




Thus |A- A'l < f . 

Consequently, for fixed Ai, . . . , A^-i, A^+i, . . . , An, the set 
{z^ G C : (Ai, . . . , A^-i, u, Ai+i, . . . , An) 6 A^} 
is contained in a ball of radius y . 
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Let m be the Lebesgue measure in C’^. Then m(A) = 
Fubini theorem, 



m{Ai) 






n 



l<j<n 



m(A) 

4 



Set /(A)=E”=i(^)" Then 




Thus there exists A G A such that /(A) > A:, and so x\ 
and the proof is complete. 



i=l 

€ Mk. 



2 - 8^4 
Hence 



Corollary 16. Let T e B{X) be a non-nilpotent operator and 0 < p < 
set 



> k. 

Mk is dense 

□ 

1. Then the 







is residual. 

The previous result is not true for p = 1 . 

Example 17. There are a Banach space X and a non-nilpotent operator T G B{X) 
such that < co for all x G X. 

Proof. Let X be the space with the standard basis {eo, ci , . . Let T e B{X) he 
the weighted backward shift defined by Tcq = 0 and Tek = (A^ > 1). 

For n G N we have 



T^ek = 



0 



(fc+i)" 

(fc-n+l)2 



^k—n 



{n > k), 
(n < k) 



and ||T”|| = {n + \f. 

hei X e X,x = where J2T=o \^k\ < oo. Then 



^||r»x|| K|(fc + i)^ 

iv (fe + i)' 

to '''„^„(n + W-n+D^- 
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We have 



Thus 



k 

E 

n=0 

[k/2] 

E 



(k + 1)^ 

(n + l)^(fc — n + 1)2 

{k + 1)2 



, (fe + 1)^ 

„=o - n + 1)2 (n + l)2(fc - n + 1)2 



< 



4 ^ 4 ^ 



1 47T^ 



^||T":c|| , 47t 2 4||a:||7r2 

E]jr;rirsEl»‘l— = ^<'»- 



n=0 



fc=0 



□ 



Up till now we studied points x with “very regular” orbits {T^x : n G N}. 
The other extremes are hypercyclic vectors with very irregular orbits. 



Definition 18. Let T e B{X) be an operator. A vector x e X is called hypercyclic 
for T if the set {T'^x : n G N} is dense in X. 



Hypercyclic vectors seem to be very strange and exceptional but in fact they 
are quite common. 



Theorem 19. Let X be a separable Banach space. Suppose that T G B{X) satisfies 
the following conditions: 

(i) there exists a dense subset Xq C X such that limn-^oo = 0 (x G Xq); 

(ii) UnT^Bx = X. 

Then there exists a hypercyclic vector for T. Moreover, the set of all hypercyclic 
vectors for T is a dense Gs subset of X. 



Proof. We first show that for all c > 0 and no G N we have Un>nn = A'. 

Let u e X, u 0 and e > 0, £ < min{c, ||n||}. C 
0 < i < no}. Find v G Bx and n G N such that 



n>no ■ 

tioose s > £“^||n|| +max{||T^|| : 
< 1. For n < no we 



rpn . _ _su_ 

^ "" ll^ll 



have 



T^v- 



^ < e. Further, G cBx- 



> s—\\T^v\\ > e ^||n|| > 1. Thus n > no and 



< 



We now show that the set of all hypercyclic vectors is dense. Let be a 

sequence dense in X; without loss of generality we can assume that each member 
of the sequence appears in the sequence infinitely many times. 

Let y G A and 6 > 0. We construct vectors G A and an increasing 
sequence rik {k G N) of positive integers. Find no G Ao such that ||y-no|| < e/2. 
Set formally no = 0. 
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Let k > 0 and suppose that vectors uq^ui, . . . ,Uk G Xq have already been 
constructed. Since uo,...,Uk G Xq, there exists m G N such that ||T^Ui|| < 
2 i+ T +i > ^ 5 ^ = 0, Find Uk-^i > max{m,rik} and ^ X such 

that ^ 

I' 2*+2max{l,||r"i||,...,||T"HI} 

and ^ 

||T — Xk-\-i\\ < 2k-\-i ' 

Set u = Clearly, the series is convergent and ||u — y\\ < ||tfco “ y|| + 

II Will < f + E^i Further, 



k—1 oo 

||T"''u-a;,|| < ^||T”'=u,|| + ||r”'^«,-Xfc||+ ll^”''^ill 

z=0 i=k-\-l 

k—1 oo 

< oi+fc+T + ^ + XI ^ < 3e2-^. 



2i+fc+i 2^ 
i=0 i=zA:+l 



Since each Xk is contained in the sequence (xi) infinitely many times, w is a hy- 
percyclic vector. Hence the set of all hypercyclic vectors is dense. 

Let (Ui) be a countable base of open subsets of X. Then the set of all hy- 
percyclic vectors for T is equal to which is a Gs subset of X. 

□ 



Example 20. Let S be the backward shift on a Hilbert space H, i.e., Seo = 0 and 
Sci = 6i-i {i > 1), where {ei \ i = 0,1,2,...} is an orthonormal basis in H. 
Then T — 2S satisfies the conditions of Theorem 19 and therefore there is a dense 
Gs subset of H consisting of hypercyclic vectors for T. 

In the same way, it is easy to prove that a weighted backward shift with 
weights Wi {i > 0) has hypercyclic vectors if and only if sup,^(ico • • - Wn) = oo. 



35 Weak orbits 

By a weak orbit of an operator T G B{X) we mean a sequence of the form 
{(T-^x, X*) : j = 0, 1, . . .}, where x G X and x* G X*. 

Some results concerning orbits also remain true for weak orbits. An example 
is the statement of Theorem 34.1. 

Theorem 1. Let T he an operator on a Banach space X, let {an)n>o be a sequence 
of positive numbers such that Un 0. Then the set of all pairs (x,x*) G X x X* 

such that 



KT’^x, x*)| > anllT’^ll for infinitely many powers n 



is residual in X x X* . 
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In particular, the set {(x,rr*) e X x X* : limsup^_^ = ^(^)} 

is residual in X x X*. 

Proof. For G N set 

Mk = {(x,x*) e X X X* : there exists n> k such that |(T^x,x*)| > an||T^||}. 

Clearly, Mk is an open subset of X x X*. We prove that Mk is dense. Let x G 
X,x* G X* and £ > 0. Choose n > k such that On < e^. There is a vector 
u G X of norm 1 such that > ff ||T”^||- Let u* G X* satisfy ||ii*|| = 1 and 

(T^u,u*) = \\T^u\\. We have 



> 



\{T'^{x + £u),x* + eu*) \ + |(T”^(x + eu),x* — eu*)\ 

+\{T^{x - su),x*+eu*)\ + |(T^(x - eu),x* 

{T^{eu + x),su* + X*) -h {T'^{eu -f x),£u* — x*) 






-\-{T'^{eu — x),eu* + x*) + {T^{eu — x),eu* — x*) 
= |4(T”eu,eu*)l = 4e2l|T”uH > 4a„|lT”H. 



Thus there is a pair 

iViy*) ^ {{x-i-eu,x* -\-eu*), {x-\-eu,x* —eu*), {x-eu,x*-\-£u*), {x — eu,x*—eu*)} 

such that \{T'^y,y*)\ > an||T^||. Hence (y,y*) G Mk and Mk is dense in X x X*. 

By the Baire category theorem, the intersection M = H^i is a residual 
subset of X X X* and all pairs (y,y*) G M satisfy \{T^y,y*)\ > a,^||T’^|| for 
infinitely many powers n. 

In particular, for = n~^ we obtain that 

limsup KT’^y, ^limsupT^^ 

n— >oo n— >-oo \ ^ 

for all pairs (y^y*) in a residual subset of X x X*. □ 




The weak version of Theorem 34.4 is an open problem: 



Problem 2. Let T be an operator on a complex Banach space X, let {an) be a 
sequence of positive numbers such that ^ 0. Do there exist vectors x G X and 
X* G X* such that 

KT"x,x*)| >a,.r(T") 

for all 72? 



For some partial results see C.35.2. 

Next, we are going to show a result which is something between the statement 
of Theorem 1 and Problem 2. We need the following lemma: 
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Lemma 3. Let X be a Banach space, T G B{X), re{T) = 1, no G N, e > 0, m G N. 
Then there are numbers no < ni < • • • < rim such that in each subspace M C X 
of finite codimension there exists a vector x G M of norm 1 with \\T'^^x — x|| < 
^ (j = 

Proof. Let A G cfe{T), |A| = 1. Then A G a-j^eiT). Find s G N such that s > tiq 
and |A^ — 1| < £/2m. Then 

|A"^‘ - 1| = |A" - 1| • + • • • + 1| < e/2 

for j = 1, 2, . . . , m. Let x G M be a vector of norm 1 satisfying ||T^-^x — A^-^x|| < 
e/2 {j = l,...,m). Then - x|| < ||T^^x - A"^x|| + ||A^-^x - x|| < e. □ 

Theorem 4. Let X be a Banach space, T G B{X) and let {cij)j>i be a sequence of 
positive numbers with aj ^0. Then there exist x G X, x* G X* and an increasing 
sequence (rij) of positive integers such that 

Re(T^^x,x*) > aj-r{T)^^ 



for all j > 1. 

Proof. Without loss of generality we can assume that r{T) = 1 and that 1 > ao > 
a I > • • •. We distinguish two cases: 

(a) Suppose that there are x G X, x* G X* and c > 0 such that |(T^x, x*)| > 
c for infinitely many powers n (i.e., T^ does not tend to 0 in the weak operator 
topology). 

Then 

\{T^x,x*)\ 

< V2 ■ max{Re(T”a;, a;*), Re(T"a;, ix*), Re(T"x, -x*),Re(T^x, -ix*)] . 

Thus there are ci > 0 and x\ G X* such that Re(T^x, x*) > C\ for infinitely many 
powers n. Hence we get the statement of Theorem 4 for a suitable multiple of x*. 

(b) Suppose that (T^x, x*) — > 0 for all x G X, x* G X*. 

Using the uniform boundedness theorem twice yields that sup{||T’^|| : n = 
0,1,...} = M < oc. The assumption also implies that there are no eigenvalues 
of modulus 1, and so re{T) = 1. Let 5 = 8M. Find numbers mfc G N such that 
0 = mo < mi < m 2 < • • • and 

We construct inductively sequences {uk)k>o C X, {ul)k>o C X* and an increasing 
sequence of positive integers (rij) in the following way: 

Set 1^0 = 0 and Uq — 0. Let k > 0 and suppose that vectors uq,. . . ,Uk G X, 
Uq,. . . ,ul G X* and numbers ni, . . . , Um^ have already been constructed. Write 
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Xk = Et=i and xl = Find qu such that \{Tixk,x*f.)\ < {j > 

Qk). Find numbers • • • ? ^mfe+i satisfying the properties of Lemma 3 for 

£ = 1/16 such that 

max{7l^^ , <i TlfYif^-^2 ^TTife^-i- 

Let Ek = \/{T^^Ui : 0 < i < k,0 < j < mfc+i}. By Lemma 34.2, there exists a 
subspace Yk of finite codimension such that 



||e + y\\ > max{||e||/2, ||y||/4} (e e Ek,y G Yk). 

LetUk+ieYkD^(y{T*^i . 1 ^ z ^ A/,0 ^ j ^ Tfik-\- \ ^ ^ be a vector of norm 1 
such that 

IIT^'^fc+i - Uk-^i\\ < 1/16 {rrik < j < rrik^i). 

Find ul_^^ G E^ such that 111^^^111 = 1 and 

= dist{i/fc+ii^fc} > 1/4. 

Note that = 0 and {T^^Uk+iyU*) = 0 for alH < A: and j < m^+i. 

Continue the inductive construction, and set finally x = — 

E oo u* 
i=l * 

To show that rr, x* and the sequence (rij) satisfy the properties required, let 
A; > 0 and ruk < / < We have 



Re(T^^x,x*) 



= Re^T”^ 



i=k ^ 




1 ^ 

= Re(T”^a;fc,4) + ^ Re(T"^n,+i, + E Re(r”^i+i, <+i) 

1 1 

- ~ lQg2k ^ - T'^^Uk-\-l,Uk_^i)^ - ^2 

i=k-\-l 

J-f 1- 1 

“ \ 16 4 16 / ~ 16s^^ ~ ^ 



□ 



Corollary 5. Let X he a Banach space, let T G B{X), 0 < p < oo, r{T) 7^ 0. Then 
the set 



|(a:,a:*) € X x X* 






P 



= OO 



is residual in X x X* . 
Proof. For A; G N set 



Mk = 



|(x,x*) e X X 




\{T^x,x*)\ \ 

r(T^) J 



p 




35. Weak orbits 



319 



Clearly Mk is open in X x X*. To show that Mk is dense, let x G X, x* G X* and 
5 > 0. By the previous lemma for a suitable sequence (a^), there are u e X and 

u* G X* such that assume that ||r^|| < 6 and 

||u*|| < e. Since 



{T^{u-hx),u* +x^) ^ {T^{u-\-x),u* -x^) 



r(T^) 



4r(T^) 4r(T"^) 

^ (T^(^-x),u* +x*) {T^{u - x),u* - X*) 1^ 



< max^ 



4r(T") ' 4r(T") 

\{T'^{u + x),u* +x*)\ |(T”(M + a;),M* -a;*)| 
r(T") ’ r(T«) 

\{T'^{u-x),u* +x*)\ \{T^{u-x),u* -x*)\"^^ 



r{T'^) 



r{T^) 



we have that ~ ^ least one pair 

{y,y*) e {{x -t- u^x'' u*),{x u,x* - u*),{x - u,x* u*),{x - u,x* - u*)}. 

Thus Mk is dense in X x X* and 

M = - {(I.I-) e X X X- : = ooj 



is residual in X x X*. 



□ 



Theorem 6. Let X, T be Banach spaces and G B{X,Y) {n = 1,2, . . .). Let 
(an) be a sequence of positive numbers satisfying <1/4. Let U C X, 

V C Y* be balls of radii equal to 1/4. Then there exist x e U and y* e V such 
that 

\{TnX,y*)\>an\\Tn\\ 



for all n G N. 

Proof. By Lemma 34.10, there exists x G C/ such that ||Tnx|| > ay^||Tn|| for all 
n. 

Consider the operators Sn ' Y* ^ C defined by Sny* = {TnX,y*) for all 
y* G T*. It is clear that ||*Sn|| = ||^n^|| > ^^y^||^n|| for all n. Using Lemma 34.10 
again, there exists y* eV such that 

\{T„x,y*)\ = ||5„y*|| > al/^Sn\\ > a„||T„|| 



for all n € N. 



□ 
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The following result can be obtained in the same way as Corollary 34.11. 

Corollary 7. Let T G B{X) and let (a^)n>o be a sequence of positive numbers with 
the property that '^ben there is a dense subset L C X x X* 

with the following property: for each pair (x,x*) G L there exists A; G N such that 

\{T^x,x^)\>an\\T^ {n>k). 

Corollary 8. Let X be a Banach space, let T G B{X). Then the set 

{{x,x*} G X X X* : liminf |(T"a:,a;*)y” = r{T)] 

is dense in X x X*. In particular, there is a dense subset L of X x X* with the 
property that the limit lim^^oo |(T”^x, exists and is equal to r(T) for each 

pair {x,x*) G L. 



Theorem 9. Let X, Y be Banach spaces, iet Ti, T2, . . . be a sequence of operators 
from X to Y and let 0 < p < 1/2. Then the set 

xxr..|(M)' = 00} 



is residual in X x Y* . 
Proof. For A: > 1 set 






^ 00 

^ j = l 



\{TjX,y^)\ 

\\Tj\\ 



> kY 



Clearly, Mk is an open subset of X. It is sufficient to show that Mk is dense. 
Indeed, by the Baire theorem, the intersection = |(x,y*) £ X x Y* : 

= oc| is a dense Gs subset of X x Y*. 

Fix X E X, y* E Y* ,S>0 and k E N. We show that there are X\ E X and 
yl E Y* such that ||xi — x\\ < 6, \\yl — y*\\ < 6 and (xi,y*) G M^. 

Let e = ^ - 1 > 0 and s = < oo. Set e, = {i = 1,2,.. .). 

,2p. 



Then = (f) ^ T,Zi I = oo- « such that ^^=1 For 

i = 1, . . . ,n find U{ E X and v* E F* such that ||ui|| = 1 = ||r’*|| and \{TiUi,v^)\ > 
\\Ti\\/2. 

Let I < i < n, a £ X , b* G Y* and a,/3 gC, \ai\ < et, |/?| < Then 
|(Ti(a + aui), 6* + /?Or + KT(a + aui), 6* - 

+ |(T,(a - au^),b* + (3v*)\P + \{Ti{a - aut),b* - (3 v*)\p 
> max \\{Ti{a + aui),b* + (3v*)\,\{Ti{a + aui),b* - /3v* ) \ , 

l(T,(a - au^),b*+0v*)\, \{T,{a - aui),b* - Pv*)\Y 
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> ^ (|(Ti(a + aui), b* + /3v*)\ + |(T,(a + am), b* - pv*)\ 

+ \{Ti{a - aui),b* + (5v*)\ + \{Ti{a - aui),b* - /3v*)|) 
(^|(7i(a + aui,2j3v*)\ + \{Ti{a - aui,2Pv*)'^^ 



> 



4p 



> |a/3n(T,u„0|^> 



2P 



Let m be the Lebesgue measure in C and rrij the Lebesgue measure in CL Then 



> 



V / 
/ 7 



aB\P 1 

-^dm{a)dm{P) > — 



47rVr p+i^ 47r2£fP+2) 

2P (io "^7 2P(p + 2)2- 



dm{a)dm{/3) 

a\^dm{a)^ 



|o;|<£i 



Let 



A = {A= (Ai,...,A„) eC” : |Ai| < {i = 1, . . . ,n)}. 

For A e A set 2 ;a = a; + j/^ = x* + \iV*. Then ||a;A - ^c|| < 

Er=i = f E*”=i = (^. and similarly, ||y^ -y*\\< S. 

For \,fj, € A set f{\,y) = E?=i Fubini theorem, we 

have 



m2n 



^2 2p+4 



> i 

“ 7t242p(p + 2)2 ^2p(p + 2)2 



-2p 



> /c. 



Thus there exist A,/i G A such that /(A,/i) > A;. In other words, (xA,y*) G Mjfc, 
II^A “ ^11 ^ d and ||y* — y*|| < S. Hence the set Mk is dense in X x T*, which 
finishes the proof. □ 



Corollary 10. Let T be a non-nilpotent operator acting on a Banach space X and 
let 0 < p < 1/2. Then the set 



|(x,x*) G X X a:* : 



lira'll 




is residual in X x X*. 
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36 Kaplansky’s type theorems 

Many results in operator theory connect local properties of an operator on a 
Banach space with its global properties. A trivial example, which is in some sense a 
prototype of this type of results, is the following observation: an operator T G B(X) 
is locally nilpotent (i.e., for every x E X there exists n E N such that T^x = 0) 
if and only if it is nilpotent. This observation is an immediate consequence of the 
Baire category theorem. 

An approximate version of this result wets proved in Section 14: an operator 
T E 13(X) is quasinilpotent (i.e., r(T) = 0) if and only if it is locally quasinilpotent 
(i.e., rx(T) = limsup;.^^ ||T^x||^/^ = 0 for all x E X). 

The classical Kaplansky theorem considers polynomials instead of the powers: 

Theorem 1 (Kaplansky). Let T E B{X). Then T is algebraic (i.e., p{T) — 0 for 
some non-zero polynomial p) if and only if it is locally algebraic (i.e., for every 
X E X there exists a non-zero polynomial p such that p{T)x = Oj. 

The main result of this section is an analogous statement for n-tuples of 
operators. An approximate version of the Kaplansky theorem will be proved in 
the next section. 

Theorem 2. Let Y, Z be Banach spaces, let {Tj)j>i be a finite or countable infinite 
family of operators from Y to Z. Suppose that for each y eY the set {Tjy : j = 
1,2,...} is linearly dependent. Then there exists a non-trivial linear combination 
of operators Tj that is a finite-rank operator. 

Proof. For each j let 



By assumption, we have Y = {jjYpjj so there exists k = k{F) such that Yp^k 
is of the second category and Yp^i is of the first category for / < k. Choose a 
finite-dimensional subspace F C Z such that 




i=l 

Let F be a finite-dimensional subspace of Z. For j = 1,2, ... set 



U S-^F. 



seMj 



k = k{F) = min{A:(G) : G C Z,dimG < oo}. 



For s G N let 




and 




Thus Mk = U~ 1 and so Yp,k = U! 



iCXD 

's=l ^ F,k' 
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We prove that the set is closed for all s. Let Vj 0 ^5 • • •) 

(s) 

and yj ^ y e Y. Then there exist operators Sj G such that Sjyj e F. It 

is easy to see that there exists a subsequence Sj^ and an operator S G such 
that 

l\m\\Sj^-S\\=0. 

Then 



Sy = lim Sj^y = lim 4- Sj^{y - = lim Sj^yj^ € F, 

r—^oo r^oo r-^oo 

(s) 

and so y e Y^J^. 

Thus there exist s G N and a non-empty open subset U C Y^l. Since 
Uz</e ^F,i is a set of the first category, there exists w G \ Uz<fc Let £ > 0 
satisfy 

{y eY :\\y- wll < e} C c Yp,k- 

Let Si —Tk J2iZi OLiTi be an operator such that 

Siw G F. (1) 

Denote by F' the subspace of Z generated by F and by the elements Tiw {i = 
1, . . . , /c). Obviously, dimF' < oo. Set V = Yf,/c \ U^</c ^F',h 

It follows from the choice of the subspace F that the set V is of the second 
category. 

Let V eV. Then v G Yp,k, and so there exists S 2 =TkF YliZi such that 

S 2 V G F. (2) 

(s) 

Since w E U <Z Yp ^ and U is open, there exists a non-zero complex number A 

such that w Xv E Y^l. Thus there exists an operator S 3 = TkF Yli=i such 
that 

Ssiw + Xv) E F. ( 3 ) 

Thus S3V = X~^ (^S3{w + A^;) — S3W) G F' and, by ( 2 ), {S3 — S2)v G F', where 
S3-S2 = Since v ^ U;<fc we have7i = /?, (i = 1, . . . , fc-1). 

So 5 g = 52 - 

Thus S 3 V = S 2 V G F a S 3 W G F by (3). Further, {S 3 — Si)w E F, where 



k-i 

Ss-S,= 5 ^( 7 * - ai)Ti. 

i=l 

Since w ^ [Ji<k^FF we get 53-51 = 0, and so S 3 = S\. Hence Siv E F for 
all G V. The preimage 5f ^F is a closed subspace of Y which is of the second 
category since 5f^F D V. Thus 5f ^F = T, 5iT C F and Si is a finite-rank 
operator. □ 
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For n G N denote by V{n) the set of all polynomials in n variables. 

Definition 3. Let A = be a commuting n-tuple of operators on a 

Banach space X. We say that the n-tuple A is algebraic, if p{A) = 0 for some non- 
zero polynomial p G 'P(n). We say that A is locally algebraic if, for each x G X, 
there exists a non-zero polynomial Px G V{n) such that Px{A)x = 0. 

Corollary 4. Let A = {A\ An) be an n-tuple of mutually commuting operators 
on a Banach space X. Then A is algebraic if and only if it is locally algebraic. 

Proof. Let A = {Ai , . . . , be a locally algebraic n-tuple. Consider the countable 
set {A^ : a G C B{X). By Theorem 2, there exists a non-zero polynomial 
p G V{n) such that p{A) is of finite rank. Hence {qop)(A) = 0, where q G V{1) is 
the characteristic polynomial of the finite-dimensional operator p{A)\ Ran [p{A)). 

□ 

Theorem 5. Let A = (Ai,...jAn) be a commuting n-tuple of operators on a 
Banach space X, which is not algebraic. Then there exist points xi, X2 , , . . . G X 
such that 7 ^ b for all k e N and all k-tuples of polynomials pi, . . ., 

Pk ^ 'P{'f^), that are not all equal to zero. 

Proof. Suppose on the contrary that for each sequence xi, X2, ... of elements of 
X there exist k and polynomials pi, . . . ,Pk ^ (pi, • • • ^Pk) ^ (0, ... ,0) such 

that Y!i=iPi{A)xi = 0. 

Denote hy Y = /^(X) the space of all bounded sequences of elements of X 
with the sup-norm. For k e N and a e let Sk^a -X ^ X be the operator 
defined by *S'/e,a ({xj^^) = A^Xk. 

By Theorem 2, there exists a finite-dimensional subspace F C X, /c G N and 
polynomials Pi, . . ., P/c ^ ^(^), (pi, . . . ,Pfc) 7 ^ ( 0 , . . . , 0) such that Pi{^)^i ^ 
F for each sequence G /°®(X). Choose j G {1, . . . , A:} such that pj ^ 0. 

For xi = ' - = Xj-i = 0 = Xj+i = • • • = Xfc we have pj{A)xj G F for all Xj G X, 
i.e., Pj{A) is a finite-rank operator. As in the proof of Corollary 4 we get that A 
is an algebraic n-tuple. □ 



37 Polynomial orbits and local capacity 

Recall that V{n) denotes the set of all polynomials in n variables and Vk{n) the 
set of all polynomials of degree < k of n variables. 

By a polynomial orbit of an operator T G S(X) at x G X we mean the set 
{p(T)x:pGF(l)}. 

Polynomial orbits are closely related with the invariant subspace problem. 
Clearly an operator T G B{X) has no non-trivial closed invariant subspace if and 
only if all polynomial orbits {p(T)x : p G F(l)} are dense in X for all non-zero 
xGX. 
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In this section we generalize some results concerning orbits. We prove that 
there are always points x ^ X such that ||p(T)x|| is “large” for all polynomials p. 
The results are also formulated for n-tuples of commuting operators. Further, we 
introduce the local capacity of operators and prove an approximate version of the 
Kaplansky theorem. 

Lemma 1. Let X be a Banach space, let E C X and M C B(X) be finite- 
dimensional subspaces and let e > 0. Then there exists a subspace Y C X of finite 
codimension such that 

||-S’(e + y)l| > (1 - s) max{||S'e||, \\Sy\\/2} 

for all e e E, y e Y and S G M. 

Proof. Let Ti, . . . , be a basis of C B{X). Set Ei = V^=i By Lemma 
34.2, there exists a subspace Yi C X of finite codimension such that 

||e + 2/|| > (1 -£)max{||e||, ||y||/2} (e G Ei,y G Vi). 

Set Y = n^=i Then codimT < oo. For e G E, y £ Y and 5 G Ad we have 

Se G El and Sy eYi, so 

||S'(e + y)\\ > (1 - £) max{||5e||, ||5't/||/2}. □ 



Lemma 2 . Let A = {Ai, An) be an n-tuple of mutually commuting operators 
on a Banach space X, let (0, . . . , 0) G £ > 0, let E, Y be subspaces of X 

such that dimE < oc and codim T < oo. Then there exists a vector u G Y of 
norm 1 such that 

n 

(^I + '^aiAi^ie -h u) 

2=1 

for all e G E and ai, . . . , an G C. 

Proof. Let A 4 be the subspace of B{X) generated by the operators Ai, . . . , An] 
without loss of generality we can assume that these operators are linearly indepen- 
dent. Denote by A 4 i the set of all finite-rank operators in M, Mi = M HE {X). 
Let M2 be a complement oi Mi in M, i.e., MifiM2 = {0} and Mi P M2 = M. 
Let Si, ..., Sk be a basis in M2 and S'/e+i, • ^ . ^Sn a basis in Mi. 

Let e' be a positive number satisfying >1—^ and s' < 1. By Lemma 1, 

there exists a subspace Yi C X of finite codimension such that 



> 



1 - e 



n 

(j + OLiA^ (e + y) 
2=1 



> 



n 

(j + OLiA^y 

2=1 



for ad e G E, y G Yi and ai,...,an G C. Clearly, we can assume that Yi C 
Y n nr=/c+i Ker5i since codim KerS'j < 00 for A; + 1 < i < n. Thus 5|yi = 0 for 
all 5 G Ml. 
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By Theorem 36.2, there exists yi G Ti of norm 1 such that the vectors 
5 i2/i, . . . , SkVi are linearly independent (otherwise there would be a non-zero op- 
erator m M 2 of finite rank). 



For /^i,...,/3n ^ consider the norms and Z)j=i 

These two norms are equivalent, so there exists a positive constant c such that 



k 






j=i 



for all (3i, . . e C. 

By Lemma 1, there is a subspace I 2 C X of finite codimension such that 

n f II ^ 1 II ^ 1 

(/ + y]ai^i)(e + 2/) > (l-e')max-j k/ + ^ai>li)e , - M J + > 

i=l L '' i=l 2=1 J 



for all e G V {yi} V {Syi : S G M}, y G F 2 and ai, . . . , a„ G C. We can assume 
that I 2 C Ti C Y. 

Since (0, . . . , 0) G (Jnei^) and the operators Si, ... ,Sn are linear combina- 
tions of Ai, ... , An, we also have (0, . . . , 0) G <J 7 re('S'i, . . . ,Sn) and there exists a 
vector y 2 G I 2 of norm 1 such that 

II ‘5*1/2 II < ce'^ (z = l,...,n). 

“ "" ||y 2 +£'yi|| - Obviously, ueYi and ||u|| = 1. 

Let oi, . . . , e C. Then = S"=i ^jSj for some /3i, . . . , e C. 

Let e e E. 

We distinguish two cases: 

(a) Let Then 



(/ + ^ OiiAj^ (e + u) 

2=1 



n 

(/ + ^/3j5j)(e + 
j=i 



e'yi +V 2 \ 
l^'yi +1/2 Ik 



> 



1 -g' 

2\\e'yi + 2 / 2 II 



{l + ^PjSj)y2 

2=1 



> 



1-s' 

2(1 + g') 




n 






> 



> 



2(\ + K) “ Y I ■ max{ll‘5il/2|| : 1 < j < fc}) 

(1-gQ^ 1-^ 

2(1 + g') - 2 ■ 
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(b) Let ELi \Pj\ > ZF- Then 



2=1 



(/ + ^a,^,)(e + w) _ ||(/ + X^/ 3 , 5 ^)(e+ 



j=i 



2/1 + 2 / 2 1 ! 



>(1-^0 



> 



{l-e'Ys‘ 



> 



2||, 


j'2/i +2/2 II 


(1 


-£')V/l| 


2{l + s') V'l 


(1 




2{l + e') V . 


(1 


-£')V / 



n 

(/ + 5^/?,5,)2/i 






J = 1 



i=i 

(— - 

2(l + e') Ve' 



1-6 



□ 



Corollary 3. Let T = {Ti, . . . ,Tn) be a commuting n-tuple of operators on a 
Banach space X, X e a-j^eiA), k eN and e > 0. Let E, Y be subspaces of X such 
that dimE < oo and codim F < oo. Then there exists a vector u E Y of norm 1 
such that 

\\p{T){e + u)\\>^^\p{\)\ 
for all e E E and p E Vk{n). 

Proof. Without loss of generality we can assume that A = (0, . . . , 0). Consider the 
tuple A formed by the operators {a E 1 < |o:| < k). Then (0, ... ,0) 
aT^e{A) and the statement follows from the previous lemma. 



Corollary 3 gives the existence of a point u E X oi norm 1 such that ||p(T)u|| 
is “large” for all polynomials p with degp < k. The estimate is given in terms of 
|p(A)| where A is a given point of aT^e{T). 

Our goal is to give an estimate of ||p(T)ii|| in terms of max{|p(A)| : A E 
<^ 7 re(^)}- By the spectral mapping theorem we have 

max{|p(A)| : A e cr^e(T)} = max{|/i| : p e a„e{p{T))} 

= max{|/x| : p e ae{p{T))} 

= re{p{T)). 

The next lemma enables us to reduce a general compact set to a finite set. 



□ (Ti 
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Lemma 4. Let n, k be positive integers and K c be a non-empty compact set. 
Then there exists a Gnite subset K' C K with cardX' = m < such that 



Ibik < m ■ IIpIIk' 



for each polynomial p E Vk (^) • 

Proof. Let L — {p e Vk{n) : \\p\\k = 0} and let M be a complementary space 
of L in Vk{n), i.e., M fl L = {0} and M + L = Vk{n). Let m = dimM < 
dimT^fc(n) = ^nd let gi, . , . , G M be a basis of M. For xi,. . . ,Xm G K 

define V{xi, . . . ,Xm) = det(qi(xj))^j^j^. The polynomials are linearly 

independent on K, so there exist points xi,...,Xm ^ K such that the matrix 
{Qi{xj))'^j^i is regular, i.e., V{xi,. . . ,Xm) 0. Choose /ci, . . . , /Cm G K such that 

\V{ki,...,km)\ =max{\V{yi,...,ym)\ eK}. 

Then V{ki, . . . ,km) ^0. For j = 1, . . . , m define polynomials G Vk{n) by 

L^^\z) = V{ki,. . . ,/cj_i,2;,/cj+i, . . . ,km)/V{ki,. . . , A:^). 

Evidently, \L^^\z)\ < 1 for all z E K. The polynomials are linear combina- 
tions of the polynomials . . . ,^m 5 and so G M (j = 1, . . . ,m). Further, 
L^^\ki) = Sij (the Kronecker symbol), so the polynomials . . . , are lin- 
early independent and each polynomial p G M is a linear combination of them. 
Obviously, 

m 

p{z) = '^p{kj)L^^\z) {peM,zeK). 

Set K' = {/ci, . . . , A;^}. Each polynomial p G Vk{n) can be written in the form 
p — Pi + P 2 for some p\ ^ L and p 2 G M, and p 2 = J2jLi P 2 (kj)L^^\ Hence 



IIpII 



K 



\\P2\\k = max |£p2(fcj)L^-’')(z)| :zgk\ 

^ 7 = 1 ^ 



<Y^\P 2 {kj)\ <m-\\p\\K'. 

j = l 



□ 



Theorem 5. Let T — (Ti, . . . , Tn) be an n-tuple of mutually commuting operators 
on a Banach space X, iet A: G N and e > 0. Let Y be a subspace of X with 
codim y < oo. Then there exists y e Y of norm 1 such that 

+ \mt)) 



for all polynomials p ^Vk {n) . 
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Proof. Set K = a^^eiT). As noted above, for each p G Vk{n) we have 

WpWk = max{|p(2;)| : z e a^eiT)} = max{|p(z)l : 2 G < 7 e(T)} = re{p(T)). 

By the previous lemma, there exist elements e K, m < 

such that 

\\p\\k < m ■ max{|p(Ai)| : i = 1, . . . ,m} 

for all p e 'Pfc(n). We construct points yi,. . . ,ym ^ Y inductively. Suppose that 
0 < j < m and that the points yi,...,yj have already been found. Set Ej = 
\/{p{T)yi : p e Vk{n),l < i < j]. By Lemma 1, there is a subspace C X of 
finite codimension such that 

\\p{T){e + y)\\ > (l - 0max|||p(T)e||,i||p(T)i/||| 

for all e G Ej, y ^Yj and p G Vk{n). 

By Corollary 3, there is a vector G F H Yi of norm 1 such that 

|lp(T)(e + y,+i)||>i^|p(A,+i)l 
for all e G Ej,p G Pk{'n)’ 

Let yi, ... ,ym be constructed in the above described way. 

Set y = where a = || Y^^=i Vi\\' We have a > 1— e/2 since yi G E\ 

^^2 Vi ^Y\. Further, a < m. Obviously, y eY and \\y\\ = 1. Let p G Vk{n) 
and 1 < j <m. We have 



\\p{T)y\\ = a 



-1 



m J 

^p{T)yi > {l - Y^p{T)yi 

i=l 



e\2 1 



1 — e , 






Thus 



\\p{T)y\\ > 

> 



1 -e 

2m 

1 — e 

2m^ 



max{|p(A^)| : j = 1, . . . ,m} 

M n 1 — e 



\\K 



2m^ 



re{p{T)). 



□ 



It is easy to see that for Hilbert space operators it is possible to obtain a 
better estimate in the preceding theorem. In fact, using a Dvoretzky’s type result 
enables us to generalize this improved estimate to Banach spaces, see C.37.1. 



Theorem 6. Let T — (Ti, . . . , T^) be an n-tuple of mutually commuting operators 
on a Banach space X, let x G X and e > 0. Then there exists y G X and a 
constant C = C{s) such that — x|| <5 and 

\\p{T)y\\ > ^(1 +degp)“(2”+^Ve(p(T)) 
for all polynomials p GV{n). 
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Proof. Find A:o > 1 such that ^ ^ > n and {k > ko). 

Set C = -^{n + Choose positive numbers Si {i > ko) such that Si < 1 

and - i* construct inductively points yk^.i/ko+i, • - e X of 

norm 1. Suppose that ^//eo? • • • >yA;-i have already been constructed. Set Ek = 
V{^, — ■) yfc-i}- By Lemma 1, there exists a subspace Z C X with codim Z < 

CO such that 

||p(T)(e + z)|l > (l - y) max||lp(T)ell, i||p(T)zl|| 

for all e e Ek^ z e Z and p G (^)- By Lemma 5, there exists yk E Z of norm 1 
such that 

\\p{T)yk\\ ^ ^ ” y ) (^ t ^ ) ^e(p(T)) 

for all p G V 2 k{n). Thus 

||p(T)(e + 2 /fc)|| > (^1 - y)max|||p(T)e||y (^1 - y) »-e(p(T))| 

-2^ ^ 

> (1 -efc)max|||p(T)e||y ^ re(p(T))| 

for all e e Ek and p G 'P 2 fc(^))* 

Set y = x + Yll^ko Clearly, ||y-x|| < ^"^ko ^ ^ p be a polynomial 

of degree r. We distinguish two cases: 

(a) Let r < Then, by (1), for AT > /cq we have 



^ 1 

P{T)x + ^p{T)y, 



> (1 - En) 



i=kQ 



N-1 



P{T)x + Y2i ^Pi'^)Vi 



> 



i—ko 



> n II - n f "" 



2=/co + l 



i—kQ 



-2 



4A:q \ n 

> ^(n + 2''«)-2 ",,(p(t)) > C . vMT)). 

(b) Let < r <2^ for some k > ko. For N > k we have 

iV . N k 

P{T)x 4- ^p(T)yi > n (1 - ^i) • p{T)x + ^p{T)yi 



reip{T)) 



i=ko 



N 

> 11(1 

i=k 



1 fn + 2’' 



4fc2 



i=fc4-l 
-2 



i=ko 



rMT)) > ^2-^(''-i)(n + 2'=)-2"re(p(T)) 



> Jr--^(3r)-2”re(p(T)) > Cr~^^^+^^rMT))- 

O 
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So for each polynomial p we have 



lb(7')?/|| = lim 



N- 



^ 1 

P(T)x + ^ ^p{T)u, 



i=ko 



> C(1 +degp)-(2"+"Ve(p(T)). 



□ 



Recall that Vl{n) denotes the set of all monic polynomials of degree k, 




Let T = (Ti, . . . , Tn) be an n-tuple of mutually commuting operators on a 
Banach space X. The joint capacity of T was defined by 

capT = limsup(cap;. 

/e— >oo 

where 

caPfc(T) = inf{||p(T)|| : p € Vl{n)} 

(note that the limsup in the definition of cap T can be replaced by limit by Theorem 
33.4 (i)). For a compact subset K C the corresponding capacity was defined 
by 

capK = limsup(cap^./C)'/*, 

k—*CX) 

where 

cap^K = inf{||p||if -.peVHn)}. 

By Theorems 33.4 (iii) and Corollary 33.8, capT = cap a h(T) = capa-rre(T). 
The local capacity of T at a point x can be defined analogously. 

Definition 7. Let T = (Ti, . . . ,T^i) be an n-tuple of mutually commuting operators 
on a Banach space X and let x G X. The local capacity cap^, T is defined by 

caP:r r = limsup(cap^ 

k—^oo 

where 

caP:r.fcr = inf{||p(T)a;|| :peVl{n)}. 

Clearly, cap^, T < capT and cap^ T <Vx{T) for every x G X. 

Theorem 8. Let T = (Ti, . . . , T^) be an n-tuple of mutually commuting operators 
on a Banach space X. Then there is a dense subset L of X with the property that 
liminffc_^oo(cap 3 , = capT for all x G T. 

In particular, the limit lim/e-^oo(cap 3 , exists and is equal to capT for all 
X G L. 
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Proof. Let x G X and e > Q. Then there exists y ^ X with ||^ — x|| < £ and 

\\p{T)y\\ > ^(l +degp)“(^"+^Ve(p(T)) 

for all polynomials p. Thus 

capfc(T,y) = inf{llp(r)y|| :pGVl{n)} 

> (7(1 + inf{re(p(r)) : p € 



where 

re(p{T)) = sup{|p(2:)| : Z G (THe{T)}, 



and so 

cap/.(T,y) > C(1 + ky^‘^'^+'^'>cap^{aHe{T)). 

Hence, by Corollary 33.8, 

liminf(cap > liminf(cap;, 

k—>oo k-^oo 

= cap{aHe{T)) = capT. 

The opposite inequality liminf;c^oo(cap^ < capT is trivially satisfied for 

all y G X. ’ □ 

Remark 9. Example 34.7 shows that in the previous theorem it is not possible to 
replace the word “dense” by “residual” . 

Theorem 10. Let T — (Ti, . . . , T^) he an n-tuple of mutually commuting operators 
on a Banach space X. Then the set {x e X : cap^, T = capT} is residual in X. 

Proof. Write K = CFHe{T). The statement is clear if capT = 0. In the following 
we assume that capT = capiG > 0. In particular, p\K ^ 0 for each non-zero 
polynomial p. 

For j G N denote by Mj the set of all x G X with the property that there 
exists k > j such that 



for all non-zero p G Vk{n). 

We first prove that Mj is open. Let j G N and x G Mj. Let k > j satisfy 

||p(T)a;|| > “^WpWk for all p G 'Pfc(n). For each polynomial p G F’(n), 

p = write \p\ = |ao,l. By a compactness argument, there is a 

positive number S such that \\p{T)x\\ > ^ ^IIpIIk + ^ for all p G T/c(n) with 
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IpI = 1. Let yeX, \\y - x\\ < 



maxdjT'^ ||:|q;1<A:} 

|b(T)j/||>||p(r)x||-||p(T)(y-a:)|| 



. Then 



^ 4^ n max{||T“|| : |a| < kj ■ \\y - a;|| 



> 



1 fnP k 



4fc V ^ 



-2 



\K 



for all p G Vk{n) with \p\ = 1. Thus y G Mj and the set Mj is open. 

We show that Mj is dense. Let x ^ X and £ > 0. Choose k > j such that 
I < £. By Lemma 1, there is a subspace T C X of finite codimension such that 

\\p{T)ix + y)\\ > max{\\p{T)x\\/2, \\p{T)y\\/i} 

for all y gY and p G Vk {n ) . 

By Theorem 5, there is a vector u gY oi norm 1 such that 



\\p{T)u\\ > 



1 7n-\- k 



\K 



for all non-zero p G Vk{Ti). Then ||(x + ^) — x|| < e and 

for all non-zero p G Vk{n). Thus x + ^ G Mj and Mj is dense in X. 

By the Baire category theorem, the set Pl^i is residual. Let x G 
Then there are infinitely many positive integers k for which 

IIP(^)^II ^ ^ ^ (P ^ 'Pk{n)). 



For such k we have 



m: 



f{lb(T')a;|| :peVl{n)} 



^ “{ 4 X' 



fn-\-k 



ik\ nj 

L " cap, K >!(„ + <,)-" cap, /f. 



Hence 



cap^T = limsup(cap^ > limsup(cap;. — capX = capT. 

k—^00 k-^00 

Since cap^, T < capT for all x G X, the set {x G X : cap^ T = capT} is residual. 

□ 
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Definition 11. Let T — (Ti, . . . , T^) be an n-tuple of mutually commuting operators 
on a Banach space X. We say that T is quasialgebraic if capT = 0. We say that 
T is locally quasialgebraic if cap^, T = 0 for each x e X. 

Thus we have the following approximate version of the Kaplansky theorem: 

Corollary 12. An n-tuple of mutually commuting operators is locally quasialgebraic 
if and only if it is quasialgebraic. 



Comments on Chapter V 



C.32.1. The joint spectral radius was first studied by Rota and Strang [RtS], where 
the radius r'^{a) = lim^ maxlHa^^H : \a\ = was introduced. The radius 

r'^{a) = lim^ max{r(a^) : |o!| = was defined by Berger and Wang [BW]. 

The general radii were introduced in [So5], cf. also [ChZ]. In the case of 
Hilbert space operators the radius r 2 was considered by Bunce [Bun]. 

Proposition 32.2 was proved in [ChZ], see also [So4]. The spectral radius 
formula for p = oo (Theorem 32.5) was proved in [So5], the corresponding result 
for p < oo (Theorem 32.6) in [MiilS]. 



C.32.2. The definition of the joint spectral radius rp{a) = max{|A|p : A G <J//(a)} 
and the formula 

S (1) 

feF{k,n) 



make sense also for non-commuting n-tuples a = {ai,...,an) of elements in a 
Banach algebra A. 

Since the limit ^lim n) ’ ’ ’ ^/(fc))) general does not 

exist; we set 



rp(a) =limsup( ^ rP{af^iy ■ af^k))) ■ 

feF{k,n) 

For non-commuting n-tuples it is true only that 



rp{a) < r'p(a) < r"(a) 

and these inequalities may be strict, see [Gu], [RsS]. However, by [BW], rj^(n) — 
r^(a) for all n-tuples (even for infinite bounded families) of matrices. This was 
generalized by [TS] to precompact families of weakly compact operators. In par- 
ticular, r'^{T) = r'^{T) for all n-tuples of operators on a reflexive Banach space. 



C.32.3. Since the definitions of rp{a) and Tp(a) depend only on the spectrum, the 
equality rp{a) = ^p(«) is true also for n-tuples a = (ai, . . . ,61^) of elements that 
are mutually commuting modulo rad^. 

It is an open problem whether also ^^(a) = ^^{a) is this situation, see [RsS]. 
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C.32.4. The previous question for p = oo is closely related to the following inter- 
esting problem, see [Tu]: 

Suppose that ^ is a radical Banach algebra (i.e., a non-unital Banach algebra 
consisting of quasinilpotents). Is then A finitely quasinilpotent (in our notation, is 
it true that r'^{a) = 0 for all finite tuples a = (ai, . . . , a^), where r'^{a) is defined 

by (1))? 

C.32.5. The previous question may be considered as an approximate version of the 
Nagata-Higman theorem: 

If A is an algebra (without unit) which is nilpotent of order n (i.e., = 0 for all 

a ^ A) then there exists m G N such that = 0 for all ai, . . . , G A. 

The original proof of the Nagata-Higman theorem gave m = 2^ — 1; the best 
known result gives m = n? . There is a conjecture that one can take m = ( 2 ); it is 
known that in general m cannot be smaller. For details see [Fo]. 

C.32.6. Theorem 32.7 for p = 2 in the algebra of operators on a Hilbert space (the 
^^-norm seems to be natural in this setting) was conjectured by Bunce [Bun] and 
proved in [MSI] (for the finite-dimensional Hilbert space case see [ChH]). 

C.33.1. The concept of capacity for single Banach algebra elements is due to Hal- 
mos [Hal2], who also proved Theorem 33.2. 

The capacity of commuting n-tuples was introduced in [Stil], where the es- 
timate 

capcTf/(ai, . . . ,Un) < cap(ai, . . . ,ttn) < 2"^ capcrH(ai, . . . , Un) 

was proved. The equality cap(ai, . . . , an) = capcr//(ai, . . . , a^) as well as the ex- 
istence of the limit lim/c^oo(cap;j.(ai, . . . , was proved in [Miil3]. 

C.33.2. For the classical capacity of compact subsets of C see [Ts]. The capacity 
of compact subsets of is treated in [Za] and [Si2]. 

C.33.3. Lemma 33.7 (the equality capcre(T) == cap<j(T)) was proved in [Sti2]. 

It also follows directly from a general result from potential theory that 
cap{K U C) = cap K whenever K C C is compact and C countable, see [Ts, p. 53- 
55]. Therefore we have cap(Je(T) = capae(T) = cap<j(T), since cr{T) \ag(^) is at 
most countable. 

C.33.4. Let / be an analytic function from a domain D C C into a Banach algebra 
A. Then the functions 2 ; cap/( 2 ;) and 2 : 1 -^ log cap /(z) are subharmonic, see 

[S13], 

C.33.5. Another concept of capacity of n-tuples of commuting Banach algebra 
elements was introduced in [Sol] and [So2]. Instead of monic polynomials p{z) = 
E|«|<nCa^“ with X]|a|=n = 1 ii^ uses polynomials satisfying = 1. 
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C.34.1 The notion of orbits originated in the theory of dynamical systems. In the 
context of operator theory it was first used by Rolewicz [Ro]. 

The study of orbits and polynomial orbits was motivated by the invariant 
subspace problem, see below. 

Orbits are also closely related to problems concerning the stability of semi- 
groups of operators. For results in this direction see Datko [Dat], Pazy [Pa] and 
van Neerven [Ne3]. 

Orbits in Hilbert spaces were studied intensely by Beauzamy; for a survey of 
results and relations with the invariant subspace problem see [Bea2] . 

For a survey of results concerning orbits in Banach spaces see [Mu22j. 



C.34.2 The well-known invariant subspace problem is a question whether each op- 
erator on a Hilbert space has a non-trivial closed invariant subspace. The question 
is still open even for reflexive Banach spaces. Clearly, an operator has no non- 
trivial closed invariant subspace if and only if each non-zero vector is cyclic (i.e., 
its polynomial orbit is dense). 

The first example of an operator on a Banach space without any non-trivial 
closed invariant subspace was constructed by Enflo [En2]; for other examples see 
[Beal] and [Rel]. The simplest known example was constructed by Read [Re3]; 
the operator is acting on the space 



C.34.3. Theorem 34.4 was proved in [Mii9]. The same statement for Hilbert space 
operators was proved in [Bea2, p. 48]. 

Theorem 34.9 is due to Zabczyk [Zab]. 



C.34.4. Let T G B{H) be a non-nilpotent Hilbert space operator. By [Bea2], there 
exists X ^ H such that ^ — oo. This is not true for Banach space operators, 

see Example 34.17. 

For Hilbert space operators the following result can be shown [Mii22]: let 
T e B{H) be non-nilpotent, let 0 < p < 2. Then the set of all x e H such that 

^ ) = OO is residual. 



C.34.5 The first example of a hypercyclic vector was constructed by Rolewicz [Ro]. 

Various versions of Theorem 34.19 appeared in [GS], [Ki] and [GS]; for related 
questions see also [GLM] and [LM]. 

Although it is relatively easy to construct an operator with a residual set of 
hypercyclic vectors (see Example 34.20) it is extremely difficult to construct an 
operator with all non-zero vectors hypercyclic. The first such an example (and in 
fact, up till now the only one) was constructed by Read [Re6] in Equivalently, 
such an example has no non-trivial closed invariant subset. 
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C.35.1. Weak orbits were studied in [Nel], [Ne2]. A version of Theorem 35.4 was 
first proved in [Ne2], where the following generalization was also shown: if T G 
B{X), r{T) = 1, 1 < p < oo, /?n > 0 and (5n = oo, then there exist x G A and 
X* G X* such that = oo. 

C.35.2. An affirmative answer to Problem 35.2 is known for positive operators in 
Banach lattices [Ne2], or for Hilbert space operators of class Coo ^ 0 

and ||T*’^x|l ^ 0 for all x) with spectral radius equal to 1, see [Mii22]. The latter 
class is very important from the point of view of the invariant subspace problem. 
It plays an important role in the constructions of non-trivial invariant subspaces 
for Hilbert space contractions with rich spectrum which use the Scott Brown 
technique. 

For real Banach space operators, Problem 35.2 has a negative answer, see 
[Ne2]. 

C.35.3. Corollary 35.5 is due to Weiss [We]. Theorem 35.6 and Corollary 35.7 were 
proved in [Mii22]. Theorem 35.9 is new here. 

C.35.4. Let T be a non-nilpotent operator on a Hilbert space H and let 0 < p < 1. 
Then [Mii22] the set |(:r,p) G ^ ^ ^ ^ = ooj is residual. 

For p = 1 the statement is not true. 

C.36.1. The classical Kaplansky theorem (Theorem 36.1) was proved in [Kap]. A 
stronger version (Theorem 36.5 for single operators) was proved by Sinclair [Sin]. 
Theorem 36.2 and its corollaries. Corollary 36.4 and Theorem 36.5 were proved in 
[Mull]. 

A similar result was proved in [Au3]: if Ti, . . . , G B(A, Y) and the vectors 
Tix, . . . ,TnX are linearly dependent for each x G A, then there is a non-trivial 
linear combination of these operators with rank < n — 1. 

C.36.2. By Theorem 36.2, if Ti,T 2 , . . . G B{X) and the vectors Tix,T 2 X, . . . are 
linearly dependent for all x G A, then there is a non-trivial linear combination of 
the operators Ti which is a finite-rank operator. In general, it is not true that the 
operators Ti are linearly dependent, so there is no non-trivial linear combination 
of the operators Ti giving 0, see [Mull]. 

C.36.3. Corollary 36.4 and Theorem 36.5 are also true for countable families of op- 
erators. Also, they are true for non-commuting families (in this case it is necessary 
to consider polynomials in non-commuting variables in the definition of algebraic 
tuples). The proofs remain essentially the same, see [Miill]. 

C.37.1. Lemma 37.4 uses the idea of extremal points of Fekete-Leja, see [Fe], [Sil]. 
Theorems 37.5 and 37.6 were proved in [Mul2] for single operators and in [MS2] 
for n- tuples. 
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Using a Dvoretzky’s type result, it is possible to improve the estimate in 
Theorem 37.5 to 



for all p G Vk{n)] this estimate is the best possible. Similarly, in Theorem 37.6 it 
is possible to obtain 

\\p{T)y\\ > C(1 +degp)-("+'')re(p(r)) 

for all polynomials p, see [Mii24] . 

Theorem 37.10 was proved in [Mii22]. 

C.37.2. An alternative definition of the local capacity of operators was studied by 
Vasilescu in [Va2]. For T G B{X) and x G X define 



where cap^(T, x) = m^{rx{p{T)) : p monic of degree n}. 

It is easy to see that cap(T, x) < cap'(T, x). 

By [Va2], cap7a:(T) < cap'(T, x) < cap cFx(T). In particular, the equality 
capax{T) — cap'(T, x) holds for all operators with SVEP. This also implies that 
T G is quasialgebraic if and only if cap'(T, x) = 0 for all x G X. 




cap'(T, x) = limsupcap^(T, x)^/^ 



n 



Appendix 

A.l Banach spaces 



We summarize here basic notations, definitions and results from the theory of 
Banach spaces. The results are well known and the proofs can be found in any 
textbook on functional analysis. We do not state the results in the greatest gen- 
erality but only in the form which is relevant for spectral theory. 

The reader may wish to use this section merely for reference regarding nota- 
tion. 



As usual, we denote by N, Z, E and C the set of all positive integers, integers, 
real and complex numbers, respectively. 

As throughout this monograph we consider only complex Banach spaces 
(however, all results in this section are true also for real spaces). 

Let X, V be Banach spaces. By an operator T : X Y we mean a bounded 
linear mapping. It is well known that a linear mapping is bounded if and only if it 
is continuous. The set of all operators from A to T will be denoted by B(A, Y). 

The norm of T G B{X,Y) is defined by ||T|| = sup{||Ta:|| : x G A, ||x|| < l}. 
With this norm B(A, Y) becomes a Banach space. If F = A then we write briefly 
B{X) instead of B(A, A). 

For F = C we obtain the dual A* = B(A, C), i.e., the space of all bounded 
linear functionals on A. For x e X and / G A* it is sometimes more convenient 
to denote the value of / at x by (x, /) instead of /(x). We use alternatively both 
notations. 

The duality between A and A* defines the weak topology on A and the 
w* -topology on A*. 

The re* -topology on A* is the weakest topology for which the mappings 
/ 1— > (x, /) are continuous for every x G A. In other words, the r^;*-topology is the 
topology of pointwise convergence of functionals, i.e., if (/a) is a net of elements 
of A* and / G A*, then ^ / in the tx*-topology if and only if (x, fa) (x, /) 
for all each x G A. 
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Analogously, the weak topology on X is the weakest topology on X for which 
all functionals / G X* are continuous. Equivalently, Xq, x weakly if and only if 
{Xa, f) {x, /) for each f eX*. 

When we are speaking about convergence, closure etc. without any specifi- 
cation it is always meant the convergence in the norm topology. 

It is well known that X can be isometrically embedded into the second dual 
X**, so X is usually regarded as a closed subspace of X**. 

We list the basic results from the theory of Banach spaces. 

Theorem 1. (Hahn-Banach) Let M be a closed subspace of a Banach space X. 
Let f G M*. Then there exists g ^ X* such that ||^|| = ||/|| and g\M — /. 

The following two results are variants of the Hahn-Banach theorem: 

Theorem 2. Let M he a closed subspace of X and let x G X. Then there exists 
g G X* such that ||^|| = 1, {x,g) = distjx, M} and g\M = 0. 

In particular, if x G X, then there exists g e X* such that \\g\\ = 1 and 

{x,g) = ||a;||. 

Theorem 3. Let L be a closed absolutely convex subset of X (i.e., L is convex and 
c E L, a e C,\a\ < 1 ac e L). Let x E X \ C . Then there exists f E X* such 

that |(c, /)| < 1 for all c E L and {x, f) > 1. 

An easy consequence of the Hahn-Banach theorem is that a convex set (in 
particular a subspace) is closed if and only if it is closed in the weak topology. 

A 1 C* -closed subspace is closed but a closed subspace is not necessarily closed 
in the ic* -topology. 

Denote by Bx — {x E X : \\x\\ < 1} the closed unit hall in a Banach space X. 

Theorem 4. Bx is compact if and only if X is finite dimensional. 

Theorem 5 (Banach- Alaoglu). The closed unit ball Bx* = {/ G X* : ||/|1 < 1} is 
compact in the w* -topology 

The unit ball in X is not always weakly compact. In fact, Bx is weakly 
compact if and only if X is reflexive (i.e., X** = X). 

Theorem 6 (Banach open mapping theorem). Let T be an operator from a Banach 
space X to a Banach space V. The following conditions are equivalent: 

(i) T is onto; 

(ii) there exists a positive constant k such that TBx D k • By ; 



(iii) there exists a positive constant k such that T Bx D k ■ By . 
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Corollary 7. If an operator T G B{X, Y) is one-to-one and onto, then T ^ is 
bounded. 

Another consequence of the open mapping theorem is; 

Corollary 8. Let T € B{X,Y) and TX ^ Y. Then the range TX is of the first 
category in Y. 

Theorem 9 (closed graph theorem). A linear mapping T : X ^ Y is bounded if 
and only if its graph {(x,Tx) : x e X} is closed in X x Y. 

In particular, suppose that a linear mapping T satisfies the following con- 
dition: if {xi)"^i C X, Xi 0 , y e Y and Txi y, then y = 0 . Then T is 
bounded. 

Theorem 10 (Banach- St einhaus uniform boundedness theorem). Let M be a subset 
ofB{X,Y) such that sup{||Tx|| : T G M} < oo for every x G X. Then sup{||T|| : 
T G M] < 00. 

In particular, any weakly converging sequence of elements of X is bounded. 

Let M be a subset of a Banach space X. Its annihilator is defined by 

= {/ G A* : {x,f) = 0 for all x G M}. 

Clearly, is a ic*-closed (and so closed) subspace of A*. 

Similarly, if L is a subset of A* then the preannihilator -^L is defined by 

^L = {xeX:{xJ )=0 for all / G L}. 

Clearly, is a closed subspace of A. 

Theorem 11. If M is a subspace of X, then -^(M-*-) = M. If L is a subspace of 
A*, then {'^L)-^ is the w^'-closure of L. 

Theorem 12. If {Ma}a is any family of subsets of X, then 

a a 

If {La} a Is any family of subsets of A*, then 

a a. 

In particular, if Mi, M2 are closed subspaces, then (Mi -hM2)~^ = M^DM^, 
where Mi 4- M2 = {mi + m2 : mi G Mi, m2 G M2I. 

The dual relation (Mi fl M2)~^ = M^ + m/ is not always true; it is true 
under the assumption that Mi -h M2 is closed. 
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Theorem 13. Let Mi, M 2 be closed subspaces of a Banach space X, The following 
assertions are equivalent: 

(i) Ml + M2 is closed; 

(ii) M^ -f- M^ is closed; 

(iii) (Ml n M2)^ = M^ + M^; 

(iv) ^{M^ n M^) = MiT M2. 

Let T : X y be an operator. Its adjoint T* is the uniquely determined 
operator T* :Y* ^ X* satisfying 

{Tx, g) = {x, T*g) for all x € X and geY\ 

Then 



||T*|| = ||T|| = sup{|{Tx,ff)| :xeX,geY*, ||x|| < 1, H 5 II < l}. 

If X,Y and Z are Banach spaces, S G B{X,Y) and T G B(Y, Z) then (TS)* = 
5*r* and ||T5|| < ||T|| • US'!!. It is easy to check that T = T**|X. 

For T G B{X,Y) denote by KerT its kernel, KerT = {x G X : Tx = 0}, 
and by RanT its range, RanT = TX = {Tx : x e X}. Clearly, KerT is a closed 
subspace of X and RanT is a (not necessarily closed) subspace of Y. It is easy to 
check that KerT* is even a it;*-closed subspace of Y*. 

Theorem 14. Let T G B{X,Y). Then KerT* = (RanT)-'- and KerT = 
^(RanT*) =KerT**nX. 

Furthermore, -'-KerT* = RanT and (KerT)-^ = RanT*^ (the w* -closure 
of Ran T*j. 

Corollary 15. Let T G B{X,Y). Then T* is one-to-one if and only if RanT is 
dense. Similarly, T is one-to-one if and only if RanT* is w* -dense. 

Theorem 16. Let T G B{X, Y). Then the following statements are equivalent: 

(i) RanT is closed; 

(ii) Ran T* is closed; 

(iii) RanT* is It;* -dosed. 

Corollary 17. If RanT is closed, then RanT = -^(KerT*) and RanT* = (KerT)-'-. 
Furthermore, RanT = RanT** f! Y. 

Corollary 18. Let T G B{X,Y). Then T is one-to-one and onto if and only ifT"^ 
is one-to-one and onto. 



A.l. Banach spaces 



343 



Theorem 19. Let M he a closed subspace of a Banach space X. Then M* can be 
identified with X"" jM^ . 

More precisely, let J : M X be the natural embedding of M into X. Then 
J* : X* M* assigns to a functional f G X* the restriction J* f = f\M G M*. 
Clearly, Ker J* = M-^, so J* defines an operator S : ^ M* by S{f -\- 

M-^) = J*f. A straightforward calculation shows that S is an isometry. So M* can 
be identified with X*/M-^ and J* with the canonical projection X* X*/M-^. 

Theorem 20. Let M he a closed suhspace of X. Then (X/M)* can be identified 
with M“*“. 

More precisely, let Q : X X/M be the canonical projection. Then Q* : 
{X/My X* is an isometrical operator and RanQ* = (KerQ)-^ = M-^. Thus 
Q* defines an isometrical operator from {X/My onto M-^. 

Theorem 21. Let T G B{X, Y). Then T decomposes in the following way: 

X Xf KerT ^ y, 

where T = JTqQ, Q : X X/KerT is the canonical projection, the operator 
To : X/KerT ^ RanT induced by T is one-to-one with dense range, and J : 
Ran T -^Y is the natural embedding. 

The corresponding decomposition for T* is T* = Q*TqJ*. 

Let M be a subset of a Banach space X. The span of M, denoted by V M, is 
the smallest closed subspace of X containing M {= the intersection of all closed 
subspaces containing M). Similarly, we write M V M' = \/{M U M'). 

If M, M' are closed subspaces of X then M + M' is not necessarily closed. 

Theorem 22. Let M be a closed subspace of X and let F be a finite-dimensional 
subspace of X. Then M F is closed. 

In particular, a finite-dimensional subspace is closed. 

Theorem 23 (Auerbach lemma). Let X be a finite-dimensional Banach space. Then 
there exist bases {x \, . . . , Xn] in X and {/i, . . . , fn} in X* such that \\xi\\ = 1 = 
ll/jll and {xi, fj) = 5ij (the Kronecker symbol) for all i,j = 1, . . . , n. 

An operator P e B{X) is called a projection if = F. If P G B(X) is a 
projection then / — P is also a projection (here I denotes the identity operator 
on X). Further, RanP = Ker(/ — P) and KerP = Ran(/ — P). In particular, the 
range of a projection is closed. 

Let M be a closed subspace of a Banach space X. Then M is called comple- 
mented in X if there exists a closed subspace M' C X such that X = M 0 M' 
(i.e., M n M' = {0} and M Y M' = X). 
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Theorem 24. Let M be a closed suhspace of a Banach space X. The following 
statements are equivalent: 

(i) M is complemented; 

(ii) there exists a projection P G B{X) such that RanP = M; 

(iii) there exists a projection Q G B{X) such that KerQ = M. 

It is well known that every closed subspace of a Hilbert space is comple- 
mented. 

Theorem 25. 

(i) Let F be a hnite-dimensional subspace of a Banach space X. Then F is 
complemented. More precisely, there exists a projection P G B{X) such that 
RanP = F and \\P\\ < (dimM)^/^ 

(ii) Let M be a closed subspace of finite codimension in X. Then M is comple- 
mented. More precisely, for every £ > 0 there exists a projection Q e B{X) 
such that KerQ = M and ||(3|| < codim M -f- e. 

(iii) Let L be a complemented subspace of X, let L' C X be a closed subspace. 
Suppose that either V C L, dimL/V < oo, or L' D L, dimV /L < oo. Then 
L' is complemented. 

We finish this section with the following deep result from algebraic topology 
that will be used frequently: 

Theorem 26 (Borsuk antipodal theorem) . Let M, L be hnite-dimensional Banach 
spaces with dimM > dimL, let Sm = ^ Af : \\m\\ = 1} be the unit sphere in 

M and let g : Sm L be a continuous mapping satisfying G{—m) = —g{m) for 
all m G 5m • Then there exists m G Sm with g{m) = 0. 



A.2 Analytic vector-v 2 ilued functions 



Many well-known results for complex functions are true also for vector-valued 
functions. 

Let K he a compact Hausdorff space, let p he a finite complex Borel measure 
on K and let f he a continuous function from K into a Banach space X. Then, 
exactly as in the case of scalar functions, it is possible to define f fdp as the limit of 
the Riemann sums. It is easy to verify that || f fdp\\ < /ll/lld^and {J fd(j.,x*) = 
f {f{z),x*)dp{z) for every bounded linear functional x* e X*. More generally, if 
Y is another Banach space and T G B{X, Y) then T{J fdp) = f(T o f)dp. 

Let Uj (j = 0,1,2,...) be elements of a Banach space X. Consider the 
power series G C). Its radius of convergence is the number defined 

by 



sup< r > 0 



oo 
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Theorem 1. The radius of convergence of the power series equal to 

Analytic functions with values in a Banach space play an important role 
in spectral theory. There are several possible definitions of analytic vector- valued 
functions. Fortunately, for Banach spaces all possibilities are equivalent: 

Theorem 2. Let f be a function from an open subset G C C into a Banach space 
X. The following conditions are equivalent: 

(i) the function z is analytic for each x* G A*; 

(ii) the limit ^ exists for every w G G; 

(iii) for every w ^ G there is a neighbourhood U of w, U C G and elements 

Xj G X, j = 0, 1, . . . such that f{z) = YlJLo ~ ^ ^)* 

A function satisfying any of the conditions of Theorem 2 will be called ana- 
lytic (on G). The set of all X- valued functions analytic on G will be denoted by 
H{G,X). 

Condition (i) of Theorem 2 enables us to generalize most of the properties 
of analytic scalar- valued functions to the vector- valued case. In particular, the 
Cauchy and Liouville theorems remain true. 

If G C C is an open set and K a compact subset of G, then it is always 
possible to find a contour T that surrounds K in G. By this we mean that T is a 
finite union of disjoint, piecewise smooth simple closed curves in G \ X such that 
the winding number 



Indr(ic) = [ — - — dz = I 

^ ^ 2'ixi Jy z-w \ 0 



{w G K) 
{w i G). 



For details see [Co]. 

Theorem 3 (Cauchy). Let f G H{G,X), let w ^ G, and let F be a contour in G 
that surrounds {it;}. Then Jp f{z)dz = 0 and f{w) = ^ fp f(^)(z — w)~^dz. 

Moreover, the coefficients xj in condition (iii) of Theorem 2 can be expressed 

^ = 2 ^ fr 

Corollary 4. If f e H{G,X), w £ G, r > 0, {z : \z - w\ < r} c G, M = 
max{ 11 /( 2 :) II : |z - w| = r} and f{z) = YlJLo — w)^ for all z with \z — w\ < r, 
then 

lkj||<— (j = 0,l,...). 

Theorem 5 (Liouville). Let / : C X be a bounded analytic function. Then f is 
a constant. 
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Theorem 6 (residue theorem). Let xj {j G Z) be elements of a Banach space X, 
r > 0 and w E C. Let 

oo 

f{z) = '^xj(z-wy 

— oo 

be convergent in {z G C : 0 < |z — < r}. Then 




Theorem 7 (maximum principle). Let G be an open subset of C, let f G H{G, X), 
and let K be a compact subset of G. Then 

max{|/(z)| : 2 G K} = max{|/( 2 ;)| : z G dK^ 

The analogy between the properties of scalar analytic functions and the an- 
alytic functions with values in a Banach space remains true also for analytic func- 
tions of n variables. 

We use the standard multi-index notation. Denote by Z+ the set of all non- 
negative integers. For a = (ai, . . . , an) G Z!j: and 2 ; = (zi, . . . , Zn) G we write 
|a| — Qi H h On, a\ = ail - ’ ' an! and = zf ^ • z^^. 

Theorem 8. Let G be an open subset of and let f be a function from G to a 

Banach space X. The following properties are equivalent: 

(i) the function z (/(z), x*) is analytic for each x* G X*; 

(ii) for every w e G there exists a neighbourhood U of w and elements Xa G 
X (a G Z!j:) such that 

= 'Ll ^ 

(iii) / is analytic in each variable separately 

A function satisfying the conditions of Theorem 8 is called analytic on G. 
The coefficients Xa from condition (ii) can be expressed by means of a multiple 
Cauchy integral. In particular, if ic G G, r > 0, {z = ( 2 : 1 , . . . ,Zn) : \zk - Wk\ < 
r, /c = 1, . . . ,n} C G and M = max{||/(z)|| : \zk - Wk\ < r, /c = 1, . . . ,n}, then 

= ■■■/ f{z){Zi-Wi)-'^ ■■■{Zn-Wn)~^dZi---dZr, 

[2m) J\zi—Wi\=r J\Zn — Wn\=r 

and ||xc^|| < for all a G 
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If X,Y are Banach spaces then B(X,Y) is also a Banach space. So we can 
consider operator- valued analytic functions. 

Theorem 9. Let G be an open subset of and letT : G ^ ^(X, Y) be a function. 
The following conditions are equivalent: 

(i) T : G ^ 13 {X, Y) is analytic on G; 

(ii) the function z T{z)x is analytic for each x G X; 

(hi) the function z i-^ {T{z)x, y*) is analytic for all x E X and y* eY*. 

A.3 C'°°-functions 

The existence of partitions of unity is a standard tool in complex analysis. 

Theorem 1 (partition of unity) . Let M he a metric space, let O be an open cover 
of M. Then there exist continuous functions {a E A) such that: 

(i) Ea€A/“(^) = 1 (zeM); 

(ii) for every a G A there exists an open set U E O such that the support of f^y 
supp/a = {z E M : fa{z) ^ 0}~ , is contained in U; 

(iii) for every z E M there is a neighbourhood U of z such that U intersects 
supp fa for only a finite number of indices a. 

The functions fa with the properties of Theorem 1 are called a partition of 
unity subordinate to the cover O. 

Let G be an open subset of . Then we can consider G as a subset of 
and denote by C^{G) the set of all functions / : G ^ E that have (real) partial 
derivatives of all orders. 

In there exist partitions of unity consisting of smooth functions. Moreover, 
any partition of unity is countable. 

Theorem 2. Let G be a subset of C^, let O be an open cover of G. Then there exist 
-functions fi'.G-^ (0, 1) (i = 1, 2, . . .) with the properties of Theorem 1. 

Let G be an open subset of and let X be a Banach space. Write zj = xj + 
iyj and denote by C^(G, X) the set of all functions f : G X that have partial 
derivatives of all orders with respect to the real variables Xi, . . . , Xn, 2/i, • . . , 2/n- 
Instead of the derivatives ^ and ^ of a function / G G®^(G, X) it is usual 
to consider the formal derivatives 

dzj 2 \ dxj dyj ) ’ dzj 2 \ dxj ^ dyj ) 
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By the Cauchy-Riemann conditions, a function / G C°^{G,X) is analytic if 
and only if ^ =0 ( j = 1 , . . . , n) . In this case ^ coincide with the familiar 
complex derivatives of /. 

Let 0 < p^q < n. A differential form of bidegree {p^q) with coefficients in 
C^{G,X) can be expressed as 

0 <ii<---<ip<n 0 <ji<“-<jq<n 

where G C°°{G,X). 

Functions in C^(G, X) can be identified with differential forms of bidegree 

( 0 , 0 ). 

A differential form of degree r can be written as 77 = 'Y 2 p-\-q=r where pp^q 
are differential forms of bidegree (p, q). Denote by A^fdz, dz, G^{G, X)] the linear 
space of all differential forms of degree r with coefficients in G^{G, X). Further, 
denote by A[dz,dz,G'^{G, X)] = A^[dz,dz, X)] the linear space of 

all differential forms. 

On A[d2, dz, C^(G, X)] we consider the wedge product defined by the fol- 
lowing properties (for all a;, ry, r G A[dz, dz, G^{G, X)], /, p G G^{G, X)): 

(i) A (77 -h r) = a; A 7/ -h a; A r; 

(ii) (o;-h 77 )Ar = a;Ar-f- 77 AT; 

(iii) a; A (77 A r) = (a; A 77) A r; 

(iv) ifuj) A (gp) = fgu; A 77; 

(v) due A^[d2,dz,C^(G,X)], 77 G A^[dz,dz,G^{G,X)] then uAp = 
{ — l)^^p A (jJ. 

In particular, s A t = —t A s for all sff e {dzi,. . . , dz„, dzi, . . . , d^n}- 

For a function / G G^{G, X) we set df = df = YJj=i 

and df ^ df 1 - df. 

For a differential form pp^q of type ( 1 ) we set 

0 <ii<---<ip<n 0 <ji< -<jq<n 

Similarly we define dp and d?7 = ^77 + dp. This defines linear mappings 5 , d and 
d acting in the space A[dz, dz, C^(G, X)] which map A^[dz, dz, G®^(G, X)] into 
A^+i[dz,dz,G^(G,X)] for all r,0 < r < 2 t7- 1. 

It is easy to verify that d(d77) = 0 for every form 77. 

We interpret 



( 2 z) "^dzi A • • • A dzn A dz\ A • • • A dzn 
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as the Lebesgue measure in Then we can define integrals of differential forms 
of degree 2n on subsets of . Analogously we define integrals of differential forms 
on submanifolds of For details see [Spi]. 



Theorem 3 (Stokes). Let G be an open subset of let rj be a differential form 
with coefficients in X) of degree 2n — l. Let A be an open bounded subset 

such that A C G and dA is a piecewise smooth surface. Then 




drj. 



Corollary 4. Let r be a differential form of degree 2n — 1 with compact support. 
Then 




dr = 0. 



Theorem 5. Let U C C'^ be a polydisc and let j : H{U^X) G^(U^X) be the 
natural embedding. Then the sequence 

0 -^H{U,X)-^C°°{U,X)^A^[dz, C^{U,X)]-^ ■ ■ • -^A"[d^, C°°({7,X)] -^0 



is exact. 



A.4 Semicontinuous set-valued functions 

Definition 1. Let X,Y be metric spaces, let be a mapping which assigns to 
each point x e X a closed subset of Y. Let xq e X. Then ^ is called upper 
semicontinuous at Xo if for every neighbourhood U of ^(xq) there exists e > 0 
such that $(x) C U for all x G A with dist{xo,x} < e. 

The mapping $ is called lower semicontinuous at xq if for every open set U 
with U n ^(xo) / 0 there exists 6: > 0 such that C/ Pi ^(x) ^ 0 for all x G A with 
dist{x, xo} < 6. 

The mapping is called continuous at Xq if it is both upper and lower 
semicontinuous at xq. ^ is called upper (lower) semicontinuous or continuous if it 
has the corresponding property at every point x G A. 

Definition 2. Let M, L be subsets of a metric space Y . Write 

A(M, L) = sup dist{m, L) 

m£M 

(supremum of an empty set is considered to be equal to 0). The Hausdorff distance 
A(M, L) is defined by 



A(M, L) = max{ A(M, L), A(L, M)}. 
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The most important set- valued functions for our purpose are those with com- 
pact values. The semicontinuity of such mappings can be characterized easily: 

Theorem 3. Let X, Y be metric spaces, Y locally compact, x £ X and let ^ be a 
mapping which assigns to every point of X a compact subset ofY. The following 
statements are equivalent: 

(i) ^ is upper semicontinuous at x; 

(ii) if Xn ^ X {n = 1,2 . . .) and Xn — > x, then limn^oo A($(xn), #(x)) = 0; 

(iii) if Xn E X,yn ^ ^(^n) {n = 1,2 . . .) and y ^Y satisfy Xn ^ x and yn y, 

then y G ^(x). 

Theorem 4. Let X, Y be metric spaces, x e X and let ^ be a mapping which 
assigns to every point of X a compact subset ofY. The following statements are 
equivalent: 

(i) ^ is lower semicontinuous at x; 

(ii) if Xn ^ X {n = 1,2 . . .) and Xn x, then lim^^oo ^{xn)) = 0; 

(iii) if Xn ^ X {n = 1,2 ...), Xn ^ X and y G ^{x), then there exist yn G 
^{xn) {n — 1,2...) such that yn y. 

Theorem 5 (Michael’s selection theorem). Let X be a metric space, let ^ be a 
lower semicontinuous mapping which assigns to each point x e X a closed convex 
subset of a Banach space Y. Then there exists a continuous mapping f : X Y 
such that f{x) G ^(x) for all x e X. 
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